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Abstract— This paper addresses the problem of synchroniza-
tion for complex dynamical networks with non-identical nodes.
Neither an equilibrium for each node nor a synchronization
manifold is assumed to exist. A criterion of global synchroniza-
tion in the sense of boundedness of the maximum state deviation
between nodes is proposed by introducing the average dynamics
of all nodes. An explicit bound of the maximum state deviation
between nodes is obtained by the maximum difference between
each node dynamics and the average dynamics. The proposed
criterion is an extension of the related synchronization criteria
for the case of identical nodes to the case of non-identical nodes.

I. INTRODUCTION

A complex dynamical network is a collection of dynamic
systems, called nodes, connected by links that exhibit com-
plex topological properties. Complex dynamical networks
have been widely exploited to model many complex systems
in sciences, engineering and society, and have attracted
tremendous attention in recent years (see [2] and the ref-
erences therein). As the major collective behavior, synchro-
nization is one of the key issues that have been extensively
addressed. A vast number of papers on the topic have
appeared. Some recent overviews have recently appeared in
[13], [23], [27], [30]. This topic has been mainly explored
mathematically in the physics community with some recent
papers in circuits and systems [8], [28], [29] and automatic
control [15], [31] journals and conferences. The topic is not
unrelated to the study of consensus problems in swarms [1],
[18], [22], [24] which can be seen as a kind of time-varying
network.

For topological structure of links of a network, a constant,
symmetric and irreducible coupling configuration matrix
can always give rise to local synchronization criteria that
only need to check simultaneous stability of several lower
dimensional dynamical systems [2]. This technique has also
been extended to deal with networks with time-delays [6],
[12], [19], and time-varying and switching topologies [9],
[15], [18], [21].

The behavior of a network is determined by two main
features: the dynamics of the isolated nodes, and the coupling
configuration between the nodes. Most efforts have been put
on the study of the latter—the coupling configuration— by
assuming that all the node dynamics are identical. Adoption
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of the assumption that all the node dynamics are identical
makes it much easier to analyze the network, especially
for the synchronizability problem. However, this assumption
of identical nodes is a highly unlikely circumstance for
technological networks in the real-world. This assumption
has its origins in physical connections in biology, physics and
social science [17]. Indeed, almost all complex dynamical
networks in engineering have different nodes. Taking a
power system as an example [8], the generators (power
sources) and loads (power sinks) are connected to buses
which are interconnected by transmission lines in a network
structure. Therefore, the power system can be viewed as a
dynamical network where the nodes consist of generators and
(dynamical) loads. Since individual generators usually have
different physical parameters, the generator models result
in different dynamics and the power system is obviously a
dynamical network with non-identical nodes.

The behavior of dynamical networks with non-identical
nodes is much more complicated than the identical-node
case. Usually, no common equilibrium for all nodes exists
even if each isolated node has an equilibrium, neither does
a synchronization manifold exist in the classical sense.
Synchronization of a complex dynamical network with iden-
tical nodes is usually described in terms of (asymptotically)
identical dynamical evolution of state variables of every node
in the network, which is easy to understand. However, this
collective behavior, called complete or identical synchroniza-
tion no longer exists in networks with non-identical nodes
due to the difference between the dynamics of the nodes.
Yet, a network with non-identical nodes may still exhibit
some kind of synchronization behaviors which are far from
being fully understood. Certain reasonable and satisfactory
boundedness of state motion errors between different nodes
can be taken as useful synchronization properties. In general,
this needs to be systematically described and addressed. In
the special case of power systems, the property of transient
stability is essentially a synchronization in this sense and
well-understood as a stability property [7], [11].

The study of synchronization of dynamical networks with
non-identical nodes is very hard and very few results have
been reported by now. A simple case where all non-identical
nodes have the same equilibrium was considered in [31] and
a synchronization criterion was given by constructing a com-
mon Lyapunov function for all the nodes. Several collective
properties for coupled non-identical chaotic systems were
respectively discussed in [4], [5], [25], [26]. A simulation
study for non-identical Kuramoto oscillators was carried out
in [3]. Controlled synchronization was considered for the
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case that each node has a normal form with a linear main part
[20], and distributed controllers were designed to achieve
synchronization.

This paper addresses the issue of synchronization for
complex dynamical networks with non-identical nodes. We
consider the general case where neither an equilibrium for
each isolated node nor a synchronization manifold exists. A
global synchronization criterion is proposed, which exploits
the average node dynamics. The results cover the related
existing criteria of asymptotical synchronization for complex
dynamical networks with identical nodes as a special case.

II. PRELIMINARIES

We study a complex dynamical network modeled as:
N
mzzfi(xi)—&—cZaijI‘xj, 2.21,.‘.,]\77 (1)
j=1

where r; = (mil,...7xin)T € R™ is the state of the -
th node. Suppose the matrlx A = (a”) NxN 1s$ symmetric
and irreducible and Z a5 = 0,4 =1,...,N, f; are

continuously dlfferentlable with Jacobian D fZ
The average dynamics of all node dynamics is defined by

the vector field

| XN
= N;fk(x)

The average state trajectory is

k=1

Obviously, the deviations e; = x; —s(t) satisfy Zi\il e; = 0.
We can easily have

6 =

N
fl(CL’Z) + Cz (J,jj]j{[j
Jj=1

N
1
_NZ fe(zr) cZakjFxJ
k=1 j=1
N N

= filz;) — iz Tre(zr) + cZaiijj
k N j=1 N

Z 8+ek)+02aijl“ej

k=1 7j=1

= —l—cZauFe] / Dfi(s+ Te;)e;dr—
1 -
NZ(fk s

k=1

= s+e1

+ /0 D fr(s + Ter)erdr)

N
= Df(s)el + CZ a,»erj

j=1

—l—/o (Dfi(s+7e;) — Df(s))e-dT

_iZ/ D fr(s + Ter)erdr + fi(s) — f(s).
(€5
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If we consider the linearized network model of (1), we
have

é = s)e; + cZa”Fe] (Dfi(s) — Df(s))e;
N Zka(S)ek + fi(s) = f(5).
k=1
3)
Let e = (ef',...,€L)T. Then (2) becomes
¢ =

(In ®Df(1s) +cA®Te
+diag {/ (Dfy(s+T1ey) — Df(s))dr

0

/1(DfN(S+TeN) Df(s))dT}67%X
/Dfl s+7er)dr /DfN s+Ten)dr

) e
1 1
Dfi(s+ Tey)dr Dfn(s+ Ten)dr
0 _ 0
fi(s) = f(s)
+ :
fn(s) = f(s)
(C)

Since A is symmetric and irreducible, there exists a unitary

matrix ® = (;;)Nxn = (P1,...,Py), such that
BT A® = A = diag{\1, Ao, ..., An}, (5)
. . . _ 1 1
where ®; is the ith column of ® with &; = (\/—ﬁ, ce \/—N)T
and 0 =Xy > Ao > - > AN,
Let w = (7 ® I,,)e. Then,
=@"®1I,)e
=T @ I,)[In ® Df(s) + cAQT)(® @ I,,)w
+(®T @ I,,)x
1
diag {/ (Dfy(s+T1ey) — Df(s))dr
0
1
.. / (Dfn(s+Ten) — Df(s))dT} X
Jo
(@@ I,)w— %(¢T®I ) ¥
/Df1 s+ Tey)dr /DfN s+ Ten)dr
/Dj1 s+ Tey)dr /DjN s+ Ten)dr
X (@@ I,)w
fi(s) = f(s)
+ (" ®1,) :
In(s) = f(s)
(6)
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Note that

/ Dfi(s+ Tey)dr /DfN s+ Ten)dr

/Df1 s+ Tey)dr /DfN s+ Ten)dr
:W[(@l,o,...,om/ Dfi(s + Te1)dr]
0
1
+\/N[(0,<1>1,..‘,0)®/ D fy(s + Tes)dr]
0

+ ..+\/N[(0,0,...,<I>1)®/(;1DfN(s+TeN)dT}

@)
and & is a unitary matrix, it turns out that
i(<1>T ® I,,)
N n X
1 1
/Df1(8+T61)dT /DfN(s—l—TeN)dT
0 0
1 ' 1 '
/Df1(5+T61)dT /DfN(S+T6N)dT
Jo 0
x (@ 1,)
1 0
1 0 0
VN
1
®/ Dfi(s+7e1)dr(® ® I,)
0
0 1 0
N 1 0 0 0
VN |
0 0 0
1
®/ Dfs(s+ Te2)dr(® ® I,)
0
0 0 1
1 0 0 0
+ot+ —= .
N
0 0 0
1
®/ Dfn(s+7en)dr(® ® I,).
0
(3)
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Thus, a simple calculation gives

1
N(@T ® I,)x

1
/0 Dfi(s+ Tey)dr

) :
/ Dfi(s+ Tey)dr
0

x (P®I,)

P11 P12

1 0
VN |
0

0

0

P1N

1
®/ Dfi(s+ Tey)dr
0

®21
1 0
+ — .
VN :
0

1

4+ ——
VN

Y22t P2N
0o --- 0

0o ... 0
1
®/ D fy(s+ Teg)dr
0

PN1 $PN2

0

0

0

1
®/ Dfn(s+Ten)dr.
0

Therefore,

Ww=In®@Df(s) +cA@TDw + (T @ I,) x

PNN
0

ding { [ (D1(s +7er) - DS 6))in
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1
/0 Dfn(s+ Ten)dr

) :
/ Dfn(s+Ten)dr
0

9

”/0 (Dfn(s+Ten) *Df(S))dT} X (P ® I,)w

0 w

;
fis) = 7(9)
(o)~ 7o)

(10)
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Since w; = 0, we only need to consider ws,...
Rewriting (10) in the component form we have

=(Df(s) + e\T)w; + (®F ® I,,)x

yWN -

diag {/Ol(Dfl(s +7e1) — Df(s))dr, ...,

/0 (Dfn(s+7en) — Df(S))dT} (P ® I)w m

fi(s) = f(s)
+ (@7 eI, : ,

In(s) = [(s)

i=2,...,N

)

which is a key expression for the study of synchronization.
‘We now conclude this section by introducing some notations.
Let PCpxn (PCL..) be the linear space of the uni-
formly bounded continuous (continuously differentiable) real
matrix-valued functions defined on [0, 00). For any P €

PCxn, the norm of P is defined by
[Pl = sup {[P®)]}
0<t<o0

III. SYNCHRONIZATION CRITERION

We consider the problem of synchronization for the net-
work (1). For a network with identical nodes, synchroniza-
tion means z; — x; — 0,Vi, j. While for the network (1),
this property cannot be expected to hold. In this case, the
synchronization property can be described in terms of certain
boundedness of x; — x;, Vi, j. In order to derive a synchro-
nization criterion, we first present a lemma which shows how
the state trajectory of a dynamical system converges to a set.

Lemma 3.1 Let g(¢) be a non-negative bounded function
defined on [0, 00) and

Q= {z € B"||]2]| < lim;—o0g(t)}- (12)

Suppose there exist a strictly positive definite matrix P(t) €
PCL., and a constant § > 0 such that the derivative of
V(z,t) = T P(t)z along the trajectory of the system

z = f(z,t), x € R", tel0,0) (13)

satisfies )
V< <o) it ] > g(t).

For any ¢ > 0, let

Qt::{qux¢>g sup {va,p}} (14)

y€Q,5>0
and o
¢ =limy_o (max{|| z || |z € Q+}) (15)
Then, z(t) converges to the set
M = {allle] < e (16)
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Proof. Omitted due to the space limitation.

Now we are in the position to give the criterion of
synchronization.

Theorem 3.2. Suppose there exist positive definite ma-
trices P;(t) € PCl and constants o > 0, v > 0 such
that

allz||* < 2T Pi(t)r < b||z|?,

nxn

Vte R., z € R",

i=2,....N,
. _ - (17)
Pi(t) + P(£)(Df(s) + eAT) + (DF(s) + eAD) T P(8)
4+al <0, 9=1,...,N,
: (18)
H/XDﬁ@+ma—DﬂQMﬂsV, i=1,...N.
’ (19)
Let
f(S)
(20)
f( 5)
be bounded and
N 1
B=0 IRz, @1
=2

If o > 273, then the network (4) synchronizes to the set
a a—2vy8—-4§
namely, e(t) = z;(t) — & Sr_, z(t) — Q as t — oo,
where 6 > 0 is any constant satisfying § < o — 2y0.

Proof. Differentiating V;(w;,t) = w! P;(t)w; along the
trajectory of (11) gives

Vi =w! (Pi(t) 4+ P;(t)(Df(s) + e\T)

M = {e][le]| < 2 (22)

+ (Df(s) + AT Pi(t))w; + 2w] P(1) (9] @ I,)

x diag {/Ol(Dfl(s +7e1) — Df(s))dr, ...,

/0 (Dfn(s+ren) — Df(s))dr} (@@ I)w
fi(s) = f(s)
+2w] P,(t)(®] © I,) ;
In(s) = f(s)

23)

Condition (18) implies that the first term on the right hand
side of (23) satisfies

wl'(Py(t) + Pi(t)(Df(s) + cAil)
+(DF(s) + AT Py(t))w; (24)
< —allwil.
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Applying the condition (19) we know that the second term
on the right hand side of (23) satisfies

2wl Pi(t)(®F @ I,,) x

diag {/Ol(Dfl(s +rer) — D(s))dr

(25)
1
7/ (Dfn(s+Ten) — Df_(s))dT} (P I,)w
0
< 29[| Pyl |lws[ [l
while the third term of (23) satisfies
fi(s) = f(s)
20] Bi(t)(¢] ® 1) :
fn(s) = f(s)
fi(s) = f(s) (26)
<2| Py { il D
In(s) = f(s)
=2|| Py[[|ewi | u(2)
Let V(w,t) ZV wi, t). Then, we have

"
-

~
[l
o

(—allwill® + 2y | PillllwilHlwll + 2112 llws | 1(2)

Z [l |11 21
1
Nl ZHPII )2

=[wl[((2v8 — a)llwll + 264u(t))-

-

~
[l
o

<

= —allw|? + 2(y|lw]| + u(t

< = alwl? + 2(yllwl + (¢

27
Thus when 26u(t)
1
lwl =2 ———
a—2v6—-9
we have )
V < —|wll?. (28)

Applying Lemma 3.1 completes the proof.
Corollary 3.3. When

mt—'oc;u(t) = 07

we have asymptotic synchronization in the classical sense.
In particular, when f; = f, that is, all nodes are identical,
we have p(t) = 0. In this case, applying Theorem 3.2 to the
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linearized network (3), which is equivalent to letting v = 0
in (19), immediately gives the well-known synchronization
criterion in the literature [2]. Therefore, Theorem 3.2 covers
the existing criteria of networks with identical nodes as
special cases.

As another special case, consider

fi=f+0biyg (29)

with constant vector fields f and g, and constant parameters
0;. In this case,

_ 1 X
fz_f_(gt_szzlej)g:
v =0, (30)
N 1 XN 2
2 2
S0 -0 | ol
=1 j=1

IV. EXAMPLE

Consider the the following dynamical network with 3 non-
identical nodes

N

;= Biw; +g(x;) + Y ayTz;,  i=1,2,3 (1)
j=1
where
g(x;) = (9.5 sin(gxél +7),0, O)T,
I = diag{2,2,2},
zo = (1,0.5,-1,2,1,-2,-1,1.5,1)T
and
-2 1 1
A= 1 -1 0o |,
1 0 -1
—-10 10 0
B = 1 -1 1 |,
0 —15 0
-95 95 0
By = 1 -1 1 |,
0 —155 0
-105 105 0
By = 1 -1 1
0 —145 0

Applying Theorem 3.2 we know synchronization in the sense
of boundedness is achieved. Simulation results are depicted
in Fig.1
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Fig. 1. The synchronization errors of the network.

V. CONCLUSIONS

We have studied the synchronization problem for a com-
plex dynamical network with non-identical nodes. Devia-
tion equations are established by introducing the average
dynamics of all nodes. Based on these deviation equations
a synchronization criterion in the sense of boundedness is
proposed with an explicit bound given. This result extends
the relevant asymptotic synchronization criteria to the case
of non-identical nodes.

Unlike for networks with identical nodes, we have known
little about behaviors of networks with non-identical nodes.
Efficient techniques are need to analyze the networks. The
method of the average dynamics of all nodes seems to be
useful as demonstrated by the established results of this
paper, but deserves further study.
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