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Optimal Risk-sensitive Filtering and Control for Linear Stochastic Systems

Ma.Aracelia Alcorta-Garcia, Michael Basin, Yazmin Gpe. Acosta Sanchez

Abstract— The optimal exponential-quadratic control prob-
lem and exponential mean-square filtering problems are con-
sidered for stochastic Gaussian systems with polynomial first
degree drift terms and intensity parameters multiplying diffu-
sion terms in the state and observations equations. The closed-
form optimal control and filtering algorithms are obtained
using quadratic value functions as solutions to the correspond-
ing Hamilton-Jacobi-Bellman equations. The performance of
the obtained risk-sensitive regulator and filter for stochastic
first degree polynomial systems is verified in a numerical
example against the conventional linear-quadratic regulator
and Kalman-Bucy filter, through comparing the exponential-
quadratic and exponential mean-square criteria values. The
simulation results reveal strong advantages in favor of the
designed risk-sensitive algorithms in regard to the final criteria
values.

I. INTRODUCTION

After the optimal linear stochastic control problem was
solved (see [1], [2]), the optimal control theory for nonlin-
ear stochastic systems is based on dynamic programming
(Hamilton-Jacobi-Bellman) equation [2] and the maximum
principle of Pontryagin [3]. A long tradition of the optimal
control design was developed for nonlinear systems with re-
spect to a quadratic Bolza-Meyer criterion (see, for example,
[4]-[10], [11]). The optimal control problems with respect to
nontraditional criteria were also considered: the stochastic
linear exponential-quadratic regulator (LEQR) problem was
introduced in [12]. Further connection between the LEQR
problem and H.,—control via a minimum entropy principle
was given in [13]. Whittle ([14], [15]) considered problems
on a finite-time horizon, using ”small-noise” asymptotics.
When the process being controlled is governed by stochastic
differential equation, the Whittle’s formula for the optimal
large-derivations rate was obtained using partial differential
equation viscosity solution method in [16], [17], [18], [19].
Runolfsson [20], [21] used Ponsker-Varadham-type large-
derivations ideas to obtain a corresponding stochastic dif-
ferential game for which the game payoff is an ergodic
(expected average cost per unit time) criterion. In [22], [23],
[18], and [19] the risk-averse LEQR optimal control problem
for a stochastic system with white Gaussian noises whose
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intensities depend on parameters was stated and solved using
a value function, which is a viscosity solution to the dynamic
programming equation (HJB). An advantage of risk-sensitive
criteria is the robustness of the obtained solution with respect
to noise level. Indeed, since the solution to the classical
LQ problem is independent of noise level, it occurs to be
too sensitive to parameter variations in noise intensity. On
the other hand, the risk-sensitive problem assumes explicit
presence of the small parameters in the criteria. This leads to
a more robust solution, which correctly responds to param-
eter variations and results in close criterion values for both,
large and small, parameter values. The optimal mean-square
filtering theory was initiated by Kalman and Bucy for linear
stochastic systems, and then continued for nonlinear systems
in a variety of papers (see for example [24] - [28], [29] and
for systems with delays see [30]). More than thirty years
ago, Mortensen [31] introduced a deterministic filter model
which provides an alternative to stochastic filtering theory. In
this model, errors in the state dynamics and the observations
are modeled as deterministic “’disturbance functions,” and a
mean-square disturbance error criterion is to be minimized.
Special conditions are given for the existence, continuity
and boundedness of a drift f(z) in the state equation and
a linear function h(z) in the observation one. A concept
of the stochastic risk-sensitive estimator, introduced more
recently by McEneaney [32], in regard to a dynamic system
including nonlinear drift f(x), linear observations, and inten-
sity parameters multiplying diffusion terms in both, state and
observation, equations. Again, the exponential mean-square
(EMS) criterion, introduced in [33] for deterministic systems
and in [22] for stochastic ones, is used instead of the con-
ventional mean-square criterion to provide a robust estimate,
which is less sensitive parameter variations in noise intensity.
This paper presents the explicit closed-form solutions to the
optimal exponential-quadratic control problem and exponen-
tial mean-square filtering problems for stochastic first degree
polynomial (affine) systems including intensity parameters
multiplying diffusion terms in both, state and observation,
equations. The optimal control and filtering algorithms are
derived seeking quadratic value functions as solutions to the
corresponding Hamilton-Jacobi-Bellman equations in both
problems. Undefined parameters in the value functions are
calculated through ordinary differential equations composed
by collecting terms corresponding to each power of the state-
dependent polynomial in each of the HIB equations. The
closed-form risk-sensitive regulator and filter equations are
explicitly obtained in the control and filtering problems.
The performance of the obtained risk-sensitive regulator
and filter for stochastic first degree polynomial systems is
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verified in a numerical example against the conventional
linear-quadratic regulator and Kalman-Bucy filter, through
comparing the exponential-quadratic and exponential mean-
square criteria values for both regulators and both filters,
respectively. The simulation results reveal strong advantages
in favor of the designed risk-sensitive algorithms in regard to
the final criteria values uniformly for all considered values of
the intensity parameters multiplying diffusion terms in state
and observation equations. Tables of the criteria values and
simulation graphs are included.

This paper is organized as follows. The optimal risk-
sensitive stochastic control problem for linear polynomial
systems with an exponential-quadratic criterion is stated in
Section 2, and Section 3 gives the optimal solution. The
dual filtering problem for linear polynomial systems with
an exponential mean-square criterion is stated in Section 4,
and Section 5 provides the optimal solution. A numerical
example is simulated for the risk-sensitive and L-Q optimal
control algorithms and the risk-sensitive and Kalman-Bucy
filtering algorithms in Section 6. Section 7 presents conclu-
sions to this study.

II. OPTIMAL RISK-SENSITIVE STOCHASTIC CONTROL
PROBLEM

The following stochastic risk-sensitive problem is given

with state dynamics:
f(t, Xt,ut)dt + A / #th

xz,

dX, (€]

X

with the exponential-quadratic cost criterion

T
I(s,X,u) = elogEst{exp{%[/ L(t, X¢,ue)dt + 9(X7)]}. (2)

where X; = X (t) is the state at time ¢, X; € R", X is the

initial state at time s > 0, f(¢, X¢,u;) is a nonlinear function,
which represents the nominal dynamics with control wu;
taking values in U € R! and {W, F} is an m-dimensional
Brownian motion on the probability space (Q2,F,P) The
parameter € is a measure of the risk-sensitivity and scales the
diffusion term in (1) above so that the cost remains bounded
(for each X as a function of €), 0 < s < T < 00, T is a fixed
terminal time, L(¢, X¢, u;) is the quadratic running cost, and
(Xr) is the quadratic terminal cost. Define:

T
A(s,X,u,w)z/ L(t, X¢,u)dt + (X7),
and

J(s, X, u) = Es,-,xeacp[%A(s,X,u,w)]7 3)

so that

1
I(s, X, u) = €logJ(s, X,u) = elogEs, x{exp[=A(s, X, u,w)]}
€
Taking into account that the controller u; is minimizing, the
following value function is considered:
V(s,X) = infuca, , I(s, X, u) @)

where A, , is the set of progressively measurable controls
with values in U. It is shown in [23] that under certain
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conditions, if f(t, Xy, u;) is a nonlinear function, V is a
viscosity solution of the dynamical programming equation

0 = Vs+ # Z Vx,;x; +minueu{f(t, X¢,us) ¥
1
V(Xe,T) = 4(X)

This paper shows that if f (¢, X;,us) = A+ A1 X¢+Byug, a
viscosity solution V' of the dynamical programming equation
(5) can be explicitly found. The optimal control problem
is to find explicitly a viscosity solution V' to the dynamic
programming equation (5) when f(¢, Xy, u;) is linear, and
to find the optimal control which minimizes the exponential-
quadratic criterion I and the optimal trajectory X *, substitut-
ing u* into the state equation. The conditions cited in [23] for
f, L,v,U are supposed throughout the paper, which remain
true for f(t, Xy, ur) = Ay + A1 Xy + Byug. U is a compact
subset of R™.

As in [23], first consider the “cut off” problem, where the
possibly unbounded functions f, L and ¢ are replaced by
bounded counterparts. We obtain analogous results for this
“cut off” problem and then take a limit to obtain the desired
result. It is proved [23] that VE is the unique, bounded,
classical solution to (5), considering that f(¢, X;,u;) is
nonlinear.

III. OPTIMAL RISK-SENSITIVE REGULATOR

Taking into account that f(t, X3, us) = A+ A1+ Xt + Bruy
and substituting it in (1), the following state equation is

obtained:
dX: = (A4 A Xy + Brug)dt + \/;d[/{/767 (6)
XS = X,

where Xt’ At € Rn7A1t € Mna:ny ann denotes the

field of matrices of dimension nxn, and W; is as in (1). If
L(t, Xf,u) = XI'GX; + ul Ru,, the exponential-quadratic
cost criterion has the form:

T
I"(s, X, u) elogES,X{exp[%[/ xrfex.+ o

ui Rug)dt + X1 pXr]]}

Theorem 1: The solution to the stochastic control problem
for the dynamical system (6) with criterion (7) takes the
form:

BB/

: 1
P =P 5 fﬁ)PfAPﬂPf ®)
PAy —2G, C=ALC+207GP™" + A,

with terminal conditions: P(T") = ¢, C'(T') = 0. The optimal
control law that minimizes the exponential-quadratic crite-
rion (7) is given by:

ul = —%PB,TR—l(X -0) ©)
Proof: The value function is proposed:
V(s, X) = %(Xt —O)TP(X,— O) + . (10)
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(C,P,r are functions of s € [0,7],C € R" P is a
symmetric matrix of dimension m X n and 7 is a scalar
function) as a viscosity solution of the PDE:

€ .
0= Vs + W Z Vr,i.rj + mznueU{(A + AltXt

+Biu) V.V + X GX, + uf Rus + (1)

Q—;VVTVV}, V(X:,T) = X3¢ Xr,

where Vs, V,, are the partial derivatives of V' with respect to
s, x, respectively, G, 1) are non-negative symmetric matrices,
R is a positive definite symmetric matrix, and VV is the
gradient of V. Then, the partial derivatives of V' are given
by:

Vi = 2(X O B(X )7 - SOTP(X -
o) — %(X _o)TPC (12)
v, SPX= )+ 5(X )P,
Vize = P
Substituting (12) to the HIB-PDE (11); yields
0 = %(X —O)'P(X —C) 47— %(X -o)" 13)

1y €
xPC — 5C P(XfC)+WZP+(A+

1

AX)P(X = C) = 7(X - )" PT(B:R™!

xB{)P(X — C) + X{ GX; + 2—;()( -
CO)'PA(X - ).

Collecting the second degree terms, the first equation
of (8) is obtained. Collecting the first degree terms the
second equation of (8) is obtained. Doing the same for
independent terms of X, the following equation is obtained.
r=-CTGC — ﬁ szzlpij, where p;; are the elements
of the symmetric matrix P.

The optimal control law (9) that minimizes the
exponential-quadratic criterion (7) is obtained from:
minuev {f*(t, Xe,u)VaV + L (t, Xe,ue) + 522 VVIVVY 0.

IV. OPTIMAL RISK-SENSITIVE FILTERING PROBLEM.

Consider the following stochastic model, X; satisfies the
diffusion model given by:

dX, = f(X.)dt+ /#th

where f(X;) represents the nominal dynamics, and W is
a Brownian motion,and the observation process Y; satisfies

the equation:
e -
h(X,)dt + /de“ Yo =0,

here, € is a parameter and W and W are independent
Brownian motions, which are also independent of the initial
state Xo. X has probability density k.exp(—e~1¢(x)) for

(14)

dY:

15)
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a certain constant k.. The mean-square cost criterion to be
minimized is given by:

T
J:elogE{eXpl/ H(X:,me, t)dt/Ye}, (16)
€
0

where H(X;,mq,t) = eThe and e = (X; — my), my is
the estimate of the state X;. In the rest of the paper the as-
sumptions (A1)-(A4) from [18] hold. Let ¢(T', x) denote the
unnormalized conditional density of X7, given observations
Y; for 0 < ¢t < T. It satisfies the Zakai stochastic PDE,
in a sense made precise, for instance in [7], sec. 7. Since
the normalizing constant k. above is unimportant for g, it is
assumed that

exp(—¢ ' ¢(x)) a7

pls, x)expleY: - h(z)]

q(0,z)
q(s, z)

where p(s, ) is called pathwise unnormalized filter density.
Then p, satisfies the following linear second-order parabolic
PDE with coefficients depending on Y7 .

op

L= (L) e+,

where, for every g € R"”, let
Lg

tr(gea) + f - 9o, (18)

N =D

K(t,) (Ve ha (Ve h)a = LY h) = 3 1hf,

and L denote the differential generator of the Markov
diffusion X; in (14). By assumptions (A1) and (A3) in [18],
K is bounded and continuous. Since Yy = 0,p(0,x)
¢(0,x). The initial condition for (18) is given by (17). We
rewrite (18) as follows:

P Lir(pea) + 4-pa + 2, (19)
where
A = —f(z)+ (Y h(x))e (20)
B(t,z) = —ediv[f(z)— (Ys-h(x))] + K(t, )

Taking log transform: Z(T, z) = elogp(T, ), the nonlinear
parabolic PDE is obtained

0z € 1

— —tr(Zza A-Zy+=Zy-Zy+ B, 21

95 2tr( )+ + 5 + (21)
with initial data Z,(0,2) = —¢(x). The risk-sensitive

optimal filter problem consists in finding the estimate Cp
of the state x;, verifying that

Z(s,x)

= J@-OQe—C) +p Vi hla), )
is a viscosity solution of (21). The notation for all the
variables is X(t) = X, z; € R",wy € R™ y,v €
RP, f h € R"™ where f,,h, are assumed bounded. Here, h,
is the matrix of partial derivatives of h. The same notation
holds for Z,.
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A. Risk-sensitive optimal filter

Taking f(Xt) = At =+ AltXt; h(Xt) = Et + EltXt7
with A, € R", A1y, € Mypxn, By € RP, By € Myx, where
M ; denotes the field of matrices of dimension 7 x j. The
following stochastic equations system is obtained:

dX: = A+ AuXe+ \/Eth (23)
dYy = FEi+ EuX: +VedWws,
where € = ;5.

Theorem 2: The solution to the filtering problem, for the
system (23) with mean-square criterion (16) takes the form:

c Ay + AT, C —Q 'Ei(dy — EnC — Ey), (24)
Q = -ALQ-QAL+Q"Q - EE.
Proof: The value function is proposed: Z(s, X) = 3(X; —

OV Q(Xe — C) +p—Yi- (Bu+ Bve), Z.(0,X) = —4(X),
( C,Q,p are functions of s € [0,7],C € R",Q is a
symmetric matrix of dimension n X n and p is a scalar
function) as a viscosity solution of the nonlinear parabolic
PDE (21), where Z,, Z,, are the partial derivatives of Z
respect to x, and VZ is the gradient of Z. Then the partial
derivatives of Z are given by:

9z 1 T s Lo
T = X0 QX - C)+p- 57X,
1 .

—0) = 5(Xe = O)'QC — dYy - (B + EuXy)
0z 1 1 T
= = 5Q(X—C)+§(X70)Q*YZEH»
0°Z
ordx @ 2

Substituting (25) and the expressions for A, B in (21), col-
lecting the second degree terms, equalizing them to zero, and
doing it again for the terms with coefficient of first degree,
the filtering equations (24) are obtained. Similarly to the
case of the risk-sensitive control, collecting the independents
terms, the equation for p is obtained. ¢

Here Q1 is a symmetric negative definite matrix, and the
initial condition )y = qo is derived from initial conditions
for Z. If p(X;) = X KX;, Q(0)=—K.

V. EXAMPLE

A. Risk-sensitive optimal stochastic control
Consider the following linear stochastic state equation:

dX1 = Xoudt+ | =—dWi, (26)
2y

dXot = 14 udt+ %dWQu
\ 2v

where A, € R?, Ay, € Moy, v = 2, Xo = x, The
quadratic cost criterion takes the form:

T
1
I(Xe,ur) clogEs,x {exp( / (X{ GX: + ui Ruy)dt
0

+XT1pXr)}

We suppose that there exists solution V' (s, X) of (11) given
by: V(s, X) = 3(X — C)TP(X — C) + r. Substituting the
values of Ay, Ay, into the equations (8) and (9), the following
equations for the risk-sensitive optimal control are obtained,

7))
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where p;; are the components of the P matrix, and C; are
the components of the vector C.

dp11 9 5,1 1

0 = =24 (p1y +p12)(§ - ?)7 (28)
dpr2 B 1 1

et p11(p11p12 +p12p22)(2 72)»
dpa s .11

y = =24 (piy —|—p22)(§— ﬁ)_pr’
A€ _ ,Cip22 = Copu

dt p22p11 — Pl
d _

Cr g0y P = O

dt P22P11 — Piao

* 1 5
ui = —=(p12(X1 = C1) + paz2(X2 — C2)),uz = 0.

2

With terminal conditions: p;1(0.5) = 1, p12(0.5) =
0, p22(0.5) = 1, C1(0.5) = 0, C5(0.5) = 0. The system
(28), is stable, if |7y| > 1.40. Solving this system of equations
(28), we can obtain the values of the optimal control law u*
and the optimal value of X ™, as the solution of the equation:

dXi

(Ar+ A Xy — %BtPtB;'FRil(X —C))dt +

V(e/272)dW.

The initial conditions are given by X (0) = 0. The value

of the exponential-quadratic criterion to be minimized is
obtained through Monte Carlo method for time 7' = 0.5
The simulation is made in MatLab7.

(29)

B. Linear quadratic stochastic control
The optimal linear quadratic control takes the form:

u*(t) = —R71BT(Q(t) X (t)+p), where Q(t) is the solution
of the gain equation:

aQ_

dt
Q(T) = I and p is the solution of the differential equation:
p=-Q)An — (p"A)" — Q)BR™'B p; p(T) =0, (31)

Taking into account the state equations (26), the following
equations for the components of the gain matrix () and the
vector p are obtained:

Q)A: — A/ Q)+ L —Q(t)BR™'BTQ,  (30)

qGun = 2- ) (32)
qiz2 = —qu1— 12422
2
2
G2 = 2-— q% — 2q12
p1o= —qu— Q1zp2
P2 = —p1—Qq2— q222p2
ul —q21X1 — q22X2 — p2
us 0.
With terminal conditions: ¢11(0.5) = —2, ¢12(0.5) =

0,22(0.5) = —2, p1(0.5) = 0, p2(0.5) = 0 The optimal
trajectory satisfies the equation: dX; = (A; + A X —
B.RBT(Q()X(t) + p))dt + \/%dwt. The quadratic
criterion is the same as in the risk- sensitive optimal control
problem. The results of the simulation show better perfor-
mance for the linear exponential-quadratic control for all
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€ I(r-s control) | I(trad. control)
0.01 0.4055 2.0913
0.1 0.4051 2.0835

1 0.4038 2.059

10 0.401 116.9832
100 0.4048 1.7597
1000 0.5436 1.2167

TABLE I

COMPARISON OF EXPONENTIAL QUADRATIC CRITERION (16) FOR R-S
AND LQ CONTROL

values of €. The graphs of the state, the optimal control,

the criterion I for both cases can be observed in Figures 1
and 2.

0.1
0.05

state x1
)

—-0.05

-0.1
o 005 01 015 02 025 03 035 04 045 05
time
0.4
™ 0.3F
2 02
=
% 0.1
o
o 0.1 0.2 0.3 0.4 0.5

time

control

‘O o

N N

moun
T /

o 0.1 0.2 0.3 0.4 0.5

Fig. 1.  Graphs of the optimal state variable x, optimal control u*
and exponential-quadratic criterion I for traditional L-Q control, with
e=1,7v=2.

Table 1 presents values of the exponential-quadratic crite-
rion to be minimized for different values of €, comparing
the equations of risk-sensitive control and LQ traditional
regulator.

C. Risk-sensitive optimal filter

For the dynamical system (23), if x; € R?, y: € R, uy €
R, the following stochastic state and output equations are
considered:

dX1e = (1— X1+ Xo)dt + VedWh, (33)
dXe: = —Xodt+ \/EdWQ, Xio = x;
Yy = Xydt+/edW;

where W, W, dW, are independent Brownian motions,
which are also independents of x;9 = x;,. € is a varing
parameter. Proposing (22) as a viscosity solution of (21),

0.01

o
—0.01 | -

state x1

—-0.02

state x2

o

o =

o \
. L

control
I [}
b oL
\

o 0.1 0.2 0.3 0.4 0.5
time

Fig. 2. Graphs of the state variable x¢, optimal control v*, and exponential-
quadratic criterion I for risk-sensitive control, with e = 1,y = 2.
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getting the derivatives Z,, Z,,, g—% of (22), and substituting

them into (21), the following equations are obtained for the
estimate C'r and the symmetric matrix ()7, upon substituting
the corresponding values into (24):

. q22 .
cCi = 1-C1+Cy) — —————(Y; - C
! ( 1+ C) qzzqu—fﬁz(f 2
Cy = —Co D2y, —cy), (34)

q22q11 — Gy

where q12, g22, q11 are the solutions of the following Riccati
matrix equation :

Gy = 2q11—2qi2 + i + gl — 1 (39)
qi2r = 2q12 — @22 + q11q12 + q12G22
Q27 = 2q22+ Gra + @32

The last equations (34) are simulated using Simulink in
M atLab7. The initial conditions for the simulation are xy =
0, ¢11(0) = —2.9, q12(0) = —1.7598, ¢22(0) = -2, C; =
10, Cy =10, T = 5. The graphs of the difference between
the state x, and the estimate Cr, that is, e; = |z; — C;|, for
i = 1,2 are shown in Figure 3.

D. Kalman-Bucy optimal filter.

Applying the Kalman-Bucy optimal filter algorithms [34]
to the state equations (33), the equations for the estimate
vector m(t) and symmetric covariance matrix P(t) are
obtained:

dma(t) = (=ma(t) +ma(t) + 1)dt +
p21(dY; — ma(t)dt)
dmao(t) = —ma(t)dt + p12(dY; — ma(t)dt)
p11(t) = —2p11(t) + 2p12(t) — @ +e
plQ(t) = —21712(75) +p22(t) — IM
pa(t) = —2pa(t) - %(t) +e

This system of equations is simulated with the initial
conditions: mq 2(0) = 10, p11(0) = 0.73059, p12(0) =
—0.639269, pa2(0) = 1.059360. The graph of the value of
the difference between state x;, and the estimate m;(t), that
is: e; = |x; — my|, for € =1 and v = 2 can be observed in
Figure 4.

o} 1

1 o

2 -1

-3

- N s

5 -5 5

3 ) -

iy e

-7 -

_8 _s

-9 -9

-10 -10
o 1 2 3 4 5 o 1 2 3 4 5

time time

Fig. 3. Graphs of the absolute values of the difference between the state
x+ and the risk-sensitive estimate C'r, for € = 1.

Table 2 presents some values of the risk-sensitive and
Kalman-Bucy mean-square criterion values, it can be ob-
served that the J,_ s values are uniformly less that the Jx_p
values.
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error 1
error 2

-10
5 0 1 2 3 4 5
time

Fig. 4. Graphs of the absolute values of the difference between the z; and
the Kalman-Bucy estimate m, for € = 1.

222 value Jr_s Jxk_B
1 128.2699 129.082
10 116.7305 168.764
100 90.6002 376.683

1000 111.5718 | 4,165.163

TABLE II
COMPARISON OF MEAN-SQUARE CRITERION (16) FOR R-S FILTER AND
K-B FILTER.

VI. CONCLUSIONS

This paper presents the optimal solutions to the risk-
sensitive optimal control and filtering problems for stochas-
tic first degree polynomial systems with Gaussian white
noises, an exponential-quadratic criterion to be minimized,
and intensity parameters multiplying the white noises, using
quadratic value functions as solutions to the corresponding
Hamilton-Jacobi-Bellman equations. Numerical simulations
are conducted for both cases to compare performance of the
obtained risk-sensitive regulator and filter algorithms against
the conventional linear-quadratic regulator and Kalman-Bucy
filter, through comparing the exponential-quadratic and expo-
nential mean-square criteria values. The simulation results re-
veal strong advantages in favor of the designed risk-sensitive
algorithms in regard to the final criteria values uniformly for
all considered values of the intensity parameters multiplying
diffusion terms in state and observation equations. The tables
of the criteria values in both cases are included.
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