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Growth Optimal Portfolio Under Proportional Transaction Costs With
Obligatory Diversification
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Abstract— A continuous time long run growth optimal port-
folio with proportional cost consisting of the sum of a fixed
proportional cost and a cost proportional to the volume of
transactions is considered. An obligatory portfolio diversifica-
tion is introduced according to which it is required to invest at
least a fixed small portion of the wealth in each asset.

I. INTRODUCTION

Assume that on a given complete probability space
(Q,.7,22), consider three independent processes: a d-
dimensional standard Brownian motion (B(r)), a d-
dimensional compensated Poisson random measure N(dt,du)
and a time homogeneous Markov process (z(¢)) with values in
a finite space D and transition matrix P at time ¢. Consider
also d assets with the ith asset price S;(¢) at time 7. It is
assumed that the evolution of S;(#) is of the form

5,(1) = 8,00 (1) (L.1)
where X;(0) =0 and x° (1) = (Xi(1),...,X4(t)) is a solution
to the following Lévy stochastic differential equation:

dX (1) = a(z(t),0°) dt + o (z(1),0°) dB(r)
+/Rn Y(z(2),0°,u) N(dt,du) . (1.2)

0° is a parameter that belongs to a compact space ®. In
[2], the continuity of the optimal ergodic cost with respect
to 8 € O is verified. It is assumed that a, o, and Yy are
continuous bounded functions of 0, and

Sup/ 12 (2,0,u) vi(du) < o
0 R

for i,k =1,2,...,d with v; being the Lévy measure corre-
sponding to N(dt,du). In this paper, the dependence of X (t)
on 0° is neglected.

In what follows, denote by m;(¢) the portion of the wealth
process invested in the ith asset. Let eX() = (exl @, ek (’)>

and for 7, ¢ € [0,00)¢,

nol =(m&,mb,...,mlq)
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and

&)= <Z€1Ci’ZCZi"“’ZCdCi> '

If the portfolio strategy in the time interval [0,7] is not
changed, the portions of the wealth invested in the assets at
time T are of the form

a(T) =g (n(O)oeX<T>) .

By the form of (I.2), it is clear that the pair (7(¢),z(z)) is a
Markov process with transition operator IT;.

(1.3)

It is assumed that

(A1) The solution to (I.2) with the initial condition X (0) = x
has a continuous density for each fixed z(¢) = z with
respect to the Lebesgue measure [ at time £ > 0 — i.e.,
for a Borel set A C R,

Py {X3(1) €A} = /A Pi(x, ') 1 (dx)

where X*(¢) is a solution to (I.2) with z(r) =z, and
P%(x,x’) is a continuous function of x and x'.

1.4)

Sufficient conditions for (Al) can be found in [1], [4], [6],
[10].

Since (z(¢)) is a finite state continuous time, time homo-
geneous Markov process, its evolution can be described in
the following form:

7 =inf{s > 0: z(s) #z(0)}
Tnrl = inf{s >0: Z(S+ Tn) 7é Z(Tn}
for z(0) =z

Pt <t} = /Otn(z,s)ds

PAP 10, <1} E{ / ’n<z<rn>,s>ds}

Pz(n) =7} =P(2,7). 1L5)

By direct calculation the following result is obtained:

Lemma 1: Given (Al) for a Borel set B € R? and 7 € D,

P {X(t)€B,z(t) =7} = Ap,(x,x/,z,z/) ld(dx’) 1.6)
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where

pi(x,x',2,7) ZZZ
k=1z1€DzeD

. 1—S1
/ P (x,x1)P(Z,Z1)/ n(z1,52)
RY 0
/ P (x1,22)P(21,22) - .
=81 —.=Sp—1
/ n(Zk*hsn)
/ Pzn 1 xn l7xﬂ)P(Zn*17ZI)I)IZ*S]7"'7SVL(xn’y)

/ n(Z ) dul(dxn) dsnl(dxn1) dsn_r ... 1(dx1)dsi .
t—S1—...—Sp
17)

z/zsl

Zk—1€D

The following continuity property will be crucial in further
investigations:

Proposition 1: Under (A1), the operator I is continuous
in variation norm for (7,z) € S5 x D — i.e., for (m,),z) —
(m,z) € Ss x D, and (7,,y,n > 1) is a sequence in S, it follows
that

sup

|Ht(n(n)7Z7A
AEB(SxD)

) —II(m,z,A)| — 0 (L8)

as n — oo, with
S={v=w1,...,vq
and
Ss={vesS,vi>0,i=1,2,...
for0<o<1/d.

)vi>0,) vi=1}

vd}

Proof: Note that

Ht(ﬂ,Z,A)

:Enz{]lA <7t1(t) g — 1 Zﬂz )}

so the density of (m(¢),...,my—1(¢)) is used. Consider the
following transformations of R¥:

X1 vl
X e
exp|.|=]. (1.9)
Xd e¥d
for # = (my,m,...,my) €S,
X1 X1
X2 V92 %)
Dy = (1.10)
Xd TgXd

ThC15.3
and for [x1,x2,...,x4] € [0,00)\ {0},
X1 g;l
X2
x2 Y
G| : |=]: (L11)
Xd-1 o
*d L
The transformation GDgexp transforms X@t) =
(X1 (0),. Xy (1)) 00 1 (1), Ta(0), ., g1 (1), 5, meXi(0))

and the determinant of the Jacobian of its inverse is of the
form

1 1
yiz--va (1= )
Consequently, the density S 015 5va) of
b (t),ﬂ:z(t),...,nd,l(t),Z?:l77:,-eXi<’)) is of the form,

assuming that z(0) =z, z(t) =7/, i =1 is fixed,

P (ln A Va5, In

Y1y2...Yd

T Vd-1Ya,In 7 (I—Z?;fyi)yd,z,Z’)
(1_2?;11%') .
(L12)

By the Scheffé Theorem [11], the pointwise convergence of
transition densities implies convergence in L'. Consequently,
whenever 7,y — T € S5, it follows, by continuity of F;, that

fn(")(yl,...,yd) = [T,

pointwise and the convergence is also in L!. Therefore

/f O1y---5ya) ldyq) — /f V5. Ya) l(dya)
(1.13)

V)

in L!(]0,00]%"1). Finally, by (1.13), for z,7 € D,

sup | (x,

A X {Z}) —I(7,2,A x {Z})]
A€B(S)

_/[07°o)d 1

_/wa”(yh...,yd)l(d)’d)

from which (I.8) follows.

<

™ (y1,...,ya) (dya)

19 Ydyy,...,dys_1) — 0

Using the same arguments as in the proof of Proposition
1, there is

Corollary 1: If the transition density p?(x,x’,z,7/) for
(X®(1)),(z(¢)) depends in a continuous way on 6, x, and
x/, then for (6, 7)) — (6,7) €O x S5 and z € D,

sup
A€B(SxD)

‘H,"" (7:<,,),z,A) - Hﬁ(n,z,A)) ‘ 0. (L14)

Having shown the properties of the uncontrolled process
7(t), now the control problem is introduced. Assume that
there are proportional transaction costs consisting of a fixed
proportional managing cost and a cost proportional to the
volume of the transactions. Let {;, i =1,2,...,d denote the
amount of wealth process invested in the ith asset. Clearly,
W~ =YY% ¢ is the wealth before a possible transaction.
Changing the portfolio to ({1,8,...,;) requires paying
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immediately transaction costs of the form

d
W=+ Y e (G=6 ) +e(G-6 ) (L15)
i=1
with £ > 0 corresponding to a fixed managing cost. Short
selling or short borrowing are not allowed and it is assumed
that the portfolio is self-financing. Therefore, the wealth W

after a transaction is equal to
d
W —ksW™ =Y i (G=G )+ (G=¢7) . 116)
i=1

Let 7,7 = ¢~ /W™ and m; = {;/W be respectively the portion
of wealth invested in the ith asset before and after a
transaction. From (1.16), it follows that

d +
w w w
1—k— 1 Ti—— — T 2 Ti— — 7 | =
ZZZIC’ ( iw- T ) T ( iw- T ) w-

or

with

In what follows, it is assumed that 0 < c},c% <1—k.

It appears that starting from the portfolio (7, , 7, ,..., 7, )
the portfolio (7,7, ...,7,) is available. Naturally it follows
that (see Lemma 1 of [12], or [13])

Lemma 2: There is a unique continuous function e: § x
S — (0,1 —k] such that for 7,7 € S there is the equality

c(me(n™,m)—n )te(n ,m)=1. (L.17)

The function e is bounded away from zero and
e(n,n'Ye(n',n") < e(m,7"),

which means that it is not profitable to make two instantaneous
portfolio changes. The wealth process W™ after the change
of portfolio from 7~ to 7 is diminished to e(mx—, )W~ =W.

Denote by W~ (z), W(z), n~ (¢), 7(t), the wealth process
before and after transaction or the portfolio before and after
transaction at time ¢ respectively. The purpose is to maximize
the following long run wealth growth rate:

Y (m(1)) = li%ninf%Em{an(T)} L (L1

Since k > 0, the strategy is of impulsive form — i.e. it
is a sequence V = (1,,m") consisting of transaction times
(stopping times T, for n=1,2,...) and portfolios " which
are chosen at time 7,. The following equalities are satisfied

d
W(e) =W(5) Y m(z,)e O %tw)

i=1

n(t)=g (n(rn) oex(l)*x(rn))

(1.19)

(1.20)

ThC15.3

for 1, <t < 7,41, and

W(t,) =e(n(t, ), n" )W (1,) . (1.21)

Additionally, the portfolio 7(¢) is not allowed to be too
close to the boundary of the simplex S. An obligatory
diversification of the portfolio is introduced. Let 0 < § <
&' < 1/d, and

SS={veS:vi>8fori=1,2,....d}.

As soon as the portfolio (7(¢)) enters the set S\ S9, it is
changed by choosing a new portfolio from the set Sg/. Both
parameters 6 and &’ are assumed to be fixed in the paper.
The following remark justifies the use of obligatory portfolio
diversification:

Remark 1: Assume that there is a unique invariant measure
ueo for Markov process (z(¢)). Under the assumptions, the
law of large numbers for the martingale

[ otets,00aB6)+ [ [ 1(e(5),0,0 N(as.aw

is applicable and therefore

t

1 1
lim = X;(¢) = lim = [ o4(z(s),0°)ds

t—oo f t—oo t Jo
=Y ai(z/,GO)ueo(z/) = r,-eo P ae.
€D
Consequently, X;(¢) is of order trl-eo. If rl-90 > r?o, for j #1i,
then provided that 7;(0) > 0 and the portfolio is not changed,
it follows that
7;(0)eXilr)
ﬂi(f) — L([)
X 7;(0)eX

as t — oo, while 7j(tr) — 0 for j#iast —o P ae.

—1 P ae.

. 0
In other words, assuming that the rl-e are not the same for
i=1,2,....d, the process 7(¢) in the limit converges to the
boundary of S, provided that 7(0) > 0. As a consequence,

90
max r;
i=12,..d

liminflE (nW(T)] =
T—oo T
This is the value of the wealth process that can be guaranteed
over the long run. It may happen however that it is more
profitable to change the portfolio regularly than just wait for
the guaranteed value.

The portfolios from the boundary of S are unacceptable
from a risk sensitivity point of view. To eliminate risk, usually
a portfolio is diversified. Therefore, in the paper an obligatory
diversification is required.

A model with fixed proportional transaction costs (k >
0,c¢ =0) was studied by Morton and Pliska in [9]. A simple
one asset Black Scholes model with fixed proportional plus
proportional transaction costs was considered in [5], and the
control was restricted to a diversification boundary and the
choice of a new portfolio when this boundary was reached.
In the paper [12], general discrete and continuous time
models with an obligatory diversification were studied. For
a continuous time model, a certain transaction delay was
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introduced, which played an important role in the proofs.
This paper generalizes [12] in various directions. A more
specific asset growth model based on Lévy noise is considered.
As in [12], the vanishing discount approach is used. To
obtain continuity results time discretization is used. The
main result, existence of the smooth solutions to the ergodic
Bellman equation is obtained by the continuity properties of
the transaction operator and finiteness of the space D.

II. DISCRETE TIME APPROXIMATIONS

The transition operator II; of the Markov process
(m(t),z(r)) has a nice continuity property (see Proposition 1).
To use this property for a continuous time model, consider a
time discretization. Let

=inf{s > 0: m(s) € S\ 3}
and

0, = inf{27"s,5=0,1,2,...,7(27"s) € S\ 53},

i.e. 0 and o, are the first exit times of Sg for a continuous
time or discrete time 27"s Markov processes (7(t)), (m(27"s))
respectively. Clearly, 0, > o. It is assumed furthermore that

(A2) sup.cp SUP g0 Ep{0} <o
(A3) sup,cp SUP g Ep{0,—0} —0asn— co.

Remark 2: 1t is clear in view of Remark 1 that if rl-e0
are not the same for all i, then 0 < o P a.e. The fact
that E;{c} < o follows mainly from nondegeneracy of
the diffusion term in the equation for (7(¢)). The assumption
(A3) is typical in diffusion approximations (see the assump-
tion A22 in [7]) and as was justified in [7] it holds for
uniformly elliptic diffusion terms. Applying Ito’s formula to
the function fi(x1,...,xs) = (me*) /(¥ 7;e’i), a stochastic
differential equation is obtained for m;(#). The Brownian
motion coefficient (row) is in the form

ri(t) = (ri(t) = (mi(1))*) 0i(z(1), 6°)

d
_ ) . . 0
;m(t)ﬂj(t)%&(t), 6%) (L)

c;(z(t),6°)

with /(1) = 1 — m(t) and #(1) = —m;(t) for i # j. The
matrix r(¢)r! (r) is not uniformly elliptic. It is, however,
uniformly elliptic on the subspace orthogonal to the vector
1=(1,1,...,1).

Thus

Lemma 3: If 6(z,0°)0(z,8%)7 is uniformly elliptic, i.e.
there is € > 0 such that for a € R?, z € D,

a’'6(2,6°)0(z,0°) a>ea’a

then under (A2) r(t)r(¢)T is uniformly elliptic for a € R¢
such that ¥, a; = 0 and 7(¢) € S5 — i.e. there is &’ > 0 such
that for a € RY, Y4 ,a; =0, x(t) € Ss,

alrit)yr(t)’a>¢e'a’a (I1.2)

ThC15.3

with & uniform for ¢t > 0, n(r) € Ss, z(¢) € D.

Proof: Assume that for a sequence of nonzero vectors
a" € RY, ty, (a®) r(ty)r(ty)Ta@" — 0 as n — oo with Y4, o =
0. Since a"/+/(a")Ta" is in the unit sphere, one can choose
subsequences, for simplicity again denoted by n such that
a"/+/(a")Ta* — b, t, — t, where b is on the unit sphere and
t is finite. If # = oo, the process 7() is leaving Sg so that
requirement that 7(¢) € S5 is not satisfied. Letting n — oo,

GO L,
(an)Tan (an)Tan

it follows that b (r(f)r(f)b = 0 with 7 =t or ¢~ depending
on the form of ¢#,. Since

d
f) = Zb,’ﬂl
i=1

n

r(tn>r(tn)T

1),60%

M&

j=1

i (Zb mi(7 ) ) | 0j(z(7),6°)

by uniform ellipticity of oc*, it follows that

me

The vectors (n,(t)nj(t)), 12,..4 are orthogonal to 1 =
(L1,...,1

) and since the matrix ni(f)ﬁ;(f) is of rank d —
1, vector 1 is the unique (up to multiplicative constant)
orthogonal vector. Consequently, b = c1, with ¢ =1/ Vd,
and that

=0 forj=1,2,....d.  (IL3)

n
4 _L_)O

(an)Tan \/;1
fori=1,2,....d.

Summing over i in the last convergence, and taking into
account that Z;izlal'.' =0, it follows that —1 /\/;1 =0, a
contradiction. Consequently, (I1.2) is satisfied. [ ]

Consider now the following optimal stopping problem
WI;-G (m,2) = supEpr, {e—ﬁl’/\(i/\T {ln (”eX(T/\G/\T)>
T

+ F(n(tAoAT),z(tAGAT))]} (114)

with B > 0, positive integer 7, and function F, which is
continuous and bounded. Let J,, be the family of discretized
stopping times taking values in the set {27 "s,5s =0,1,2,...}.
The following discretized version of (I.4) is obtained

wgi(n,z) = sup Er, {e’ﬁma"” {ln (ﬂeX(TAG"An)
’ e,

+ F(rn(t Ao, AT),z(tAo, AT))]} . (AL5)
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Note that since

d
=Y IXi(tAG,AT)| <

Y

Y mXi(tAGAT)
=

<In (nex(r/\c/\T))

N

<maxX;(tAoAT)<) |Xi(tAcAT)| (1.6)
l

i=1

0 0 .
the values w#’ and wgﬁ are bounded. Moreover, there is

Proposition 2: Under (A1)-(A3), w?ft(n,z) is a contin-

wous function of 1€ 8%, 7 € S\SO, and (WT,nﬁe,n >1)

i)

converges as n — o to wy  uniformly on compact subsets

of % so that wge is continuous on Sg and on § \Sg.

Proof: Consider the following sequence of functions:

F(m,z)
hTzn_1(7r,z):max{ 7,2),Ex. { 2 [m (neX(T”))
+ F(r.22")] 1g(n
+F(m,2) L 50 (7)
h(T,72) :max{ (E’Z)vEﬂz{ 2N {ln (nex(Z*N)>
+ A1 (T(277),2(27") )]}]150
+F(x, z)]ls\ (m

hron(7,2) =

(IL.7)
Clearly, w?i(ﬂ,z) = ho(m,z). By Proposition 1 each function
hy, is continuous separately on S0 and S \SO Consequently,
the same is true for the function wg Now, for any stopping
time 7, define a stopping time T, € J, in the following way

= (k+1)2"
whenever 7 € (k2" (k+1)2"], and
T, = k2"

ThC15.3

for T =k2" with k=0,1,2,.... Then

Ex. {efﬁ‘:/\c/\T {ln (n.eX(r/\O'/\T)
+ F(n(tAoAT),z(tAo AT)))]}
—En { Brn/\crn/\T[ (neX(r,l/\O'n/\T)

F(r(ta Ao AT),2(ta A, AT)))]}H

<Egx, {eﬁr/\c/\TX <o

T<T
[ sup Eﬂ?(t)g(t) {1 — E_BS 1n(7r(t)eX<S) }’
s€[0,277]
+ sup | { F(7(0),2(0) e—ﬁfF<n<s>,z<s>>}ﬂ] }
s€[0,271]

+ En; {e_ﬁTAGATxcngGSTﬂ&igcn
{[In(z()"(® — o2 in(n(c))eX (™|

+ (F(a(0).2(0) e P F(n(0n).2(0) } |
=hL+1,. (I18)

The convergence I, — 0 follows from the following two
properties of the process 7(t):

Lemma 4: For any compact set K C S0 >0, T >0, there
is a compact set K’ C S° such that

sup sup Py {7(r) ¢ K’ for some [0,7]} <e. (11.9)

zeD ek
Lemma 5: Let Bg(mw) = {n' €8, ||’ —r|| < 6}. For any
€>0, § >0, compact set K’ C SO there is hg > 0 such that
for h < hy

sup sup Pr {m(h) ¢ Bs(m)} < €. (IL.10)

z€D ek’
the proofs of these two lemmas can be shown based on
Lemma 2 of [8] and Lemma 2.5 of [3]. The convergence /1, —
0 follows from (A3). Consequently, by (IL.8), w?i(n,z) —
w’?e(ﬂr,z) uniformly in 7 from compact subsets of S°.  m

III. DISCOUNTED GROWTH OPTIMAL PORTFOLIO

Assume in what follows that an impulsive strategy V =
(1,, ") contains obligatory and nonobligatory transactions
— i.e., whenever 7(z) enters S\ S, it is required to make
an obligatory transaction to 7' € S5 and when 7(r) € $% a
transaction can be made but it is not required. Consider now
the so-called discounted cost functional

]7[3290 (V) = Eﬂ;z {i e*ﬁfi |:1n (”(Tifl )eX<Ti)*X(Ti—1))
i=1

+Ine(n™ (), 7(%))]} . ILD)

Let . o
wh® (1,2) = sup B2 (v) . (IT1.2)
v
Theorem 1: Under (A1)—(A3), wP 8 is a bounded function
continuous on Sg and S\S% and is the unique solution to the
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following Bellman equation:
wP (1,2) = sup ;. {e‘ﬁ”\" {ln(nex(m"))
T

+ Mwﬁ"‘)(n(mo),z(Mcr))]} . (IIL3)
with

Mw(m,z) = sup [Ine(m,n')+w(x',z)] . (I11.4)

nleSy
Proof: Let, for a continuous bounded function w on
Ssts
GBGOW(E,Z) = supEp, {e—ﬁr/\c [ln (ﬂeX(T/\G))
T

+ Mw(n(tAo),z(tA0G))]} . (L5)

By Proposition 2, the mapping
T — supEg. {efﬁr/\oAT {ln (ﬂeX(TAG/\T))
T
+ Mw(m(tAoAT),z(tAo AT))|}

is continuous for 7 € $% and 7 € S\ 5%

integer T. By (A2), it follows that GBGOW
for 7 € 53 and 7 € S\ SY. Let

and any positive
(m,z) is continuous

"% (7,2) = Ex: {i e Pu {ln (n(ri,l)ex(ff)—x(fifl))
i=1

+ Ine(z™ (%), 7)]} , (IL6)

where
TN =0
Tntl = Tn+ G@Tn
T, =7

where 7 € Sg is fixed and O, denotes the Markov shift
operator. Consider now the following sequence of functions

ﬁeo(n,z) (n,2)
“(1,2) =GP % (n,2) (IIL7)
ﬁ“ma ALY
Note that qﬁe (m,z) is the value of the cost functional

J,éz corresponding to obligatory transactions to a fixed
portfolio & € Sg . The value q,[? 0(77:,1) is the value of the cost
functional with the strategy which consists of optimal first n

transactions and then afterwards only obligatory transactions
0
to . Therefore, it is clear that the sequence qE 0 (m,z) is

increasing. Consequently there is a limit P o (m,z) and letting
n — oo in (II1.7) it follows that

9P (m,2) =GP 4P (n,z) .

(1IL.8)

Since for any bounded function f, the function 7 —
Mf(m,z) is continuous (by the continuity of e(7, 7)), using
Proposmon 2 as in the beginning of the proof the continuity
of §Po° (m,z) for m € S and 7w € S\ 5% is used. The function

ThC15.3

qﬁ 6" is therefore a solution to (II1.3) with suitable continuity

propertles Iterating (I11.3) it follows that §P 8 coincides with
who’ , which completes the proof. [ ]

Remark 3: In the proof of Theorem 1, a smoothing
property of the operator M is used. Alternatively, one could
use the fact that due to a fixed proportional transaction cost
it is not optimal to have too many transactions in a finite
time interval. This method allows one to prove a version of
Theorem 1 for processes (z(¢)) taking values in a general (not
necessarily finite) state space whose transition probability is
continuous in variation.

The following property of WP will be important later:

Corollary 2: For w7’ € S%/ and z € D, the following
inequalities are satisfied

Wﬁeo(n,z) —Wﬁ@o(ﬂ/7z)‘ < ‘lne(ﬂ?, 77.7/)’ + |ln€(7l'/,71')’
(I11.9)
and for t €S, 7’ € S%,,
Ine(z, ') + WP (z',2) < wh? (m,2) = MwP® (m,2) .
(I11.10)

Proof- For w7’ € 52,
WP (,2) > MwP® (m,2) > Ine(m, o) +wP? (7' 2)

and . .
wh (' 2) > Ine(n', m) +wP? (7,2)

and (II1.10) is immediate from the definition of M. |

To study a long time growth optimal function J(V') of the
form (I.18), a uniform ergodicity of the Markov process (z)
is imposed, namely:

(A4) there is T >0 and A < 1 such that
sup sup |Pr(z,A)—Pr(Z,A)|=A<1.

72,7/ €EDACD
Let
1P (m,2) = wP® (m,2) — inf WP (2',2).  (IL1D)
ﬂ.’ 'cS
7ebD
Proposition 3: Under (Al1)—(A4),
M
suphP? (m,2) < —— | (I.12)
nes 1-A
zeD

with constant M independent on B and 6°.

Proof: The Bellman equation (III.3) can be also written
in the following equivalent form for every T > 0

wh 00 (7T7Z) = supEy, {e*ﬁf/\d/\T [ln X (TAGAT)
T

+ XerosrMwWP? (T(T A G),2(T A 0))
+ xM@TWﬁ"O(n(T),Z(T))H . (IIL13)
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Iterating (II1.13), it follows that

wh? (11,2) = supE,rZ{ e P (lnn(r,-,l)e(X(T’)_X(Tifl))
14 i

=1
+1ne(n™ (), 7(%)) Xr<T
+ e*ﬁTwﬁeo(n:(T),z(T))} . (LIL14)

Fix 7 € Sg. It is claimed that there is a constant C such that
for any w € S, z€ D, 0% co,

wh® (m,2) < C+wP? (7,z) . (IIL15)

Assume that starting from (7,z), an optimal time £ A o/(7)

for the first transaction is determined to choose portfolio 7.

Starting from (7,z) make only obligatory transactions until
TN o(rm), each time choosing portfolio @ and at T A o(7)
choose again portfolio 7. By o(x) above, it denotes the first
exit time from S§ by (7(r)) starting from 7. Then, from
(IIL.9),

wﬁeo(n?,z) *wﬁeo(ﬁi,z) < Egn {e—ﬁf/\c(n) [lnﬂex(fm;(n))
+2K + 0P (7,2(2 Ao (x)))| } - (Ura(E Ao (m))
— K+Ez, [Wﬁ"o(ﬁ,z(%A G(n))efﬁf'/\c(n)}>
<C1+3K+C,=C

where Jz (T A o(m)) is a cost functional of the strategy
consisting of obligatory transactions to 7 and stopped at

T Ao (m) which by (A1)—(A2) is bounded uniformly by C;.

Furthermore,
K = sup |Ine(m, ') , (I11.16)
nes
7E/€S5
and

supEx; {e*ﬁmc’ <ln 7rex<mc’>)} <Cy,
nes
zeD

which verifies (II1.15).
By (III.14), (I1I.15), (I11.10), and (III.16),

WP P < sup BT (V) 4 C o B WP (7,2(0)) | e P
14
~ (S K+ B [ () 7

<M+ (B [wP? (7,2(T))| — g [wP? (7,2(T))] ) e P

=M+ | ¥ WP (7,2)(Pr(z, ) - Pr(,2))
Z//EDl
+ Y wﬁe"(ﬁ,z')(PT(z,z")—PT<z’,z">>] e
Z”¢D1

Z 2

<M+A <supwﬁ90(ﬁ?,z') - ir}fwﬁeo(ﬁ,z')> :

where Dy = {" € D: Pr(z,7") > Pr(Z,Z")}, from which
(III.12) is obtained. u

ThC15.3

IV. LONG VIEW GROWTH OPTIMAL PORTFOLIO

Now rewrite the Bellman equation (131.3) in terms of a
bounded (by Proposition 3) function hPe” . Thus

hﬁeo(mz) = SlipEnZ {e’ﬁm" {ln (nex(mc))

+MiP? (n(tAG),z(T A 0))}

— inf wﬁeo(ﬂ’,zl)(l — e Prro)
T'es
7eD

IV.1)

The main result of the paper can be formulated as follows:

Theorem 2: Under (Al1)-(A4) thereoexist a constant A9’
and a continuous bounded function w® such that

w(m,2) = sup Ex, {ln (nex<mc)> 1% (zr0)
T

MW (T(TAG),2(T A o))} . (IV.2)

Moreover,

A% = sups® (V) (IV.3)
\%4

i.e., 2% is the optimal value of the cost functional (I.18) and
the strategy V = (%,,#") such that

= inf{s > 0: W (x(s),2(s)) < Mw® (x(s),2(s)) \ .
(Iv.4)

(Iv.s)

and
7" =R(m (T, 2(1n))

where : S x D — Sg is a Borel function such that
Mw? (10,2) = Ine(m, #(x,2)) + w (#(7,2),2)

is optimal.
Proof: Note that
inf ﬁwﬁeo(n/,zl)

K'es
7eD

. . 0
is bounded so that there is a constant 1% and a sequence
B 1 0 such that

inf ﬁnwﬁeo(n’,z’) — 29
n'es
7eD

as n — oco. Furthermore, by (A2),

Egr, {[; (1 - e‘ﬁ"”\") } — Eg {tAO}

n

as n — oo, and the limit is uniform in 7, 7, and z. By
Proposition 3, the functions hﬁ60 are bounded. Therefore,
Mhﬁeo(n,z) is uniformly continuous in 7 € D (use the
continuity of e). One can therefore choose a subsequence of
By, for simplicity again denoted by f3,, such that

MHP° (z.2) — 1 (m,z2) (IV.6)
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. 0 . . .
uniformly, where h® (7,7) is a continuous function of 7.

Therefore, by (IV.1), there is a continuous function w

that

0
9" such

sup sup pPn” (m,z) — W

neS zeD

(m,z)] —0

as n — oo, From (IV.6), it follows that

MHP® (1, 2) — Mw?’ (z.2)

uniformly in 7 € S, z€ D.
Finally, w is a solution to (IV.2). Equality (IV.3) and the
form of optimal strategy V follows from standard arguments.
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