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Quantized H ., Filtering for Continuous-Time Systems with Quantizer
Ranges Consideration

Wei-Wei Che and Guang-Hong Yang

Abstract— This paper studies the quantized H.. filtering
problem for continuous-time systems with a type of dynamic
quantizers, which are conjuncted with static quantizers via
dynamic scalings. The static quantizer ranges are fully con-
sidered here for practical transmission channels requirements.
A quantized H., filter design strategy is proposed, where a
convex optimization method is developed to minimize static
quantizer ranges. The resulting design guarantees that the
quantized augmented system is asymptotically stable and with
a prescribed H., performance bound. The effectiveness of the
proposed filter design method is demonstrated by a numerical
example.

I. INTRODUCTION

The need for representing signals by a finite number of bits
implies that quantization noise is present in almost all digital
signal processing systems and networked control systems.
The distortion error, or quantization noise, consists of the
difference between the input to the quantizer and the discrete
output signal. Filters are the most essential building blocks
of signals processing. And the problem of filtering with
quantized signals has been considered by several researchers
[16], [20], ect.

There has been a significant amount of works examining
the impact of quantization on linear systems. These quan-
tization policies can be mainly categorized depending on
whether the quantizer is static or dynamic. A static quantizer
is a memoryless nonlinear function, whereas a dynamic
quantizer uses memory and thus can be much more complex
and potentially more powerful.

There are many works using static quantizers, such as [3]-
[51, [7], [10], [14] and [21]. The main drawback of static
policies is that they require an infinite number of quanti-
zation bits to ensure asymptotic stability [3]. In contrast,
quantization policies with memory (dynamic quantization
policies) have been shown to achieve asymptotic stability
with a finite number of quantization levels. Noticeable work
along this line includes [1], [8], [11]-[13], [15], [17]-[19].
[1] established sufficient conditions for asymptotic stability
that were later tightened in [12]. Due to the superiority of
the dynamic quantization policies, in this paper, we focus on
the quantized systems with dynamic quantizers.

But noting that all the above works with dynamic quan-
tizers deal with only stability/stabilization problems, there
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is no work for considering the H., control problem. As
pointed out in [22] that the control strategies of updating the
quantizer’s parameter are dependent on time in the existing
works [1] and [12], and such control strategies cannot be
applied for the case of H., control systems since we do not
know the value of the disturbance inputs and thus cannot
drive the state into an invariant region, as done in [12].
In contrast, in [22], a state or output dependent control
strategy is proposed, and by using which the quantized
continuous-time H., control problem is solved. Similarly,
the latest work [2] studies the networked-based H,, control
problem with dynamic quantizers. But these works do not
consider the minimum number of quantization levels required
to assure the H,, performance requirements for quantized
systems. However, in digital signal processing systems and
networked control systems, a major question about the quan-
tized systems concerns the minimum number of quantization
levels required to assure closed loop system stability and
performance, which may have many benefits for networked
systems that include lower cost, higher reliability, and easier
maintenance.

Due to the above reasons, this paper considers the quan-
tized filtering problem for continuous-time linear systems
with a type of dynamic quantizers, which are conjuncted
with static quantizers via dynamic scalings. A quantized
H, filter design strategy is proposed, where a convex op-
timization method is developed to minimize static quantizer
ranges (minimize the required quantization levels for fixed
quantization sensitivity). The resulting design guarantees that
the quantized augmented system is asymptotically stable and
with the same H., performance bound as that for the case
without quantization. The effectiveness of the proposed filter
design method is demonstrated by a numerical example. Here
it should be mentioned that the quantized filtering problem
for discrete-time systems has been considered in our another
paper.

The organization of this paper is as follows. Section II
presents the problem under consideration and some prelim-
inaries. Section III gives design methods of quantized H,
filtering strategies. In Section IV, an example is presented to
illustrate the effectiveness of the proposed methods. Finally,
Section V gives some concluding remarks.

Notation: Given a matrix £, ET and E~! denote its trans-
pose, and inverse when it exists, respectively. The symbol
within a matrix represents the symmetric entries. For a vector
z € R¥, the 2-norm of z is defined as |z| := (272)?, and for
amatrix Q@ € R"™ ", [|Q|l, Anaz (Q) and A, (Q) is defined
as the largest singular value, the maximum eigenvalue and
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the minimum eigenvalue of matrix (), respectively.

II. PROBLEM STATEMENT AND PRELIMINARIES
A. Problem statement
Consider an LTI model described by

B(t) = An(t) + Buw(t),
z(t) = Cra(t), )

where z(t) € R™ is the state, y(t) € RP is the measured
output and z(¢) € R? is the regulated output, respectively.
A, By, Cy and Cs are known constant matrices of appropriate
dimensions.

To formulate the filtering problem, we consider a filter of
the following form:

£(t) = Ar&(t) + Bry(t), )
2p(t) = Cré(t) + Dry(t),

where £(t) € R™ is the filter state, zp(t) is the estimation
of z(t), and the constant matrices Ap, Bp, Cr and Dy are
filter matrices to be designed.

Applying filter (2) to system (1), the following augmented
system is obtained:

Te(t) = Aexe(t) + Bew(t)
2(t) = Coae(t), )
where z.(t) = [¢(t)T,(®)T]T, 2.(t) = 2(t) — 2p(t) is the

estimation error, and

A0
Ae = {BFC’Q AF}’

B. = ﬁl} C.=[Cy—DpCy —Ch].
The transfer function matrix of the augmented system (3)
from w to z. is give by

T, =Cu(sI - A)~"
Let Ap, Br,Cr and Dr be given, and such that
Dol = ICT = A Bl <v. @)

Due to the well known Bounded Real Lemma, without loss
of generality, we may assume that Ap, Bp,Cp and Dp
satisfy the following assumption:

Assumption 1: There exist two positive definite matrices
P and @ satisfying the following LMI

ATP+ PA.+42PB.B'P+CIC.+Q <0. (5
However, in practical network transmission and digital signal
processing systems, signals are quantized before they are
communicated, and a quantizer is with different form.

In this paper, the definition of a quantizer is given with
general form as in [12]. Let £ € R' be the variable being
quantized. By a quantizer we mean a piecewise constant
function ¢ : R' — I, where D is a finite subset of R!. This
leads to a partition of R' into a finite number of quantization
regions of the form {¢ € R! : q(¢) = i},i € D. These
quantization regions are not assumed to have any particular

TuC13.5

shapes. When £ does not belong to the union of quantization
regions of finite size, the quantizer saturates. More precisely,
we assume that there exist positive real numbers M and A
such that the following two conditions hold:

lg(§) — ¢ <A,

it ¢ <M. ©)

lg(€)

Condition (6) gives a bound on the quantization error when
the quantizer does not saturate. Condition (7) provides a way
to detect the possibility of saturation. M and A represent
the range and the quantization error bound of the quantizer
q(+), respectively. Assume that ¢(§) = 0 for £ in some
neighborhood of the origin, i.e., the origin lies in the interior
of the set {¢ : ¢(§) = 0}. In the filtering strategy to be
developed below, we consider the one-parameter family of
quantizers

=& >A, it ¢ > M. )

qu(§) = M(g), >0, (8)
where p is the quantizer’s parameter. The range and the error
of this quantizer is My and Ay, respectively. i can be seen
as the “zoom” variable: increasing p corresponds to zooming
out and essentially obtaining a new quantizer with larger
range and larger quantization error such that any signals can
be adequately measured, while decreasing p corresponds to
zooming in and obtaining a quantizer with smaller range but
also smaller quantization error such that the signals can be
driven to 0.

With the quantizer defined above, a model for the quantized
filter (2) is given as

£(t) = Aré+ Brau, (y)
zp = Cpé+ Dpqu,(y) =

= ApS+ Briaai(Gh), ©)
Cré+ Drmai (L),
where g, (-) is a dynamic quantizer defined by (8) and is
composed of dynamic scaling p; and static quantizer ¢ (-)
defined by (6) with range M; and error A;.

Applying (9) to (1), the following quantized augmented
system is obtained as

Fo(t) = Acwo(t) + Bow(t) + Bié, w0
ze(t) = Cexe(t) + Dee,
where A.,B., C. are the same as in (3) and
_ 0 . .
B, = (BF> ,De = —Dp, €= p1e with e = fh(%) _ %

Now, due to the existence of quantization errors, the follow-
ing problem is proposed.

Problem 1: Develop a method to optimize the static
quantizer range M;, and then design a quantized H
filtering strategy with the minimized quantizer range such
that the augmented system (10) is asymptotically stable and
1Tl <.
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B. Preliminaries

The following lemmas are presented, which will be used in
this paper.

Lemma 1: [23] Let T, = C,(sI — A,) "' B,, then 4,
is Hurwitz and ||T,.,|| < v for some constant v > 0 if and
only if there exists a symmetric matrix X > 0 such that

1
ATX + XAy + S XB.BL X +CC, <0.

Lemma 2: Let v+ > 0 be a given constant. Then the
following statements are equivalent:
(i) A. is Hurwitz, and ||T,, .| < 7;
(ii) there exist symmetric positive matrices X > 0 and

a1l Qa12
a= > 0 such that
@ {Qfm Qa22

1
ATX + XA + $XBEB€TX +CICe+Qq<0. (11)

(iii) there exist a nonsingular matrix 7", a symmetric matrix

P > 0 with v N
P= [ N o N} : (12)
Q11 lez}
and = > 0 such that
Qb {Qaz Qb22
1
ALLP+ PAcy+ —PBeoBL,P+CLCeu +Qy <0, (13)
Y
where
_ A 0 _ By
Aca = |:BFaC2 AFa:| » Bea= |:BFaD21:| ’
Cea = [Cl - DFaCZ _CFa} .
and

Apo =T 'ApT, Bp,=T'Bp,

Cra = CpT, Dpa= Dp (14)

Proof: Due to the limit of the space, it is omitted. W

III. QUANTIZED H., FILTERING STRATEGY DESIGN

In this section, we first give a quantized H, filtering strat-
egy design method without the consideration of optimizing
static quantizer ranges in subsection A, which is an extension
of the existing method given in [22]. Then, in subsection B, a
convex optimization method is developed to optimize static
quantizer ranges, and a quantized H, filtering strategy is
proposed to solve Problem 1.

A. Quantized filter design without considering static quan-
tizer ranges

Firstly, to facilitate to present Theorem 1, we give an
algorithm to design the filter gains and the matrix variables
P, Q satisfying (5) without the consideration of optimizing
static quantizer ranges.
Algorithm 1:

Step 1. Design the standard H,, filter with gains
Ap,Bp,Crp and Dp, correspondingly, the optimal H,
performance bound is denoted as Y-
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Step 2. By using Ap, Bp,Cp, Dp obtained in Step 1,
according to (5), compute matrix variables P and Q.

Step 3. Compute the value of %7 where n = ¢ +

¢2+‘P>\min(Q) with ¢ = ”PBl + CeTDeH and ¢ =
IDTD,|.
Then, based on Algorithm 1, the following theorem presents
a quantized H, filtering strategy without the consideration
of optimizing static quantizer ranges, which guarantees that
system (10) is global asymptotic stability and with the H,
performance attenuation level 7.

Theorem 1: Consider system (1), assume that M; is
chosen large enough such that

1 Cal|Ar
Then, filtering strategy (9) with the designed filter gains
Ap,Bp,Cp, Dp and with the dynamic scaling

2|y

= ALC2
M + Amt,‘!(é‘)l

M; > 15)

11 (16)

renders the augmented system (10) asymptotically stable and
achieves the H, disturbance attenuation level 7.
Proof: By using the properties of (6) for the quantizer
q1(+), it is easy to check that whenever |y| < Mjpuq,
el = mla (%) - L) < Ay (17)
K 1
Then consider the Lyapunov function candidate V(t) =
2T (t)Px.(t) for the quantized augmented system (10), and
by using (5), the derivative of V'(¢) along solutions of (10)
is computed as

V(t) = 22T (t)P(Acze(t) + Bew + B1é)
< -2 (Q+7y *PB.BI P+ CICe)ae
+ QxZPBew + QxeTPBlé ~
< —z2lz +72wTw — 27Qz. + 22T PBie
+22TCTD.e+ e’ DI D e
S *Znge + ’Y{WTW - )\min(Q”xeP
+ 20z |([[PB1 + CI Dell) el + IéleDZ%II,
= —2lze + YW w = Anin(Q) (J2e] = x2507)
(¢=v*+PAmin(Q)) | -
I v (o) )

(18)

X (|ze

On one hand, according to (36), we can always find a scalar
€ € (0,1) such that

nl|Ca|| Ay
Amin(Q)(1 — ¢)

On the other hand, according to (16), for any nonzero vy,
there always exists a positive scalar p; such that

nlCa|[ A

Then, by using (19) and (20), there exists a sufficient small
€ € (0,1) such that the following holds

My > (19)

lyl = (M1 +

Vi1 /2. (20)
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[ Cal| A
)\min(Q)(l - 6)

nA1]|Ca|

< = (M N . (O)
H1 = |y| ( 1 )\'min(Q)

1)

This is also true in the case of y = 0, where we set ;1 =0
as an extreme case and consider the outputs of the quantizer
q1(+) as zeros.

In other words, if we always choose i satisfying (21), then
(18) holds and thus

V(t) < =2z + yPwlw — e 2E)
1Ca]|

|zellyl- 22

By setting w = 0, obviously, V(t) < 0, i.e., the system is
asymptotically stable.
In addition, for any ¢ > 3, we can obtain

V(t) = V(to) < */t (2l (T)ze(7) = YW (T)w(T))dr.
’ (23)

Using V(t) > 0 and zero initial condition, the following is
obtained

ze(®)[I3 < ¥?(lw(®)]3, (24)

which implies that the H., disturbance attention level « is
achieved. ]

Remark 1: Theorem 1 presents a quantized H, filter-
ing strategy without the consideration of optimizing static
quantizer ranges, which is motivated by the result in [22].
The difference between them is that in Theorem 1, a concrete
filtering strategy with dynamic scaling (16) is given, whereas
[22] only gives the existence condition for a quantized
control strategy.

Remark 2: In Theorem 1, the static quantizer range M;
for the existence condition of the quantized H., filtering
strategy is given based on Algorithm 1. But the static
quantizer range achieved by this method may be very large
and does not accord with practical communication channel
requirements. In the following subsection, a method will be
developed to minimize the static quantizer ranges.

B. Quantized filter design with considering static quantizer
ranges

In this subsection, we will develop a convex optimization
method to optimize M7, and further, give a quantized H,
filtering strategy to solve Problem 1.

From (36), it can be seen that in order to minimize M7, one
should minimize the value of %. However, 7\”0_2 Qg;
is complicated because it depeﬁans on design para"rlﬁicbters
Amin(Q), |PB1 + CTD,| and |[DTD.|. In the sequel,
we aim to optimize these parameters, and consequently
minimize M indirectly.

Let 5> 0,a > 0,6 >0 and € > 0 be scalars, then we can
optimize the values of | PBy]|, ||CT||, || D.| and || DX D.|| by
optimizing scalars 0, «,d and e, respectively, according to

Ju1/2 < My
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inequalities || PB; | < ,]/C7|| < .||l < 6, | DT D <
. Obviously, they are, respectively, equivalent to

[—521 (P_B})T} <0, 25)
[_0‘21 fﬂ <0, (26)
[_TI l_)i] <0, (27)
[_fl D i? } <0, (28)

where C. is defined in (3), By and D, are defined in (10).
Now, in order to solve Problem 1, we need solve inequalities
(25)- (28) combined with (5). However, inequalities (25),
(28) and (5) are not convex and cannot be solved directly.
Thus, the following lemma is presented to convert them to
convex ones.

Denote

Ap = N7'Fa, Bp = N"'Fp, (29)

then, we have

Lemma 3: Let v > 0 be a given scalar, for scalars 3 >
0,a > 0,0 > 0 and € > 0, matrix variables F4, Fg,Cp,
S >0, N <0 and

Q11 Q12
= > 0, 30
Q [ . o (30)
the following statements hold:
(i) (5) holds if and only if the following LMI holds
S % SB,  CF—CIDL (L
x % —2I 0 <0, 3D
* * * —1
where

Y1 =SA+ATS + Q11 + Q12 + QL + Qao,

Yo=S8SA+F} +CIFL + AT (S — N)+ Q11 + Qs
Y5 =(S—N)A+ AT (S — N)+ FgCs + C3 F} + Qu1.
(i) (25) holds if and only if the following LMI holds

-3 0 Fg
* —2I —-1| <0 (32)
* * -1

(iii) (28) holds if the following LMI holds
-2 0 DlTm 0

x I 0 DE

. « —I 0 <0 (33)

* * * —I

Proof: Due to the limit of the space, it is omitted.
| |
Let p = 132 + cpa® + ¢30% + c4e?, where c1,co,c3 and
c4 are constants to be chosen. Then, based on Lemma 3, by
optimizing p, the following algorithm is presented to give a
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convex optimization method to design the filter gain matrices
and matrix variables P, () with the consideration of system
performance and quantizer ranges.

Denote

_|@u—-& Qi
CO=[T T gn-a
Algorithm 2:

Step 1. Solving the following optimization problem

(34)

min p
subject to (26), (27), (31) — (33), (34)
w.r.t Fa,Fp,Cp,Dp,S,N,B,a,0,¢,&,Q11, Q12, Q22

Output the optimal solutions as N = Ngpt, S = Sopt, Fa =
Faopt, F'B = FBopty; Cr = Cropt, Q11 = Q110pt, @12 =
QlQopta Q22 = Q220pt~

Step 2. Compute

AFopt - NoptFAopt7 BFOW = NoptFBopta

CF,,pf = CFopta DFopt eopt
Sopt — Nopt  Nopt
P, = |7t Nort  Top 35
opt |: Nopt _Nopt ) ( )
Ql lopt Q12opt D 0
o = 7B opt — .
Q Pt l:Q,{Qopt Q220pt Lopt BFopt

The resulting Aropt, Bropt, Cropt and Dpep; will form the
optimized filter gains, and Py, Qop: are optimized matrices.

Step 3. Compute the value of %, where 1y, =

¢opt+ \/(Zsopt + (Popt)\min(Qopt> with Qbopt — ||PoptBlopt H +
HCeoptHHprtH and popr = ||Dz;ptD60pt||-

Remark 3: Because A,;,(Q) has a significant effect on
the value of "l‘(’:ilml condition (34) is introduced to restrict
the value of \.,;,, (@), such that Ap,;,(Q) > &.

Remark 4: Algorithm 2 presents a convex optimiza-
tion method to design the filter gains Ap, Bp,Cpr,Dp
and matrix variables P, () with the consideration of op-
timizing the value of % (realized by conditions
(26), (27), (32), (33), (34)) as well as guaranteeing the
H,, performance (realized by condition (31)). Obviously,
the designed Arpopt, Bropt; Cropt, DFopt, Popts Qopt satisfy
Assumption 1, and at the same time, they may result in a
minimized value of %

Now, based on Algorithm 2, the following corollary similar
to Theorem 1 can be obtained:

Corollary 1: Consider system (1), assume that M7, iS
chosen large enough such that

Nopt[|C2| A
)\min(Qopt) ’

Then, filtering strategy (9) with the designed filter gains
AFopt, Bropt, Cropt, Dropt and with the dynamic scaling

2|y

Nopt A1||Ca]| ’
Mimin + X2 Qo)

Mlmin > (36)

P = (37

solves Problem 1.
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IV. EXAMPLE

To illustrate the effectiveness of the proposed optimized
H, filtering strategy, an example is given to provide a
comparison between our design method with the consider-
ation of optimizing M; and the design method without the
consideration of optimizing M.

Example 1: Consider a linear system of form (1) with

0 10 -15 0
A=1] 0 0 1|,Bi=|15 0},
-05 —25 -1 2 0
Ci=[3 -1 2],Co=[-15 05 1].

A. Quantized filter design by Algorithm 1

In this part, we design a quantized H, filtering strategy
based on Algorithm 1 without the consideration of optimiz-
ing M, which is an extension of the existing method.

A standard H filter is designed with gains as

—6.1451 2.8083 3.8566

Ap = |—281.4187 954706  191.7865 |,
391.6585 —134.7995 —266.0323

Bp = [-4.1569 —189.3829 263.9612}T

Cp =[0.1424 —0.0475 3.9050],

Dp = —1.9050.

(38)
and the optimal H, performance index is obtained as v,,; =
6.0000.

Let the quantization error A; = 0.1. By Algorithm 1 with
filter gains (38) and £ = 0.1 for v = 6.1, = 6.4 and v

7.0, respectively, we obtain % 77196 ZHCQQA; =

42023 and Z”Cﬂigl = 25807. For these three cases, by
Theorem 1, let M1 = 77196.1 > 77196, M7, = 42023.1 >
42023 and M; = 25807.1 > 25807, respectively, the
filtering strategy (9) with filter gains (38) and dynamic
scaling (16) guarantees the H, filtering objective.

B. Quantized filter design by Algorithm 2

In this subsection, we design a quantized H., filtering
strategy based on Algorithm 2 with optimizing A; consid-
eration .

Let the quantization error Ay = 0.1 and ¢; = 1,¢0 =
10000, c3 = 100000, ¢4 = 100000. For one case, let v = 6.1,
by Algorithm 2 with £ = 0.1 we obtain

—96.9741  22.7699  —3.3318

Apopr = |—141.9869  32.2035 —4.2321],
395.8639  —91.9370 12.8568 20

Bropt = [—35.7029 —51.6374 145.3041] %

Cropt = |—0.1155 —0.5311 0.7352],

Dpopt = —0.6529.

and matrices Py, Qopt-

It is easy to compute % = 14.3393. By Theorem
1, let Miyin = 14.5 > TZL3393 then, filtering strategy (9)
with the optimized filter gains (39) and dynamic scaling (37)

solves Problem 1.
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For the second case, let v = 6.4, we obtain

—41.9558 13.1852  —0.8868
Afpopt = |—55.5593  16.1668 —0.6638] ,
160.8423 —49.5721  2.7435 40
Bropt = [—16.9850 —21.7258 64.6265] , (40)
Cropt = |—0.1100 —0.4843 0.6817},
Dpopt = —0.6635.
and matrices Py, Qope. It is easy to compute % =

13.8698. For this case, by Theorem 1, let M, = 14.0 >
13.8698, then filtering strategy (9) with the optimized filter
gains (40) and dynamic scaling (37) solves Problem 1.
Finally, for v = 7.0, we obtain

~13.3011  8.5567  1.0946

Apopt = |—16.4856  8.3206  1.3663 |,
48.3882  —29.6938 —4.3364 "

Brop = [~7.6209 —8.0965 26.9504]" “h

Crop = |-0.0975 —0.3956 0.5755]

Dpopt = —0.6859.

and matrices Pppe, Qope. Similarly, we can compute
% = 13.4073. For this case, by Theorem 1, let
Mimin = 13.6 > 13.4073, filtering strategy (9) with the
optimized filter gains (41) and dynamic scaling (37) solves

Problem 1.

C. Comparison

Table 1 is given to compare the quantizer ranges obtained
based on Algorithm 1 and the optimization method given in
Algorithm 2.

Algorithm 1 Algorithm 2

Mi(y=6.1) 77196.1 14.5

Mi(y=6.4) 42023.1 14.0

Mi(y=17.0) 25807.1 13.6
TABLE I

COMPARISON OF THE QUANTIZER RANGES

From this table, we can see that compared with the quan-
tizer ranges obtained based on Algorithm 1, the optimized
quantizer ranges obtained based on Algorithm 2 are much
more improved. This phenomenon shows the effectiveness
of our optimization method. On the other hand, we can see
that the tighter the H,, performance bound to the optimal
H, performance bound 7, is, the larger quantizer range
is needed.

V. CONCLUSION

In this paper, the quantized H,, filtering problem of
continuous-time LTI systems has been investigated. In par-
ticular, the static quantizer ranges are fully considered for
their practical importance. A quantized H., filter design
strategy is proposed, where a convex optimization method is
developed to minimize static quantizer ranges. The resulting
design guarantees that the quantized augmented system is
asymptotically stable and with a prescribed H ., performance
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bound. A numerical example has been presented to illustrated
the effectiveness of the proposed H filtering strategy.
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