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Applications of the general Lyapunov ISS small-gain theorem for networks

Sergey N. Dashkovskiy

Abstract—In the framework of the ISS Lyapunov formu-
lation a small gain theorem has recently been proved which
allows the explicit construction of Lyapunov functions for
interconnected systems. In this note we recall the definitions of
ISS Lyapunov functions and the corresponding general small
gain theorems. These are then exemplarily used to prove input-
to-state stability of and to construct ISS Lyapunov functions for
four areas of applications: Linear systems, a Cohen-Grossberg
neuronal network, error dynamics in formation control, as well
as nonlinear transistor-linear resistor circuits.

Index Terms— Input-to-state stability (ISS), Lyapunov func-
tions, general small-gain theorem, constructive method, exam-
ple applications

I. INTRODUCTION

For nonlinear systems it is often difficult to prove sta-
bility properties, especially if several such systems are in
a feedback interconnection. Stability of interconnections of
nonlinear systems can be studied in different frameworks
such as passivity, dissipativity [18], input-to-state stability
[19] and others. Knowledge of a Lyapunov function of
a system makes stability analysis simple, but finding a
Lyapunov function is an art of its own and generally also a
complicated task, especially for higher dimensional systems.

One approach is to split complicated high dimensional
systems into smaller, interconnected subsystems evolving in
lower dimensional spaces. The idea is to find Lyapunov
functions for the lower dimensional systems and then com-
bine these together to obtain a Lyapunov function for the
high dimensional system. Here it has to be taken into
account that the subsystems themselves are interconnected in
a nonlinear fashion and that there may exist external inputs
or disturbances that have to be accounted for.

In this paper we use the input-to-state stability (ISS)
framework introduced by Sontag [19]. Its equivalent Lya-
punov characterization [20] and the corresponding small gain
theorem [11] or its generalization to more than two inter-
connected systems [7], [9] can be implemented to establish
exactly the idea detailed above: A bottom-to-top stability
analysis of high dimensional nonlinear systems. See [8] for
an application of these results in a logistic system.

We consider several example applications of general ISS
small gain theorems provided by the authors in [3], [5], [7],
[6], [9]. In particular we apply the nonlinear Lyapunov ISS
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small-gain theorem for networks to interconnected linear sys-
tems a Cohen-Grossberg neuronal network, error dynamics
in formation control and the stability analysis of transistor
networks.

The paper is organized as follows. In the next section
we recall the necessary definitions and notation. In Section
IIT we quote the small gain type theorems related to ISS
networks. The main results of this paper are four example
applications that are given in Section IV. Section V con-
cludes the paper.

II. NOTATION AND DEFINITIONS

Consider several nonlinear systems with inputs given by

Zi:ii:fi(xl,...,xn,ui), iZl,...,?L (1)

where z; € RN, w; € RM: The functions f;

RE; NitMio _ RNi ;= 1,...,n, are assumed to be
such that there exists a unique solution for any given initial
condition and any essentially bounded, measurable inputs
xj,J # i, u;. We say that x; is an internal input for the
system X; with ¢ # j and wu; is an external input to ¥;.
Denoting z = (z7,...,20)T e RN, N =37 Nj,u =
(u{v R UZ>T» f(x,u) = (fl <x7u1>T’ R fN(xvun)T)T

we can represent the interconnection in the form
&= f(z,u). 2

An appropriate stability notion for such systems is input-to-
state stability as introduced in [19]. To recall the definition
we will need the following notation. Let Ry := [0,00); a
function v : Ry — R, is said to be of class K if it is
continuous, increasing and v(0) = 0. It is of class K if, in
addition, it is unbounded. A function 8 : Ry x Ry — Ry
is said to be of class KL if, for each fixed ¢, the function
B(-,t) is of class K and, for each fixed s, the function
B(s,-) is non-increasing and tends to zero at infinity. Let
|z| denote the Euclidean norm of x € R™, || - || be the
induced operator norm and || - ||~ be the standard norm
in the space of essentially bounded functions L. By R’}
we denote the positive orthant in R™. For two vectors a and
bin R" wedenotea >b <& a;>b;, i=1,...,n. The
relation @ > b is defined in the same way. The negation of
the relation a > b is denoted by a # b. This is equivalent
to the statement that there exists at least one ¢ € {1,...,n}
such that a; < b;. By id we will denote the identity map in
an appropriate space.

Definition 2.1: System (2) is called input-to-state stable
from u to x, if there exists a v € K, and a § € KL, such
that

l2(t)] < B(12(0)], ) +v(Julle) V>0, 3)
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for all initial states z(0) € R™ and inputs u € L. In this

case < is called nonlinear gain.

It is known that ISS defined in this way is equivalent to the

existence of an ISS-Lyapunov function defined by
Definition 2.2: A smooth function V : RY — R, is

called ISS-Lyapunov function of (2) if there exist ¥1,19 €

Koos X € Koo, and a positive definite function « such that

di([a]) < V() < o)), Vo eRY, 4)
V(z) = x(Ju) = VV(2) - f(z,u) < —a(V(z). (5

The function x is then called Lyapunov gain.

In case of an interconnected system (1) there are possibly
multiple nonlinear gains related to different inputs in each
subsystem.

Typically one says that X; is ISS if there exist vy, Vi €
(Keo U{0}) and 3; € KL so that all solutions satisfy

i ()] < Billi(to)l, t —to) + Y i (llzslloc)

J#i
+wi((|uilleo), €20,
Qualitatively equivalent, one could replace the sum
J#i
with a maximization max or similar terms; depending on

J#i
the application one formulation might be more natural and

give tighter estimates than others. To accommodate all such
possible formulations, we introduce the following general
definition:

Definition 2.3: A continuous function p : R} — Ry is
called a monotone aggregation function if it satisfies
(i) u(0)=0.
(i) p(s) >0 for all s € R} and p(s) > 0 if s > 0.
(iii) for any s; > sy € R} it holds that p(sy) > pu(s2).
The space of monotone aggregation functions is denoted
by MAF,, and MAF]' denotes m-vectors of monotone
aggregation functions, i.e., maps p : R — R
As a convention we assume y;; =0 for ¢ = 1,...,n. Using
the MAF notation we say that X; is ISS if there exist u; €
MAF, 41, Yiu,Vij € (Koo U{0}) and 5; € KL so that all
solutions satisfy

lz:(8)| < pa(Bi(|zi(to)], t —to), vir (||71][00)s
s Yin([|Znlloo)s Yiu ([|ul|0))-

Similarly, we define the concept of ISS-Lyapunov functions.
Assume that for each of the subsystems >;,¢ =1,...,n we
are given a proper, positive definite function V; : RV: — R,
The function V; : RV — R, is an ISS-Lyapunov function
for 3; if there exist p; € MAF, 11,75 € (Koo U{0}),7viu €
Koo and a positive definite function «; such that

Vi(zi) = pi(yin (Vi(@a)), - i (Vi (@), Vi ([ua])
= VVi(zi)fi(z,u) < —a(|z:]),
again with the convention «; = 0 for all 7. The gains ~;;
can be combined in a gain matrix I' := (vij)ij=1,.n If

we include the gains +;, in the last column of this matrix,
then the obtained matrix is denoted by I'. The expressions

(6)
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in the above implication motivate the following definition of
a nonlinear map

T, :RYY — R7Y (7)
5
' p1(v11(s1), - -5 Yin(82)s Y1u(r))
= :
Sn
r Nn("/nl(sl)v'~'77nn(3n)7’7nu(7"))
The map I',, is defined similarly by
r,: Ry R} (8)
o 1 (y11(s1), -5 vin(82),0)
= ;
s
: /U'n('Ynl(Sl)»---a’Ynn(Sn)vO)

Even if each subsystem X; in (1) is ISS, their intercon-
nection (2) can be unstable [5]. In the next section we recall
the small gain type condition which guarantees ISS of the
interconnection. We also recall the construction of an ISS-
Lyapunov function for the interconnected system.

III. SMALL GAIN THEOREMS

A stability condition of small gain type for arbitrary
interconnection of a finite number of ISS systems has been
obtained in [3], [5], [15]. For a Lyapunov version of this
result see [4], [7], [9], [15]. The general small gain theorem
and the corresponding construction of an ISS-Lyapunov
function generalize known results for the interconnection
of two ISS systems as in [12], [11]. We only quote the
Lyapunov result that will be applied in the following section.

Theorem 3.1: Let ' € (Koo U {0})"™™ be a gain matrix
and p € MAF,. If there exists an o € K such that the
small gain condition

DoT,(s)#s Vsz=0 )

holds with D := diag(id + «), then there exists a D =
diag(id 4+ &), & € K& and a continuous path o € K7 with
(i) o is locally Lipschitz continuous on (0,00) and in
particular differentiable almost everywhere in [0, c0);

(ii) for every compact K C (0,00) there are constants
0 < ¢ < C such that for all points of differentiability

of o; and i = 1,...,n we have
0<c<oi(r)<C; (10)
(iii) 3
DTyu(a(r)) <o(r), ¥r>0. (11)

Motivated by the existence of a I',-invariant decay set
1 C R% where the path parameterized by o evolves, in
the sequel we will call a function o € K7 satisfying (11) an
Q-path with respect to I,,. See [4], [7], [15], [16] for details
concerning 2.

We note that condition (10) guarantees, that o is locally
bi-Lipschitz on (0, 00). In the following result we see, that
regularity properties of the inverse component functions are
needed to obtain a Lyapunov function.
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Theorem 3.2: Consider the interconnected system > given
by (1), (2) where for each of the subsystems >; there exists
an ISS-Lyapunov function V; and the corresponding gain
matrix defines a map fu as in (7). Assume there are functions
o=(01,...,0pn) € K%, p € K such that

Lpu(o(r),¢(r)) <o(r),

is satisfied, then an ISS Lyapunov function for the overall
system is given by

V(x)

Vr>0 12)

= H(Vil:) -
If in addition each p; is additive in the external input, i.e.,
wi(S1y. -y Sn, 1) = Wi(81,...,8n,0) + r and the small gain
condition (9) is satisfied, then there exists a o € K7 as in
Theorem 3.1 and an ISS Lyapunov function for the overall
system is given by (13).

For the proofs of these theorems we refer to [4], [7], where
they were given for some particular p. Proofs with a general
W are given in [9], [15], [16].

Note that by construction the Lyapunov function V' is not
smooth, even if the functions V; for the subsystems are.
However V is Lipschitz continuous and hence differentiable
almost everywhere. Methods of nonsmooth analysis [1], [2]
can be used in this case.

(13)

_max o,
i=1,...,n

IV. APPLICATIONS

In this section we give four examples illustrating the
effectiveness of the small gain theorem stated in the previous
section. The first example illustrates the construction method
for an ISS-Lyapunov function in the relative simple case
when the interconnection consists of linearly interconnected
linear subsystems. Further we will consider the a Cohen-
Grossberg neural network, an example related to formation
control, and nonlinear transistor-linear resistor circuits.

A. Linear systems

Consider linear interconnected systems

¥ xz:Aixi—&—ZAijxj—l—Biuh i=1,...,n (14)

j=1

with xr; € RNiﬂM
appropriate dimensions.

RM:  and matrices A;, B; of

Each system 3; is ISS from
(«f, ... al 2l 2l ul)T to @, if and only if A,
is Hurwitz. This can be seen for example with the Lyapunov
function V;(z;) = x¥ P;x;, where P; is a symmetric positive
definite solution of AT P,+P;A; = —Q; for some symmetric
positive definite matrix @);. It is known that there is a unique
s.p.d. solution P; for any given s.p.d. Q; if and only if A; is
Hurwitz. In that case, along trajectories of the autonomous
system

€

we have
y T T AT T 2

for ¢; := Amin(Q;) > 0, the smallest eigenvalue of Q.
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For the interconnected system (14) we obtain
Vl = Qx;‘FPz (Am + Z Aij.lfj + Blul)
J#i
< —cifaif? + 20zl 1PN (3 1251 + 1Bl ]
i
< —ecilaql, (15)

where the last inequality (15) is satisfied for some small
e>0if

2HP I
> s (S Al + 1Bdl) 6
! J#i
with v = (uf,...,ul)?. To write this implication in
the form of (6) we note that Apin(P)|zs|> < Vi(a;)

Amax(P;)|mi|%. Let us denote a? Amin (P;), b?

Amax (P;), the inequality (16) then is satisfied if

V(e > (2P0 ) (Z 2l ey ||||u|)

FETE
Using the fact that for nonnegative real numbers a,b, we
have (a+b)? < 2a? + 2b2, we see that the function V; is an
ISS-Lyapunov function for 3; with gains given by

2(| 73 |bi
ci(l—c¢)

_ 2Pl 1A
%j(r)_cz(l—e) a; vr
fori=1,...,n,i+# j, and
2|| B b: )2
wlr) =2 (2 Bylir )
na(r) =2 (2
for: =1,...,n, and » > 0. Further we may take

n

wi(s,r) = 2(Zsj)2 +r

j=1
for s € R} and r € R,. By defining y;; = 0fore=1,...,n
we can write
0 72 Yin  Viu
| 7 Yon  Vau
Ynl TYnn 0 Tnu
and have
fu(sa 7') =
NEIAN. 18351 =\* 1o (2Pilery gy, )
61(176) Z] al \/g + (;1(]—5) || 1||r
, :
2[| Prn]|bn Anj
(2Palte ) (52, 120l 5)" 4 g (2Lelln )
(17

Interestingly, the choice of quadratic Lyapunov functions for
the subsystems naturally leads to a nonlinear mapping I'.
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Proposition 4.1: Let each 3; in (14) be ISS with a
quadratic ISS-Lyapunov function V;, so that the correspond-
ing operator I';, can be taken as in (17). If the spectral radius
of the associated matrix

)ij

(fQ\lp illbi 1Al
z=(A+A)x+ Bu

ci(l—e) aj

(18)

is less than 1, then the interconnection
>

is ISS and its (nonsmooth) ISS-Lyapunov function can be
taken as V(z) = max; Si:v;'— P;z; for some positive vector
3 €RT. '

Proof: 1If the spectral radius of G is less than one, then
there exists a positive vector § satisfying G§ < 5: Just add a
small § > 0 to every entry of GG, so that the spectral radius
p(G) of G = G + ¢ is still less than one, due to continuity
of the spectrum. Then there exists a Perron-Frobenius vector
5 such that G5 < G5 = p(G)5 < 3.

Now define § by §; = 32 for i = 1,...,n. We claim that
the straight half-line spanned by this vector § in the positive
orthant is an §2-path for I',,.

Indeed, for all » > 0 we have

2| Biflbs 1A
2 EJ: (1 —¢)

mll\ﬁ

2
2IIPHbz IIAuHﬁ
ci(l—c¢)

Fu(gT)i a

Z\f

(si)2 T = 8T.

aj
<

The existence of an operator D is now straightforward. By
Theorem 3.2 an ISS-Lyapunov function can be taken as
V(z) = max; Six;erxl |

A different approach to the stability analysis of in-
terconnected linear systems has been undertaken in [13],
[10], where stability conditions for interconnected systems
have been derived and where the problem of constructing
quadratic Lyapunov functions for the interconnected system
is investigated.

B. Neural networks

Consider a Cohen-Grossberg neural network, see [22],
e.g., given by

i (t) = —a;(x;(t) ( thsj xi(t —l—JZ), (19)

i =1,...,n, n > 2, where x; denotes the state of the
ith neuron, a; is a strictly positive amplification function,
b; typically has the same sign as x; and is assumed to
satisfy |b;(z;)| > b;(|z;]) for some b; € K, the activation
function s; is typically assumed to be sigmoid. The matrix
T = (tij)i,jzl,...,n describes the interconnection of neurons
in the network and J; is a given constant input from outside.
However for our consideration we allow J; to be an arbitrary
measurable function in L,
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Note that for any sigmoid function there exists a v; € K
such that |s;(z;)| < vi(|z:]), following [22] we assume 0 <
a,; < ai(ﬂﬁi) < @;.

Recall the triangle inequality for Ko.-functions: For any
v, p € Koo and any a,b > 0 it holds

Y(a+b) <yo(id+ p)(a)+yo (id+p~")(b).

Define V;(z;) = |z;| then each subsystem is ISS since the
following implication holds by the triangle inequality

|zi| > b; ! o (id + p)

il (lz5])

)

a; -
tyly (el + 101) | =
al_g(g shilasD + 1 )

+BZ_1 ° (1d—|—p_1) ( (071
o, — &

)

> bt

3

Vi = —aq(s) (1biCw)| — signa: D bigs;(a) + sign i J; )

j=1

< —¢|bi(z)]

for some ¢ satisfying a; > ¢ > 0 and arbitrary function
p € Kso

In this case we have
r)=b; o o(id+p")(r)

i (s, o(id+p)(s1+-- +sn)+b

additive with respect to the external inputs and

al“tiﬂ o;id

i = 2 villel), Y=

% Q;

T

Note that so far we have not imposed any restrictions on
the coefficients ¢;;. Moreover the assumptions imposed on
a;, b;, s; are essentially milder then in [22]. However to
obtain the ISS property of the network we need to require
more, i.e., a small gain condition has to be met, which
imposes restrictions on the coupling terms ¢;;s;(z;).

Theorem 4.2: Let I', be given by 7;; and p;, 4,5 =
1,...,n as calculated above for the Cohen-Grossberg neural
network (19). Assume I',, satisfies the small gain condition
(9). Then the Cohen-Grossberg neural network is ISS from
(Jl, ey Jn)T to x.

Remark 4.3: In [22] the authors have proved that there
exists a unique equilibrium point for the network and given
constant external inputs. They also have proved the exponen-
tial stability of this equilibrium. We have considered arbitrary
external inputs in the network and proved the ISS property
for the interconnection.
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C. Formation control

In [21] formations of vehicles on the plane as in Figure 1
have been considered. Using feedback linearization local
controllers have been designed that render the formation
error between two consecutive vehicles input-to-state stable
with respect to the up-link formation error. Since cascades
of ISS systems are ISS it could be shown that cascades of
vehicles are “leader-to-formation” stable (ISS).

Fig. 1.
P).

A formation of four vehicles (1-3) following a designated leader

Due to the converse ISS Lyapunov theorems, it is clear that
there has to exist an ISS Lyapunov function for the entire
formation error; here we show how to find it.

The dynamics for each vehicle ¢ in Figure 1 is given by

J)l = v; COS 9,‘, yz = v; sin Hi, HL = w;, (20)
(x4,vi,0;) being the absolute position and orientation of
the ¢th vehicle. In the following the modelling parameter
d denotes the distance from the wheel axis to the reference
point on each vehicle. The control inputs (v;,w;) are the
translational and rotational velocity. The separation distance
between two consecutive vehicles, a leader ¢ and a follower
J, is denoted by l;;, and the relative bearing between them
is 1;;. For both values constant specification parameters
1;7°, ;] are fixed and describe the formation. The for-
mation error is

Zij = (Lijs i) T o= (7% = L, 0P — b)) T (21)
The control objective is to drive Z;; to 0. In [21] a controller
is proposed that renders Z;; ISS with respect to Z;, where
k denotes the number of the vehicle in front of vehicle 7. It
is shown that the Lyapunov function candidate

- 1 2, 2
Vij(Zi5) = 2% —ll ZJ| 2k] W’Z]‘ (22)
satisfies the implication
5 o mclL R G 15
e (1 —¢&)dmin{k, kl} (23)
= Vi < —elz;,
where K = (ki,k4)T is the feedback gain used in the

feedback linearization construction of the controller. Impli-
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cation (23) is implied by
Vii(Zij) >

. . 2
max{ki, ki) (d Il 4 \/Vk.,»(iki)> VViiGrd)
\fmln{m, \/>} (1 —e)dmin{k, k}}
— Vij < —E|§ij| . (24)

which is in the form of (6). For a cascade formation of n
vehicles the gain matrix takes the form

0 0
T = Y21 0 (25)
Tnl TYn,n—1 0

where ~;; is given according to (24) and p; is summation
for ¢ = 1,...,n. Observe that if each vehicle follows
exactly one other vehicle, each row except the first one
in I' contains at exactly one nonzero element. An ()-path
o = (01,...,0,)7 € K can now iteratively constructed
as follows: Pick o1 = id € K. Iteratively, for i = 2,...,n,
choose o; € K, such that Z;;ll vij © 0 < 0;. Clearly that
is always possible, as a sum of I, functions can always be
bounded from above by a K., function.

The ISS Lyapunov function for the formation error is now
given according to formula (13).

D. Transistor networks

In [14] a nonlinear transistor-linear resistor model is
considered, which is characterized by the set of equations

Zi 4+ Aifi(zi) + Bigi(2z:) = bi(t), (26)

where 2; € RYNi A, = (a}),B; = (b}w) are constant
square matrices with a,;k > (0 and bkk > 0, where f;,g; :
RN+ — RN: are continuously differentiable in z;, satisfy
fi(z;) = 0 and g;(z;) = 0 if and only if z; = 0, and
further it may be assumed that in fact fi(z;) = f}.(z}) and
Gi(z) = gh(ch) where fi(zi) = (filzi)r. ., fiy. ()T
g9i(z) = (91(z), - “»gN( i)' and 2z = (2, ... s 2N, )"
As in [17] it is assumed that fi(z})/zj, > & > 0 and
gi(zi)/zi > 6 for all zi # 0 and that 9/9z fi(0) > &
and 9/9z% fi(0) > 4. As in [14] we content ourselves with
the case

1=1,...,n,

bi(t) =0, i=1,...,n.

The interconnection between the subsystems (26) is de-
scribed via terms C;;g,(z;), where C;; are constant matrices
of appropriate dimensions, leading to subsystem dynamics

L+ Aifi(z:)+Bigi(z:)+Y_ Cijgi(z) =0, i=1,...,n
J#i
27
This may be written as
24+ Af(z)+ Bg(z) =0, (28)
where z' = (z{,....;20), fT = (ff,...,f1), g7 =
(97 ,--.,9)), A accommodates the matrices A; on the
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diagonal, and B accommodates the matrices B; and Cj; in
the obvious manner.

Due to the nonlinear terms f; a quadratic Lyapunov
function V;(Zz) = ZTPiZi with PA; + A;l—Pl = —Q, for
some positive definite matrix ; bears some difficulties when
it comes to consider the interconnection structure and to
derive gains between the subsystems. Instead, we decompose
system (28) into its scalar subsystems

2y =— anfa(5) — bada(E)
> (@ fulE) + bawdu(5)), (29)
VF#EX

for A =1,....N =3, N;, A = (ax,), B = (bx,) and
where f) and g, denote the component functions of f and
g, respectively, and 2 is decomposed into Z1, ..., ZN.
Using a small ¢ > 0, standard estimates, and the
Lyapunov function candidates Vy(2,) = $2%, we arrive at

Vi < —(ax + bax)dez3 (30)
if - - N
‘ ENED IR 3D
VF#EN
where

1
1 —€)d(axr +ban)

. [a,\l, max {fl,(s), ff,,(fs)}
+ by, max {§,(s), —g,(—s)}] . (32

’7)\1/(5) = (

Now we note that due to the properties of the functions fa
and gy, the function 7y, is of class Ky or equals constantly
zero. Hence for the functions ), given by v..(s) =
Faw (V/25), we have

Va(zx) = ( > %\u(Vu(fu)))Q

V#N
— V)\ < —Q(CL)\)\ +b)\)\)(565§

N | =

(33)

i.e., the defining implication form (6) for an ISS Lyapunov
function.

Now, if the small gain condition is satisfied for ' = (y,,)
and py(s) =3 (3, 5,)%, then the trivial solution of (28) is
globally asymptotically stable, and a Lyapunov function is
given by (13).

V. CONCLUSIONS

In this paper we have considered several applications of
the general ISS Lyapunov small gain theorem. In particular
we have shown how ISS Lyapunov functions can be con-
structed in a bottom-to-top design fashion for linear systems,
neural networks, vehicle formation control systems, and for
transistor networks.
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