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The Polynomial Extended Kalman Filter as an
Exponential Observer for Nonlinear Discrete-Time Systems

Alfredo Germani

Abstract— This paper presents some results on the local
exponential convergence of the Polynomial Extended Kalman
Filter (PEKEF, see [14]) used as a state observer for deterministic
nonlinear discrete-time systems (Polynomial Extended Kalman
Observer, PEKO). A new compact formalism is introduced for
the representation of the so called Carleman linearization of
nonlinear discrete time systems, that allows for the derivation
of the observation error dynamics in a concise form, similar to
the one of the classical Extended Kalman Filter. The stability
analysis performed in this paper is also important in the
stochastic framework, in that the exponential stability of the
error dynamics can be used to prove that the moments of the
estimation error, up to a given order, remain bounded over time
(stability of the PEKF).

I. INTRODUCTION

This paper considers the state observation problem for
nonlinear discrete-time systems of the type

Tep1 = f@e, ue), (D
yr = h(ze, u), ()

where xz; € R" is the system state, y; € RY is the
measured output, u; € RP is the sequence of known inputs.
f(-,+) and h(-,-) are analytic functions of the first argument
(the state). Many approaches have been explored in the
literature for the derivation of asymptotic state observers,
and many types of solutions exist for classes of systems. An
approach widely investigated is to find a nonlinear change of
coordinates and, if necessary, an output transformation, that
transform the system into some canonical form suitable for
the observer design using linear methodologies. Some papers
on the subject are [9],[21],[22], [26],[27], for autonomous
systems, and [6] for nonautonomous systems. These papers
study the conditions for the existence of the coordinate trans-
formation that allows the observer design with linearizable
error dynamics. The drawback of this approach is that in
general the computation of the coordinate transformation,
when existing, is a very difficult task. Another approach
consists in designing observers in the original coordinates,
finding iterative algorithms, typically based on the Newton
method, that asymptotically solve a suitable extension of
the state-output map, [10], [11], [23]. Sufficient conditions
of local convergence are provided, in general, under the
assumption of Lipschitz nonlinearities. Many authors restrict
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the attention to the class of systems characterized by nonlin-
ear dynamics and linear output map (see, e.g. [1], [5], [28]).
The cases of bilinear dynamics and polynomial and rational
output maps are considered in [15],[17].

Although so many different approaches have been studied,
the most popular algorithm of state estimation for nonlinear
system is the Extended Kalman Filter (EKF), see e.g. [2].
The main reasons of the popularity of the EKF is its
simplicity of implementation and its good behavior in most
applications. The use of the Extended Kalman Filter as
a local observer in the deterministic framework has been
investigated [3], [4], [24] and [25].

This paper aims to extend the existing results of local
convergence of the EKF to the Polynomial Extended Kalman
Filter (PEKF) presented in [14]. The same approach used in
[24] for the study of the exponential error convergence of
the EKF has been used in this paper.

The paper is organized as follows. In section II the
EKF equations and the convergence theorem of [24] are
briefly recalled. The PEKO is presented in section III and
the convergence property is discussed in section IV. Some
elements of Kronecher algebra, used throughout the paper,
are briefly reported in the Appendix.

II. THE EKF AS AN OBSERVER

Before to proceed with the construction of a PEKO (Poly-
nomial Extended Kalman Observer), let us briefly recall the
standard form of the EKF and its use as an Observer (EKO:
Extended Kalman Observer), and discuss the convergence
properties following the approach of [24]. From now on, the
following more compact notation will be used for the system

(D=2):

Tip1 = fu,(4), 3)
Yt = hu,, (It) 4

Global or local assumptions on the uniform boundedness
of the derivatives of the functions f,(x) and h,(x) can
be made. Local assumptions are sufficient in the proof of
convergence of the EKO if the system (3)—(4) is input-state
stable. For this reason the following assumption is made:

Assumption Ag. There exist a compact set U C RP and
bounded open sets €2y and €2, with Qg C  C R™, such that
for any input sequence with u; € U, Vt > tg, if 7, € Qo
then z; € €, Vt > to. Moreover, Yu € U, f,(z) and h,(z)
are analytical functions in (2.

Let Q denote the closure of 2.
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In order to apply the standard Kalman Filter to the
nonlinear system (3)—(4), it is useful to represent the state
transition map f,(x) and the output map h,,(x) using a first
order Taylor expansion around the best estimates available:
the observation &, for f,(z) and the prediction Z; for h,,(z):

Tip1 = fu, (Te) + Ae(xe — T4) + @p (x4, T4), )
Yt = hu, (Z) + Cr(xe — Te) + (w4, Ty), (6)
where C; and A; are the Jacobians of h,,(x) and f, (x)

computed at the predicted and estimated state, rspectively.
Using the notation introduced in the Appendix, eq. (88),
At :v$®fut(x)|ita Ct :viﬁ®hut(‘r)‘ft (7)

The remainders ¢ and (j, are such that there exist positive
€f, €n, Yf» Yn such that

Vo — z[| < ey,
Y|z — 7| < en.

llos (@, D)l < vyl — 27,

~ . ®)
llon(z, )|l <l -z,

(In [24] the inequalities (8) are assumed to hold for all
z € R™ and v € RP.) The EKO approach consists in
neglecting the remainders in the representation (5)—(6), so
that it appears as a linear system with known forcing terms,
and in applying the standard Kalman Filter equations. An
initial state estimation g is needed as a starting value of the
EKO. Also a positive definite (PD) matrix P, is needed to
inizialize the Riccati equations that provide the Kalman gain
K. The EKO algorithm is reported below. The symbol I,
denotes the identity matrix of dimension n.

Extended Kalman Observer (EKO)

Starting values: Z;, = To, ﬁtu = Py, t =1y,

Ut = hu, (T1), output prediction  (9)
Ct =V @ hy, |it’ (10)
K, = BCI(C,P,CT + R,)™! (11)
Ty =2+ Ke(ye — r), state observation (12)
P, = (I, — K,C}) P, (13)
Ter1 = fu, (&), state prediction  (14)
Ay :Vm®fut|£tv (15)
P = oA PAT + Q. (16)

@: and R, are known sequences of PD matrices that act as
forcing terms in the Riccati equations, and must be chosen
uniformly upper and lower bounded over ¢ € Z (in fact, in
[24] they are chosen constant). In the EKO such sequences
are free design parameters, while in the stochastic framework
(EKF) they are the covariances of the state and output
noises. The constant coefficient @ > 1 has the meaning of
a forgetting factor and provides exponential data weighting
when o > 1.

The convergence analysis of the EKO in [24] has been
pursued by studying the stability of the recursive equation
that governs the prediction error x; — Z;. This equation is
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obtained subtracting the prediction 2,11 given by (14) from
Ty41 as given by (5):

a7
and then finding a suitable expression for the estimation error

x — &4 Considering the two identities below, obtained using
(12) and (9),

Tig1 — Top1 = Ae(ze — To) + pp (e, Tt ),

Ty — Ty = 2 — T — Ki(ye — Ut), (18)
Yt — Gt = Ce(wr — T¢) + on(e, T4), (19)

the following recursion can be easily obtained
Tey1 — Tep1 = Ae(Ln — K Cp) (x4 — T¢) + @0, (20)
where wo = @y, &) — Kipn(xe, Tt). 1)

The convergence result in [24] is based on the proof of
asymptotic stability of equation (20), and is summarized
below:

Theorem 1. Consider the EKO equations (9)—(16), and let
the following assumptions hold

i) There are positive numbers a,c,p,p such that for all
t >t
Al < a,

Gl < ¢,

(22)
(23)

ii) A; is nonsingular ¥t > t.
iii) There are positive real numbers €5, €n, Yf, Yn, Such
that inequalities (8) hold.
Then, there exist positive real numbers n, €q, 0, with 0 > «,
such that, if ||z, — T, || < €0, then

e = Zell < nlleg — Foo 07, 24

that means that the EKO is a local exponential observer.

Remark 1. The parameter o > 1, that appears in equation
(16), can be tuned to assign the error convergence rate.
However, in the proof of Theorem 1 in [24] it appears that
the larger is chosen «, the smaller is the convergence region
€0.

Remark 2. The existence of lower and upper bounds for the
PD matrices P; and P; can only checked on line, and is
ensured if the pair (A;, C}) satisfies a uniform observability
condition (see e.g. [12]).

Remark 3. Tt is important to stress that the proof reported in
[24], based on the bounds (8) on the norms of the remainders
@y and @y, can be easily modified to deal with bounds of
higher order, i.e. of the type

logll < vrlle = ZI%,  llenll < wmllz— 2%, (295

for k > 2.

Remark 4. The bounds (8) assumed in Theorem 1, in [24] are
formulated in a global form, i.e. the inequalities are assumed
to hold for all £ € R™ and for all u € RP. This can be a too
strong assumption. However, the proof of Theorem 1 can be
suitably modified when inequalities (8) hold only on bounded
sets. In this case the additional assumption Ag is required,
so that it is sufficient that properties (8) on the remainders
are true for all z € Q.
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III. POLYNOMIAL EXTENDED KALMAN OBSERVER

The PEKF algorithm presented in [14] is based on the
polynomial approximation of the state transition map f,(z)
and of the output map h,(x) of the system (3)—(4). The use
of the filter in [14] as an Observer for deterministic systems
is denoted PEKO in this paper.

The formalism of the Kronecker algebra is used in this
paper for the efficient manipulation of multivariate polyno-
mials. The definition of the Kronecker product ® of matrices
is given in the Appendix, together with other relevant defini-
tions and properties used throughout this work. The symbol
vl*] denotes the Kronecker power of a vector v € R™. For the
kind of computations carried out in this paper, it is extremely
useful the definition of a symbol for the vector that collects
all the Kronecker powers of a given vector from 1 up to a

given degree m. The symbol chosen is [-]™, and operates
on vectors v € R™ as follows
v
. vl2 o0 =1,
[o]™ = Dol R k] gy (26)
plm

Recalling that oIkl e R”k, then [v]™ € R™, with n,, =
S, nk. A property of the symbol [|™ repeatedly used
throughout the paper is the following (see Lemma (3)) in
the Appendix)

[0 =0 = L (=0) ([o]™ — [0]™),

where the matrix Z,,(—v) is defined in the Appendix,
eq. (81).

The PEKF in [14] is based on the Taylor polynomial
approximation of a chosen degree m > 1 of both maps
fu, () and h,, (x). The convergence of the PEKF used as
an observer (PEKO) requires the assumption Ag, in order to
ensure the existence of uniform upper bounds on the norms
of the remainders of the Taylor approximation. The Taylor
expansion of degree m of the output map h,, (z;) around
the prediction Z; is

Yo, € R, (27)

m

hut (It) =

1 ) )
(V26 b (), (o — 7))
j=0""

(28)
+ on (e, Tt)-

where the differential symbol VLj '@ is defined in the Ap-
pendix, eq. (88). Based on the Lagrange remainder formula,

the following bound can be given, for all (z,Z,u) € X
QxU

len(z,2)|| < mlle -z, (29)
vLm«H] ® hu

where Yn = sup H ' (I)H 30)
(z,u)€QxT (m + 1)

Using the symbol [-]™, the Taylor formula (28) can be
written in the compact form

hut (:L‘t) = hut (i‘t) + Hm(jt)[xt - jt}m + Phy (31)
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where matrix H,,(Z;) € R?*"m has a row-block structure

Hum(z) = [[Hm(x)] 1 [Hm(x)] m] (32)

1.
where = (VP @ ho, (),

[Hm(x)] .

; (33)

(for a simpler notation, the dependence of H,, on w; is not
shown). Using the identity (27), equation (31) can be written
as

i, (1) = P, (20) + Co ([24]™ = [2]™) + o,
Cy = Ho(30) T (—0).

(34)
where (35)

Now define the polynomial extended state X; € R™™ and
the selection matrix Y € R™*"™ as follows

Xy = [mt]ma Y= [In Onx(nmfn)] ) (36)
so that © = X[z]™, Vo € R", and in particular
z = X, (37)

The use of X; in (34), allows to write the output equation
(4) as

Y = b, (T1) + Co(Xy — [2]™) + o, (38)

where ¢, = op(XX¢, Z¢). In this form the output equation
depends linearly on the extended state X;. In order to use
this linear form in a linear filter, a linear transition function
is needed for the extended state. Consider the transition map
of the extended state

fu, (w1)

Xit1 = [2e01]™ = [fu, (2)]" = : (39)
fim (z¢)

The Taylor formula for the component fq[jf] (z¢) around the
current estimate ;, is the following

k — E = r o)
fE () = pr (V& £ @), (e = 20" (40)
—|—<pf,k(l“t,§ft)-

The remainder is such that, V(z,z,u) € Q x Q x U,

los (@, D) < vpnlle — 2™ 1)
Vi g gl

where vy = sup H f' (x)H 42)
(z,u)EQXT (m + 1)

Using the symbol [-]™, the extended transition map
[fu, (z¢)]™ can be written in the compact form

e (@)™ = [fur @] 4 Fn(@0) [ — 2™ + @5 (1, 24),
(43)

where the matrix F,(2;) € R"*"m is made of m x m
blocks, defined, for k=1,...,m, j=1,...,m, as

(44)

5]

[P, = 55 (V) @ (e e R
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(the dependence of F, on wu; is not shown). For (z,Z,u) €
2 x €1 x U, the remainder ¢ obeys the inequality

oy (@, @) < vl — 2™, (45)
V:[Emle] ® [fa m
where vy = sup H L/ '(x)] H (46)
(z,u)EQXT (m + 1)
Now the extended state transition step X;11 = [fu, (z¢)]™

can be written using the representation (43) with the substi-
tutions

[0 = &4]™ = T (=¢) ([we]™ — [24]™)
47
(i) (X — ), D
obtaining
Xep1=[fu, (@0)] "+ A (X = [84]™) + 05 (5 Xy, &1),
(48)
where A; = Fu(T4) L (—34). (49)

The equations (48) and (38) describing system (3)—(4), can
be written as

Xep1 = AXp + [fu, (@0)]" — A" + @5, (50)
Y = Ce Xy + hy, (%) — Ce[Z]™ + o, (51)
where  ¢; = @¢(BXy,21),  on = on(EX, 3y). (52)

System (3)—(4) is said to be immersed into the system (50)—
(51), which has higher dimension, in the sense that if at a
given tg it is X, = [z4,]™, then X; = [z,]™, for all ¢ > ¢,
and therefore z; = X X;.

Note that in the derivation of (50)—(51) the sequences
Z; and T, can be any sequences in {2 (they may even be
constant).

The Carleman linearization of (3)—(4) around the se-
quences &; and Z; consists in neglecting the remainders ¢
and ¢y, in equations (50)—(51), and in replacing the poly-
nomial extended state X; = [z;]™ with an approximating
vector X; € R™™ to obtain

Xiy1 = A&y + [fu, (@0)]" — Ad2d]™,
y; = AtXt + hut (jjt) - Ct [.f?t]m

(53)
(54)

The Carleman linearization (53)—(54) is an approximation of
system (3)—(4) if the differences [x:]"™ — X} and y; — y; can
be made as small as desired, at least in a finite time interval,
by increasing the degree m, provided that both z; and X}
are consistently initialized at time o (i.e., Xy, = [z4,]™) and
both systems are forced by the same input sequence.
Remark 5. Note that, by definition, X; evolves on the
consistency manifold M,,, defined in Appendix, eq. (80),
while, in general, X} is not consistent (i.e., Xy & M,,).
Equations (53)—(54) have the appearance of a time-varing
linear system, with known system matrices and forcing
terms. Thus, the construction of an observer with the standard
Kalman Filter structure is straightforward. Such an observer,
denoted here PEKO, has the same prediction-correction
structure of the EKO, where the correction gain K is the

ThC02.5

output of Riccati equations forced by two sequences of
PD matrices, Q; € R"™*"m and R; € R?*9, uniformly
lower and upper bounded over ¢ € Z. The equations of the
PEKO need to be initializated using an a priori state estimate
Zo € R™ at time to. The Riccati equations require a PD
matrix Py € R?m*"m for the initialization, representing the
uncertainty on the initial estimate Z.

The sequences of state observations Z; and predictions
74 in the PEKO are obtained as subvectors of the extended
state observations X; and predictions X; produced by the
algorithm.

Polynomial Extended Kalman Observer
(PEKO)

Starting values: &y, = Zo, Xty = [F1,]™, Piy = Po. t = to.

Ct = Hm(Zt)Iin(—T4), (55)
Gt = hy, (Te) — Cy ()Z't — [it]m), output pred. (56)
K, = P,CT(CP,CT + R) ™, (57)
)?t = )?t + Ki(yt — Gt)s ext. state estim. (58)
P, = (I, — K;Cy) P, (59)
Ty = E)?t, state estim. (60)
Ay = erz(i't)zm(_i't)a (61)
Py = o A PAT + Q, (62)
j(v't+1 =[fu, (Te)]™ — At ()?t — [it]m), ext. state pred. (63)
Tyl = Z)}:tJrl. state prediction (64)

Remark 6. As in the EKO, a constant coefficient v > 1
(forgetting factor) has been considered in equation (62), so
that exponential data weighting is achieved when o > 1.

Remark 7. The vector )?t is an estimate of [Z¢]™, and, by
construction, see eq. (64), it is such that E(Xt —[@])™) =0,
although in general X, # [#,]™. Stated in other words, X,
in general do not belong to the consistency manifold M., C
R"m_, The same considerations canAbe made for X;, that is
an estimate of [£]™ such that X (X, — [#]™) = 0, but in
general X; — [,]™ # 0. Note that the difference X, — [;]™
appear as a forcing term in_the output prediction equation
(56), while the mismatch X; — [#;]™ appear as a forcing
term in the extended state prediction (63).

IV. CONVERGENCE ANALYSIS OF THE PEKO

Following the approach in [24], the convergence analysis
of the PEKO is addressed in this section by deriving and
studying the recursive equation that governs the dynamics
of the prediction error. Note that the PEKO provides a
sequence of estimates and predictions of the extended state
X: = [z¢]™. The following relationship exists between the
state prediction error w; —; and the extended state prediction
error X; — X;:

e — &l = [2(X; — Xo)|| < | X — Xell. - (65)

This inequality implies that the convergence of the extended
prediction implies the convergence of the state prediction (if
||Xt — XtH — 0, then ||33t — jjt” — O)
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Thus, the convergence analysis can proceed by deriving
a recursive equation for the extended state prediction error

X — X;. Subtracting (63) from (50) yields
X1 — )?t+1 = A (Xt - )?t) + or- (66)

The estimation error of the extended state X; — X’t is

computed subtracting (58) from X;
X — Xo = Xo — Xi — Ki(ys — G2)- (67)

The output prediction error y; —%; is computed by subtracting
(56) from (51)

e — i = Co(Xy — Xi) + on. (68)
Substitution of this into (67) yields
X, — X; = (In,, — K:Cy) (Xy — Xi) — Ko, (69)

Substitution of (69) into (66) gives
X1 — )?t+1 = A (Inm - KtCt)(Xt - )?t) + 1, (70)

Where @Y1 = QDf(Ihi't) — Ath(ph(ZEt,SEt). (71)

Consider the bounds (45) and (29) on gy and ¢p,. Using
the inequalities ||z, — || < [[X; — Xyl and [lz; — 24| <
| X: — X¢l|, it follows
s (e, @) < vl Xe — Xel ™,
llon(@e, @0)|| < nll Xe — X

The following theorem can be proved following the same
lines of Theorem 1:

(72)

Theorem 2. Consider system (3)—(4), with assumption Ay,
and the PEKO equations (56)—(64), for a given degree m,

and let the following assumptions hold
i) There exist positive numbers a,c,p,p such that for all
t>to B
Al < @,

Gl < e,

(73)
(74)

il) A; is nonsingular ¥t > ty.
iii) There exist positive real numbers ¢, vy, such that
inequalities (72) hold, for (x4, 3¢, us) € Q x Q x U.
Then, there exist positive real numbers 1, €g, 0, with 8 > «,

such that, if ||[z,]™ — [Z4,]™|| < €o, then
e ™ = (2™l < nll[we,]™ = [Ee] ™07, (75)

that means that the PEKO is a local exponential observer
(recall that ||zy — Z¢|| < ||[xe]™ — [2]™]), see (65)).

V. FINAL REMARKS AND CONCLUSIONS

The local stability of the Polynomial Extended Kalman
Filter used as an asymptotic state observer (PEKO, Poly-
nomial Extended Kalman Observer) has been investigated.
The analysis is performed following the approach used in
[24] to study the convergence properties of the Extended
Kalman Filter used as an observer. A new compact formal-
ism is introduced for the representation of the Carleman
linearization of nonlinear discrete time systems, that allows
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for the derivation of the state prediction error dynamics in
a form similar to the one developed in [24] for the classical
Extended Kalman Filter. It follows that the conditions that
ensure the exponential convergence of the observation error
of the PEKO are formally similar to those given in [24].

The stability analysis performed in this paper is also
important in the stochastic framework, when both state
and output noises are present. In this case the Polynomial
Extended Kalman Filter [14] should be applied, where the
sequences of matrices J; and R; in the Riccati equations are
not free design parameters. The conditions of exponential
stability of the error dynamics in the deterministic setting
ensure that in the stochastic setting the moments of the
estimation error, up to a given order, remain bounded over
time (stability of the PEKF).

An interesting issue to investigate in future work will be
whether higher order PEKO’s provide better convergence
properties than lower order ones, in terms of basin of
attraction and rate of convergence.

APPENDIX
USEFUL FORMULAS OF THE KRONECKER ALGEBRA

The Kronecker product of two matrices M and N of
dimensions p X ¢ and r X s respectively, is the (p-7) x (g- )
matrix

mllN
M@ N = : ; ,

mplN

mqu
(76)
Mpg N

where the m;; are the entries of M. The Kronecker power
of a matrix M is recursively defined as

MO =1 MU =pMmeoMiI-U i>1 77
Note that if M € RP*?, then Ml € RP'*4" A quick survey
on the Kronecker algebra can be found in the Appendix of
[8]. See [18] for more properties.

The symbol [z]*, with & € N, defined in equation (26),
can also be recursively defined as
[z]*

Wt =2, =

U«+1}] . k>1. (78)
X

Then z € R" implies [2]™ € R"", with n, = > ;. n*.
Let X denote the following matrix in R™*"m

Y= [In Onx(nm—n)] .

3 is called selection matrix because it selects the first n
component of a vector of dimension n,,. It is such that x =
Y[z]™, Yx € R"™. Note that the vector [z]™ belongs to a
submanifold M,,, C R™ of dimension n, defined as

(719)

My, ={X eR" : X = [£X]"}. (80)

M, is called consistency manifold, and if X € M,,, then
X is said to be consistent, because in this case x = XX is
such that X = [z]™.
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Let Z,,,(v), where m € N be a n,, X n,, matrix defined
as
Im(v) = I, + Sm(v),

where matrix S,,(v) is a strongly lower block-triangular
matrix, whose blocks Sy, = [Sim(v)], . are defined as

1)

h,k’
Shk = Opnypr, for h <k, (strongly lower diagonal)
So1=0vQ1,+1,®v
2,1 [hilgz n ) (82)
Sh,lzv ®In+5}171,1 X v, 2<h<m
Shge = Sh-1,k-1 @ In + Sp—1 ®@v, 1<k <h
From the definition it easy to see that S,,(0) = 0, and

therefore

Im(0) = Iy, (83)

Lemma 3. For any given v and v in R"™ and m € N, the
following hold

[v+ )™ = L (0)[0]™ + [0]™, (84)
[v =0 = L (=0) ([v]™ — [0]™). (85)

[0]™ = =T (v)[-0]™, (86)
7, (v) = Tn(—v), (87)

The Kronecker formalism can be used also to represent
differential operators. Matrices of derivatives of any order
with respect to a vector variable € R™ can be represented
defining the operator Vg}@ Let ¢ : R® +— R? be a
differentiable function. The operator v%@ formally acts as
a Kronecker product as follows:

Wey=y,
Vitlgy=v, o (Vi y), i>1.

with V, = [0/0x1 --- J/0x,)]. Note that V, ® 1 is the
standard Jacobian of the vector function 1.

(88)
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