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Interpolation Theory for Structure-preserving Model Reduction

Christopher A. Beattie and Serkan Gugercin

Abstract— We develop a general framework for interpolation-
based model reduction that includes rational Krylov-based
methods as a special case. This new broader framework allows
retention of special structure in the reduced order models
such as symmetry, second order structure, internal delays, and
infinite dimensional subsystems.

I. INTRODUCTION

Dynamical systems are the basic framework for modeling
and control of complex systems of scientific interest or
industrial value. Direct numerical simulation of these models
may be the only possibility for accurate prediction or control
of complex physical phenomena. The need for accuracy leads
to ever greater detail in the model and hence to large-scale,
complex dynamical systems, whose simulation can make
unmanageably large demands on computational resources,
creating a crucial need for efficient model utilization. This
is the primary motivation for model reduction. The cost
of simulation is strongly tied to the the underlying state
space dimension. Then, the goal of model reduction can be
interpretted as replacement of the original system with a dy-
namical system evolving in a lower dimensional state space,
yet having (insofar as is possible) the same input/output
response characteristics as the original system. The resulting
reduced-order model can then be used reliably to replace the
original system model as a component in a larger simulation
or control context.

Rational Krylov-based projection methods have emerged
as effective strategies for the reduction of large-scale linear
dynamical systems that are presented in certain standard
settings [2], [18], [20]. Rational Krylov methods are nu-
merically stable, well suited to large scale computation, and
they share well understood approximation properties that
rational interpolants have to meromorphic functions. The
model reduction framework we present here includes rational
Krylov-based methods as a special case but has a far broader
range of applicability allowing for the retention of special
structure in the reduced order models such as internal delays,
and infinite dimensional subsystems in addition to symmetry
and second order structure.

We emphasize that the goal here is to show how structure
preserving interpolatory model reduction can be achieved in a
much more general setting than the regular first- or second-
order state-space systems. The question of how to choose
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good or optimal interpolation points in this broader setting
will be addressed in a separate work by the authors.

II. PROBLEM SETTING

Linear dynamical systems are typically described in the
standard state-space settings

Ex(t) = Ax(t) + Bu(t), y(t)=Cx(t), (1)

Mx(t) + Gx(t) + Kx(t) = Bu(t), y(t) =Cx(t), (2)

where E,A,M,G,K € R"", B € R"*"™, C € RP*"™;
x(t) € R™ is the state vector, u(t) € R™ is the input vector,
and y(t) € R? is the output vector of the system.

While these two frameworks are quite general, in many
cases dynamical systems will have a natural description that
takes a different form than either (1) or (2). For example,
consider a dynamical system modeling the forced vibration
of a viscoelastic structure observed through sensors that are
sensitive to a combination of displacement and velocity at
the attachment points. This system will have a state-space
description in the form of

M k(¢ / R(t — 7)x(7)dT + Kx(t) = Bu(t)
y(t) = Cox(t) + C1x(?) 3)

The matrices M, K are n x n real, symmetric, positive-
definite matrices and B is an n x m matrix, Cy and C;
are p X n matrices, and R(t) is a symmetric matrix-valued
function on [0, c0) that is absolutely integrable in the sense
that [ |R(7)| dr < oc. Model reduction methods that are
applied in the standard settings (1) or (2) (such as Krylov
subspace methods [2], [18] or balanced truncation [25],
[24]) are unable to handle functional and delay differential
equations of the form described in (3). Indeed, the model
in (3) is fundamentally infinite dimensional due to the
hereditary damping term; hence converting it into either of
the frameworks of (1) or (2) requires use of an infinite
dimensional state space and interpretation of (1) or (2) as
an operator evolution equation. Moreover, effective reduced-
order models for (3) should properly take into account the
structure of distributed system properties. That is, we should
seek reduced order models having similar structure:

M, %(t)+ /t R, (t — 7)x(7)dr + K, x(t) = B,u(t)
yr(t) = Corx(t) + C1r%(t) 4)

where M, and K, are now r X r real, symmetric, positive-
definite matrices with 7 < n and B, is an r xm matrix, Cy ,
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and C; , are p x r matrices, and R, (t) is an r x r matrix-
valued function with [} ||R,(7)| dr < oco. Recasting (3)
into the standard setting (1) strips out usable structure and
can lead to unnecessary and dramatic increases in state space
dimension.

In this paper, we present tools that allow for efficient,
high-fidelity model reduction for linear dynamical systems
that have a natural state space formulation distinct from (1)
and (2). We consider cases with n > m, p which often arises
when the system of interest has been derived from a (spatial)
semidiscretization of a partial differential equation describing
local instantaneous equilibrium throughout a region of space
with loads (sources and sinks) and observations that remain
localized (in space).

The framework we present will allow more generality than
is expressed in (3); e.g., we can accomodate multiple delays
or memory convolution occurring within the state equations
in higher derivatives, state variables can be coupled through
infinite dimensional subsystems. This general framework can
be accommodated by focussing on multiple-input/multiple-
output (MIMO) systems with a transfer function H(s) hav-
ing a (known) decomposition:

H(s) = C(s)K(s) ' B(s) + D. (5)

We assume that the factors €(s) € CP*™ and B(s) € C"*™
are analytic in the right half plane; that K(s) € C"*" is
both analytic and full rank throughout the right half plane;
and the feed forward term D € R?*™ is constant. Our goal
here is to generate, for some r < n, a reduced-order system
with state space dimension r having a decomposition of the
same form as (5):

H,(5) = Cr(5)K,(s) ' B,(s) + D, (6)

with €,.(s) € CP*", B,(s) € C"™*™, K,.(s) € C™*" and
D, € RP*™ chosen so that H,(s) will exactly interpolate
H(s) at selected points o1,09,...,00 € C: H,(0;) =
H(o;) fori=1, ..., L.

We will construct reduced-order models via projection.
That is, we will specify matrices V,, € C™*" and W, €
C™™" such that WXV, is invertible; this choice can be
associated with a rank r (oblique) projector given by
V,.(WIV,)"'WT. The reduced order model 3, (s) of (6)
is then obtained by defining

K, (s) = WIK(s)V,, B,(s) = WIB(s),
and C,(s) = C(s)V,. (7)

Since D and D, are small matrices, no order reduction
is necessary for them and the choice D, = D is both
common and convenient. In the case that D, = D, the
interpolation conditions J,.(¢;) = H(o;) produce identical
conditions to the case where D, = D = 0, so we will
treat that simpler case first. Choosing D, # D produces
no advantage in terms of order reduction but may allow
some advantage in achieving higher fidelity. We consider
interpolation conditions in the case D, # D in the final
section.

ThTA13.2

III. INTERPOLATORY MODEL REDUCTION

Often reduced order models are constructed presupposing
D, = D. We consider this case first. We write D’ f to
denote the ¢*" derivative of the univariate function f(s)
evaluated at s = o with the usual convention for / = 0,
DY f = f(o). Also, we write Ran(Z) to denote the range of
the matrix Z.

Theorem 3.1: For H(s) and I, (s) as defined, respec-
tively, in (5) and (6), assume that D,. = D. Suppose matrices
V, € C"*" and W,. € C™*" are given such that W'V, is
invertible, and K, (s), B, (s) and C,(s) are obtained as in
(7). Suppose further that B(s), C(s), and IK(s) are analytic
at a point o € C and both (o) and K,.(¢) = WIK(o)V,
have full rank. Let nonnegative integers M and NN be given
as well as nontrivial vectors, b € R™ and c € RP.

o If D [K(s)"'B(s)]b € Ran(V,) fori = 0,..

then

LN

g{(é)(a)b = ﬂ'fg)(o)b for £=0,..., N.
o If (cTDi[C(s)ﬂc(s)*l])T € Ran(W,)forj =
0,..., M, then

T HO (o) =THO(6) for £=0,..., M.

o If D! [K(s)"'B(s)]b € Ran(V,) fori = 0,..., N
and (c"DI[C(s)K(s)"])" € Ran(W,)forj =
0,..., M then

THO ()b = "H O (0)b for £=0,..., M+N+1.

Proof: Due to the page limitations, the proof is omitted. The
proof will be included in the full paper.

Remark 3.1: The interpolation conditions that underlie
rational Krylov methods for model reduction are contained
as a special case of Theorem 3.1 after defining

K(s)=sE—A, B(s)=B, and €(s)=C.

Remark 3.2: Theorem 3.1 tells precisely what vectors to
include in the reducing subspaces V, and W, in order to
solve the interpolation problem via projection for the general
dynamical systems of the form as described in (5).

IV. RECURSIVE GENERATION OF INTERPOLATING BASES

Using Theorem 3.1, recurrences may be derived to gener-
ate projecting subspaces that force interpolation as described
above. This is illustrated in the following result:

Theorem 4.1: Suppose we know expansions for K(s),
B(s), and C(s) about s = o

oo oo

iK(U—l—E):Z et K, B(o—&—s)zz et By,
=0 £=0

and C(o+¢)= Z e ey,
=0

and let nontrivial vectors b € R™ and ¢ € R be given.
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Define {fo, fl, fQ, ..
by solving recursively:

© fN} and {gOa 81, 82, -+ gl\/l}

Ko fy = Bgb
Kofi =B1b-Ki £
Ko 2

=Bsb-K; fi — K2 £

Ko fn =Byb— ZZV:1 K fyi

and
g(? XKy = CT@O
gl Ky =c’e —gl Ky
g7 Ko =clCy—gf K — gl K,
' M
gir Ko =c"Cu— 350 8i; K
Then

o if SpElI‘l{fO7 fl, fg, ceey fN} C Ran(Vr)
then H (o)b = HO (0)b for £=0,..., N;
o if span{go, g1, 82, ..., Em} C Ran(W,)
then ¢THO (o) = TH (o) for £ = 0,..., M;
and
o if both span{fy, fi, fo, ..., 5} C Ran(V,)
and span{go, g1, 82, .-, 8m} C Ran(W,.)
then THO (o)b = THY(o)b for ¢ =
0,..., M+N+1.

Remark 4.1: Theorem 4.1 illustrates how to construct the
reducing subspaces numerically in a recursive way.

A. Second- and higher-order Dynamical Systems

Consider the second-order dynamical system of the form
Mx(t) + Gx(t) + Kx(t) = Bu(t), y(t) =Cx(t) (8)

where M, G, K ¢ R™ " are symmetric positive definite
matrices, B € R"*" and C € RP*".

Second order systems of the form (8) arise naturally
in analyzing many physical phenomena, such as structural
vibration, electrical circuits, and micro-electro-mechanical
systems; see, for example, [14], [26], [4], [13], [32], [12],
[14], [22], [6], and references therein. M, G, and K are
called, respectively, the mass, damping and stiffness matri-
ces. The transfer function 3 (s) from inputs u(¢) to outputs
y(t) is given by

H(s) = C(s*M + sG + K) " 'B.
In many cases, the original system dimension n is too large
for efficient simulation and control purposes. Therefore, the

goal is to generate, for some r < n, an rt® order reduced
second-order system of the form

M, %, (t) + Gy, (t) + K, x,. () =
yr(t) =

where M,., G,,K, € R™*", B, € R™*™ and C, € RP*"
so that y,(t) approximates y(t) for a wide range of inputs

u(t).

Bru(t)a
C.x.(t) (9

ThTA13.2

Since converting (8) into the first-order framework and
applying reduction in that first-order setting destroys the
structure, the goal is to apply reduction directly in the
second-order framework. To achieve this, one constructs a
matrix V,. € R™ " such that the associated reduced-order
model in (9) is given by

M, =VMV,, G,=VIGV,, K,=VIKV,,

B, = V!B, and C,=CV,

In [30], Su and Craig has shown that one can directly
reduce the second-order matrices in a structure preserving
setting, meanwhile matching the moments around o = oc.
Recently, Bai and Su [5] further improved this work by
introducing the so-called second-order Krylov subspaces
and second-order Arnoldi procedure. These methods use in
effect, a two-stage recurrence in R™ to generate the effect
of the usual one-stage Krylov recurrence in R?". In addition
to being numerically effective and robust due to a Arnoldi-
like structure, the method of [5] has also extended the
structure-preserving moment matching property of [30] to
interpolation around arbitrary points o € C. For more work
on the structure-preserving second-order model reduction,
(61, (28], [12], [8], [9], [17], [23], [11].

Clearly, systems of the form (8) fit in our generalized
transfer function framework after defining

C(s) =C, K(s)=s*M+sG+K and B(s) =B.

Hence we can apply Theorems 3.1 and 4.1. To preserve the
symmetry and positive definiteness of M, G and K, we
apply one sided reduction, i.e. we choose W, = V. in
Theorem. 3.1. Hence for this special case of H(s) in (8) and
one-sided reduction, the recurrence in Theorem 3.1 simplifies
to a three-term recurrence:

Algorithm 4.1: A recurrence for reduction of second-
order systems:

1) Choose o and the tangential direction b
2) Define Ky = c?°M +0G + K, K; = 20M + G, and

K,=M
3) Set f_; = 0. Solve Kyf; = Bb.
4) for j=1:N
e Solve fKofj = —lefj,l — ngjfg,
5) V, = [fo,f1,....fx].

The transfer function of the resulting reduced second-order
model will interpolate that of the original model together
with its derivatives at the selected frequency o and will
preserve the original structure.

Remark 4.2: We note that Algorithm 4.1 can handle
multi-input and multi-output case. The algorithm contains the
second-order recursion of [5] as a special case; namely for
the single-input/single-output second-order model JH(s) in
(8), i.e. B and C are, respectively, column and row vectors,
Algorithm 4.1 yields the method of [5].

Remark 4.3: Combining Theorems 3.1 and 4.1, Algorithm
4.1 can be extended to provide interpolation at multiple inter-
polation points 01, 09, ..., o0,. This is analogous to applying
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rational Krylov projection as opposed (rational) Arnoldi in
the generic setting of first-order dynamical systems.

Remark 4.4: We can easily extend this discussion to
higher-order systems:

dx d1x
and
d—1x
y(t) = ClW + -+ CeX(t)

This will yield a ¢ + 1-term recursion similar to Algorithm
4.1.

B. Delay Systems

Another important application for our generalized interpo-
latory model reduction setting is linear dynamical systems
with an internal delay presented in state space form as:

y(t) = Cx(t)

(10)
with 7 > 0, E, Ay, A; € R, B € R"™™™ and C ¢
RP*™. We wish to produce a reduced order model having
the same internal delay structure:

Ex(t) = Aox(t) + A1 x(t —7) + Bu(t),

WIEV, %,.(t) = WIAgV, x,.(t)+
WIA IV, x,.(t — 1)+ WIBu(t)
(11)
yr(t) = (CVy)x,(t)

Taking a Laplace transform, the transfer function of (10)
is found to be

H(s) = C(E—Ag+e ™A) 'B (12
= C(s)K(s)"'B(s) (13)

with
C(s)=C, K(s)=sE—-Ag+e "™ A;, and B(s)=B
(14)

Hence, the delay system in (10) perfectly fits in our gen-
eralized framework. One can use Theorem 3.1 with C(s)
XK (s) and B(s) as defined in (14) to obtain a reduced-order
model as in (11) having the same internal delay structure
as the original model (10). We note that this reduced model
not only has the same structure as the original model but
also exactly interpolates the original system at the selected
interpolation points.

In order to apply interpolatory model reduction to the
full-order model (10) without our generalized interpolation
framework, one would need to approximate the exponential
e~ 7% with a rational approximation. Commonly a rational
approximation for the delay term, e~"%, is used which then
allows the use of a variety of standard (finite dimensional)
system theoretic tools. For example, e™7°% ~ %TS) with
a common choice for ¢-th order polynomials coming from
Laguerre-Fourier series or Padé approximation.

ThTA13.2

Assume that the first order Padé approximation is used. In
this case, e is replaced by i;:zg, leading to the transfer
function

—TS

Hy1(s) = (C+ 520)(1\452 +Gs+K)7'B  (19)
where M = TE, G = E + $(-Ap + Ay), and K =
—(Ap+A1). Note that, due to the frequency dependency in
the observation matrix, existing second-order model reduc-
tion approaches will not work for the two-sided projection;
one will have to transform (15) into an equivalent first-
order framework and perform the reduction there. Hence,
using a Padé approximant has not only destroyed the delay
structure but also caused to work with the matrices of double
the size. In most cases, In order to obtain good full-order
Padé approximation, one will need to go to higher order
approximations. However, similar to the first-order Padé case,
for an /' order Padé approximation, one will need to work
with matrices of dimension [500(¢+1)]x [500(¢+1)], causing
a big overhead in the model reduction process.

V. THE CASED,. #D

We consider now a full order model (5)
H(s) = C(s)K(s)'B(s) + D
and reduced order models having the form (6)
H,(5) = Cr(5)K,(s) "' B,(5) + D,.

Theorem 5.1: Suppose 2r distinct points are given in
the right halfplane, {u1, p2, ...tr} U {01, 09, ...0}, to-
gether with 2r nontrivial vectors, {cy, ¢a, ...c,} C C? and
{b1, ba, ...b,} C C™. Define matrices V,, € C"*" and
W, € C"*" such that

V, = [K(01) "' B(o1)by, ..., K(o,) "' B(0,)b, ]

and )
i C(p) XK (1)~
WT _ .

T

cr C () K(pr) ™!

Assume that W'V, is nonsingular and let F and G be
solutions to
*

¢

F'V,=[by,..,b.]=B and WIG =

For any D, € CP*™, define

K, (s) = W (K(s) - G(D, — D)FT)V,,
B, (s) = W, (B(s) - G(D, - D)),

and C,(s) = (C(s) — (D, — D)F)V,.
Then with H,.(s) = €,.(5)K,(s) "1 B,.(s) + D, we have

(16)

and  c;H(pi) = c;Ho (i)

fori=1, .., r.
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VI. CONCLUSIONS AND FUTURE WORK

We have presented a general interpolatory framework
model reduction of structured dynamical systems. The pro-
posed framework is much broader than rational Krylov-based
methods and allows retention of special structure in the
reduced order models such as internal delays, infinite dimen-
sional subsystems, symmetry, and second order structure. In
addition to the proofs of theorems presented here, application
of this new setting to model reduction of partitioned systems
and descriptor system will be presented in a separate work.

[1]

[2]

[3]

[4]

[7]

[8]

[9]

[10]

(11]

[12]

[13]

REFERENCES

A. C. Antoulas, D. C. Sorensen, and S. Gugercin, A survey of model
reduction methods for large scale systems, Contemporary Mathemat-
ics, AMS Publications, 280: 193-219, 2001.

A.C. Antoulas, Lectures on the approximation of linear dynamical
systems, Advances in Design and Control, Draft, SIAM, Philadelphia,
2004.

A. Astolfi, A new look at model reduction by moment matching for
linear systems, in Proceedings of the 46t Conference on Decision
and Control, pp. 4361-4366, 2007.

Z. Bai, D. Bindel, J. Clark, J. Demmel, K. S. J. Pister, and N. Zhou,
New numerical techniques and tools in SUGAR for 3D MEMS simula-
tion, in Technical Proceedings of the Fourth International Conference
on Modeling and Simulation of Microsystems, 2000, pp. 3134.

Z. Bai and Y. Su, Dimension reduction of large-scale second order
dynamical systems via a second-order Arnoldi method, SIAM J. Sci.
Comput., Vol. 26, No. 5, pp. 1692-1709, 2005.

Z. Bai, Krylov subspace techniques for reduced-order modeling of
large-scale dynamical systems, Applied Numerical Mathematics, Vol.
43, pp. 9-44, 2002.

C. A. Beattie, Projection Methods for Reduced Order Modeling |,
SIAM Conference on Computational Science and Engineering, Or-
lando, February 12-15, 2005

C.A. Beattie and S. Gugercin, Krylov-based model reduction of
second-order systems with proportional damping, in Proceedings of
the 44th IEEE Conference on Decision and Control, pp. 2278-2283,
December 2005.

A. Bunse-Gerstner, B. Salimbahrami, R. Grotmaack, B. Lohmann,
Existence and computation of second order reduced systems using
Krylov subspace methods, Proc. of 16th Symp. on the Mathematical
Theory of Networks and Systems, Leuven, Belgium, July 2004.

A.E. Bryson and A. Carrier, Second-order algorithm for optimal model
order reduction, J. Guidance Contr. Dynam., pp-887-892, 1990

Y. Chahlaoui, D. Lemonnier, A. Vandendorpe, P. Van Dooren, Second
order balanced truncation, Linear Algebra and its Applications, Spe-
cial Issue on Order Reduction of Large-Scale Systems, Vol. 415/2-3,
pp. 373-384, 2006.

Y. Chahlaoui, K.A. Gallivan, A. Vandendorpe, P. Van Dooren,
Model reduction of second-order systems, In P. Benner, G. Golub,
V. Mehrmann, and D. Sorensen, editors, Dimension Reduction of
Large-Scale Systems, Springer-Verlag, Lecture Notes in Compu-
tational Science and Engineering, Vol. 45 (ISBN 3-540-24545-6)
Berlin/Heidelberg, Germany, 2005.

J. V. Clark, N. Zhou, D. Bindel, L. Schenato, W. Wu, J. Demmel, and
K. S. J. Pister, 3D MEMS simulation using modified nodal analysis,
in Proceedings of Microscale Systems: Mechanics and Measurements
Symposium, 2000, pp. 6875.

[14]
[15]
[16]

(17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]
[27]

[28]

[29]

(30]

(31]

(32]

4208

ThTA13.2

R.R. Craig Jr., Structural dynamics: An introduction to computer
methods, John Wiley & Sons, 1981.

C. De Villemagne and R. Skelton, Model reduction using a projection
formulation, International Jour. of Control, Vol. 40, 2141-2169, 1987.
Ewins, D. J., Modal Testing: Theory and Practice, Research Studies
Press, Hertfordshire and John Wiley & Sons, New York, 1984.

R.W. Freund, Padé type model reduction of second-order and higher-
order linear dynamical systems, In P. Benner, G. Golub, V. Mehrmann,
and D. Sorensen, editors, Dimension Reduction of Large-Scale Sys-
tems, Springer-Verlag, Lecture Notes in Computational Science and
Engineering, Vol. 45 (ISBN 3-540-24545-6) Berlin/Heidelberg, Ger-
many, 2005.

E.J. Grimme, Krylov Projection Methods for Model Reduction, Ph.D.
Thesis, ECE Dept., U. of Illinois, Urbana-Champaign, 1997.

S. Gugercin and A. C. Antoulas, A comparative study of 7 model
reduction algorithms, Proceedings of the 39th IEEE Conference on
Decision and Control, Sydney, Australia, December 2000.

S. Gugercin, Projection methods for model reduction of large-scale
dynamical systems, Ph.D. Dissertation, ECE Dept., Rice University,
December 2002.

S. Gugercin and A.C. Antoulas, An Ha error expression for the
Lanczos procedure, Proceedings of the 42nd IEEE Conference on
Decision and Control, December 2003.

J.G. Korvink and E.B. Rudyni, Oberwolfach Benchmark Collection,
In P. Benner, G. Golub, V. Mehrmann, and D. Sorensen, editors, Di-
mension Reduction of Large-Scale Systems, Springer-Verlag, Lecture
Notes in Computational Science and Engineering, Vol. 45 (ISBN 3-
540-24545-6) Berlin/Heidelberg, Germany, 2005.

D. Meyer and S. Srinivasan, Balancing and model reduction for second
order form linear systems, IEEE. Trans. Auto. Contr., Vol. 41, Issue
1, pp. 1632-1644, 1996.

B. C. Moore, Principal Component Analysis in Linear System: Con-
trollability, Observability and Model Reduction, IEEE Transactions on
Automatic Control, AC-26:17-32, 1981.

C. T. Mullis and R. A. Roberts, Synthesis of minimum roundoff noise
fixed point digital filters, IEEE Trans. on Circuits and Systems, CAS-
23:, pp: 551-562, 1976.

A. Preumont, Vibration Control of Active Structures, Kluwer Academic
Publishers, Dordrecht, 1997.

A. Ruhe, Rational Krylov algorithms for nonsymmetric eigenvalue
problems II: matrix pairs, Linear Alg. Appl., 197:283-295, (1994).
R.D. Slone, R. Lee, and J.-F. Lee, Broadband model order reduction
of polynomial matrix equations using single point well-conditioned
asymptotic waveform evaluation: Derivation and theory, International
Journal of Numerical Methods in Engineering, Vol. 58, pp. 23252342,
2003.

D.C. Sorensen and A.C. Antoulas, On model reduction of structured
systems, In P. Benner, G. Golub, V. Mehrmann, and D. Sorensen, ed-
itors, Dimension Reduction of Large-Scale Systems, Springer-Verlag,
Lecture Notes in Computational Science and Engineering, Vol. 45
(ISBN 3-540-24545-6) Berlin/Heidelberg, Germany, 2005.

T.-J. Su, R.R. Craig Jr., Model reduction and control of flexible
structures using Krylov vectors, J. Guid. Control Dyn., Vol. 14, pp.
260-267, 1991.

A. Vandendorpe, P. Van Dooren, Krylov techniques for model re-
duction of second order systems, Int. Report, CESAME TR07-2004,
Universite Catholique de Louvain, Louvain-la-Neuve, 2004.

W. Weaver and P. Johnston, Structural dynamcis by finite elements,
Prentice Hall, Upper Saddle River, 1987.



