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Observer Design for Discrete-Time Nonlinear Systems

Wei Lin, Jinfeng Wei and Feng Wan

Abstract— Necessary and sufficient conditions are presented
under which a discrete-time autonomous system with outputs
is locally diffeomorphic to an output-scaled linear observable
system or an output-scaled nonlinear system in the observer
form. As a consequence of such characterizations, the non-
linear observer design problem is studied by a time-scaling
approach combined with the exact linearization technique, for
a broader class of discrete-time nonlinear systems.
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I. MOTIVATION AND DISCUSSION

In this paper, we investigate the observer design problem
for the discrete-time nonlinear system

3 w(k+1) = f(z(k))
' y(k) = h(z(k))
where z € R", f : R® — IR" and h : R" — R™ are
smooth functions, with f(0) = 0 and h(0) = 0.

The problem has been studied in the literature from
various viewpoints. One of the effective and elegant ways
has proved to be the use of the differential geometry that
provides a powerful tool for the analysis and design of
nonlinear observers. In the continuous-time case, the work
[4] gave a necessary and sufficient condition for a single-
output autonomous system to be locally diffeomorphic to
a linear observable system with output injection. Once the
system is transformed into the observer form, the nonlinear
observer problem can be solved easily by the traditional
observer design approach, as illustrated in [4], [1]. The
generalizations of [4], [1] to multi-output nonlinear systems
were carried out in [5], [10]. Recently, a time-scaling tech-
nique, together with coordinate transformation and output
injection, has been employed in [9], resulting in a solution
to the observer design problem for a larger class of single-
output autonomous systems.

For discrete-time nonlinear systems, the observer design
problem have also been studied by several researchers; see,
for instance, the papers [6], [2], [8], [7], [3], [11], [12] as
well as the references therein. Analogous results to those
obtained in [4], [5], [10] were reported, for instance, in
[6], [8]. The result in [6] was derived under the restricted
assumption that a discrete-time autonomous system is in-
vertible, or equivalently, the map f : R" — IR", is a local
diffeomorphism. Such a restriction was removed in [8].
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Following the work [9], in this paper we develop a
discrete counterpart of the time-scaling technique to address
the observe design problem, for a broader class of discrete-
time nonlinear systems than those considered previously in
[6], [8]. Specifically, we are interested in the following two
questions:

e Q1: When is the nonlinear system (1.1) locally dif-
feomorphic to
2(k+1) = s(yk))Az(k) (1.2)
y(k) = Cz(k) 7 '

where (C, A) is observable and s : R™ — (0, +00) is
a smooth function. (1.2) is referred as the output-scaled
linear observable form.

e Q2: When can the nonlinear system (1.1) be trans-
formed into (by a local diffeomorphism z = T'(x))

{ 2(k+1) = s(y(k)(Az(k) + 2(y(k)))
y(k) = Cz(k) 7 13

where (C, A) is observable, ®(-) is a smooth vector
field, and s : R™ — (0,400) is a smooth function.
(1.3) is called the output-scaled observer form with
output injection.
The primary motivation for studying the two issues above
comes from the following observation.
Lemma 1.1: For the nonlinear system of the form (1.3),
if s(y) is bounded by a constant [ > 0, then there exists a
matrix L € R"*™ such that

2k +1) = s(y(k)[A2(k) + ¢ (y(k)) + Ly (k) — C2(k)]
1.4
is a global convergent observer for (1.2), satisfying

lim [2(k) — (k)] = 0,%((0), 2(0)) € " x R". (1.5)

Proof. Let e(k) = z(k) — 2(k) be the estimate state
error. From (1.3) and (1.4), it is clear that the error dynamics
ise(k+1)=s(y(k))(A— LC)e(k). Consequently,

k
e(k +1) = (A— LC)**Le(0) [ s(y(@)

i=0

from which it follows that

le(k + DI < |A—=LC|*|e(0)]] 5+

Since (A,C) is observable pair, one can choose L to
assign the eigenvalues of (A — LC) arbitrarily, so that
|A = LO|**! < Bperr, where 8> 0 is a real number.

As a consequence, |le(k+1)|| < 2k%He(O)H This, in turn,
yields (1.5). 1
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With the aid of Lemma 1.1, the observer design problem
for the nonlinear system (1.1) can be solved straightfor-
wardly. In fact, for the nonlinear system (1.1) that is diffeo-
morphic to the output-scaled linear observable form (1.2) or
the output-scaled observer form with output injection (1.3),
one can design the observer (1.4) so that the estimate error
e(k) = z2(k) — z(k) tends to zero as k — oo. This, in
turn, implies that # = T~1(2) is an estimate state of the
nonlinear system (1.1) and & eventually approaches to the
state z. In other words, the dynamic system

Yo (AT (&) + ¢(yx) + L [yx — CT (&)

is a nonlinear observer for the discrete-time system (1.1).

In the next two sections, necessary and sufficient condi-
tions will be derived for system (1.1) to be locally equivalent
to, via a change of coordinates z = T(x), the output-
scaled linear observable system (1.2) and the output-scaled
nonlinear system with output injection (1.3), respectively.
The results of this paper can be regarded as a discrete
analogous of the ones presented in [9]. They extend the
previous work [8] and enlarge the class of nonlinear systems
under consideration, due to the introduction of the output-
scaling factor s(y). In the case when s(y) = 1, the results
of this paper recover the previous ones given in [8]

We end this section by introducing some notations to be
frequently used in the rest of the paper.

Tpt1 =1

o Given a mapping f : R® — R", define f°(x) = z and
Filz) = F(fi1(2) = fo fil(a), fori=1,2,---

e Letf:R*"— R™,g: R™ — RPand h: RP — RYbe
the continuous functions. Then, the composite function

h(g(f(x))) is denoted as h o go f(x).

e LetT : R — R™ be a smooth mapping, the Jacobian
matrix of 7" is denoted as % = (T)..
¢ Given a real-valued function A R — R, its differ-

_(OA Ox | oA
ential is defined as dA = 2> = (aTl = - ).

II. OUTPUT-SCALED LINEAR OBSERVABLE FORM

In this section, we focus on the question Q1 and charac-
terize a necessary and sufficient condition for the discrete-
time nonlinear system (1.1) to be locally diffeomorphic to—
the output-scaled linear observable form (1.2). For simplic-
ity, we first consider the single-output case.

A. The Single-Output Case

In the case when m = 1, the following result answers
the question of when system (1.1) can be transformed into
(1.2) by a local diffeomorphism z = T'(z).

Theorem 2.1: The single-output nonlinear system (1.1)
is locally equivalent to the output-scaled linear observable
form (1.2) via a change of coordinates z = T'(z) if, and
only if

(i) the pair (%b:o, %h:o) is observable;

(ii) there are real constants a;,7 = 1,2,---,n such that

ho @) =Y ai( [Jlsohe /7 @)) ho f = ()

i=1 =i
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for all = in a neighborhood of x = 0.

Proof. Necessity: If there exists a local diffeomorphism
z = T(x) that transforms system (1.1) into the output-
scaled linear observable form (1.2), the following relations
hold in the neighborhood of the origin.

TofoT '(2) = s5(Cz)Az
hoT (2) Cz .1
Thus, at z = x = 0,
0
S04 = (Delemo(51), (T )ulmg
C = dh‘m:O(T7 )*|z:0 (2.2)

Note that (A, C) is observable and s(0) # 0. By the
nonsingularity of the mappings 7" and 7!, it is concluded
from (2.2) that the pair (%h:o, %}gﬂm:O) is observable.

To prove (ii), observe that h(z) = Cz = CT(x).
Moreover, it is deduced from (2.1) that
hof(z) = (hoT ')o(To f(x))=Co(s(Cz)Az)
= s(h(z))CAT (z)
hof*z) = hof(f(x))=sh(f(z )))CAT(f( )
= [soho f(x)][CAT o foT7!(2)]
= J[soho f(z)]CAos(h ( ))Az
= [soho f(z)]-[soh(z)] CA’T(x)
By induction, for i = 1,2,---,n
ho fi(z) = (H[s oho fj—l(x)})CAiT(x) 2.3)
By the observability of (A, C), there exist a1, as, -, apn

such that CA™ = """ | a;CA*~1. Hence,

n

ho () = (T[isone F7 @) Z a:CATIT ()

n i

S ol I] tsoro @) [[lsoho P @) cara
i+1

i=1

Jj=1
n

(TLisono f=*@)) o /=" (@)

j=i

Jj=
n

= E a/i
i=1

This completes the proof of necessity.

Sufficiency: Construct the change of coordinates
[ h(z)
[ 2 ] ho}]:(ac)
% soh(x)
RERE o o
z 2 ‘H;:l sohofi—1(x) : ((E) 2.4)
| Zn hOf";l(w)
i I_I;Lzlsohof7 1(x) ]
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By the condition (i) and the property of s(y) # 0, the Ja-

cobian matrix (g—g)zzo = (T)«|z=0 is nonsingular. Hence,

z =T(x) is a local diffeomorphism.
By construction, ho f'(z) = ziy1[[j—y so ho fI7! ().
Moreover,
ho fi=l(x(k + 1))
[y soho fi-t(a(k +1))
zir1(R)[Ij_y s o ho fI71 (a(k)
[T;=is0ho fi(a(k))
= soh(x(k) zipa (k)
= s(y(k))zipa(k), i=1,---,

n—1(@2.3)
and
ho fr=Y(z(k + 1))
[1}! soho fi-L(x(k+1))
ho f"(z(k))
I soho fi(a(k))

Using the condition (ii), it is deduced from (2.6) that

Sy ai [T soho 74 @) ho £ @)

zn(k+1) =

(2.6)

zn(k+1) =

[1}=) soho fi(a(k))

(
~ soh(a Zw( ho = (a(k)) )

) Zaizi(k)

[Tj=1soho fi=t(x(k))
Putting (2.5) and (2.7) together, it is clear that the local
diffeomorphism z = T'(z) defined by (2.4), transforms the
nonlinear system (1.1) into

2(k+1) = s(y(k))Az(k)
y(k) Cz(k)
where
0O 1 0 0
0 0 1 0
A= and C=[1 0... Q0]
0O 0 O 1
a1 az as Qp,

(2.8)
Obviously, (A, C') is observable. ]

Remark 2.1: 1Itis not difficult to show that the condition
(i) in Theorem 2.1 (i.e., (%h:m %\zzo) is observable) is
equivalent to the statement that for all « in the neighborhood
Uofz=0¢eR",

dim (span {dh(z),dho f(z),---,dho f""1(z)}) =n,
(2.9)

which is a discrete analogue of the condition
dim(span{dh(z),dL¢h(z), -, dL’}~ h(z)}) =n

in the continuous-time case.
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B. The Multi-Output Case

We now consider the nonlinear system (1.1) with m > 1,
i.e. the multi-output case.

Theorem 2.2: The multi-output nonlinear system (1.1)
is locally equivalent to the output-scaled linear observable
form (1.2) if, and only if there exist observability indices
ki > ke >+ > ky > 1 with }." | k; = n, such that for
all z in a neighborhood of x = 0,

(i) dim (span{dhl(z), cydho fRrl(a)s L dh (),
m o i1 (z)}) = n; |
(ii) there ex1st real constants ati,aly, -, Al s
al i al o, --,a mk,,» such that for i =1,2,--- m,
m  k; ki—1
hio f*(@) = >3 ai(hio S @) [ soho s (@)
j=i l=1 r=lI
i—1 ki ki—1
+ 3 a(hio s @) [T sono s @)
j=11=1 r=l
i1 kj
J ,- h o 1—1
+ i (e LG ) (2.10)
G=11=k;+1 [[,Z180ho fr(x)
Proof. Necessity: Similar to the single-input case,

system (1.1) being locally equivalent to the output-
scaled linear observable system (1.2) implies that the pair
%\x:o, %h:o) is observable. This, in view of Remark
2.1, yields the condition (i) immediately.
The Condition (ii) of Theorem 2.2 can be proven in

(2.7) a manner similar to the proof of Theorem 2.1. Indeed,

it is easy to show that the relationship (2.3) still holds
in the multi-output case. By the observability of (A, C),
there exist indices k1 > ko > --- > k,, > 0 with
> ki = n, such that after reordering C;’s, {C; A771 :
i=1,2,---,m;j=1,---,k;} are linearly independent and
CiAF € span{C; A7 i = 1,2, m;5 =1, k; }.
Since s(y) # 0 and T(0) is nonsingular, (2.3) implies
that for all = in a neighborhood of z =0 and i =1,---,m,

hiof* (@) € span{{(h; o F@II " soho f (@)
0<I<k;j—1ifj>4 0<1<k;—1,if j <i}
UL (1o AT soho f(a)
B >1> kit
which leads to (2.10), i.e. the condition (ii).
Sufficiency: Consider the state transformation

HJ <,

hi X
il h,iogf(z)
212 soh(x)
: hiof*i—1(x)
21k, TR -T o o1~
szl soho fi—1(x)
2= (21, z)" = (T (2),- -, T (2))" = T(2) 2.11)

By the observability condition (i), together with the fact

that s(y) # 0, it is easy to see that the Jacobian %\m:o =
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(T)«|z=0 is nonsingular. Therefore, the transformation z =
T'(z) defined by (2.11) is a local diffeomorphism. The rest
of the proof is similar to the single-input case.

As a matter of fact, for ©+ = 1,2,---,m and j =
1,2,---, k;_q, it follows from (2.11) that

_hio f @k + 1))
[T= soho fi-t(x(k + 1))
hio f(x(k))

— _ 2.12
1l soho fl(z(k)) @12

zij(k+1) =

Observe that by construction,

hi o fi(x(k)) = Zi,j_i,_l(k)ﬁs oho fi7Na(k) (2.13)
=1
Substituting (2.13) into (2.12) yields immediately for i =
1,2,---,m,j =12k — 1,
zij(k+1) = soh(z(k))z j+1(k) = s(y(k))zi j+1(k) (2.14)
Finally, it is deduced from (2.11) that
hio fHH(a(k +1))

[17 soho fit(a(k +1))
hio f¥(z(k))

Ziki (k + 1) =

— (2.15)
1, soho fia(k))
Substituting (2.10) into (2.15), we have
m kj ;
ziki(k+1) = soh(xz(k)) Zj:l 2l ay
hiof = (z(k))

X | = 2.16
[1._) sohofr(x(k)) (2.16)

= s(y(k) X0y Y, alyz

Combining (2.14) and (2.10), together with y(k) =
h(z(k)) = (211(k), z21(k), - -, zm1(k))T, we conclude that
the local diffeomorphism (2.11) transforms system (1.1) to
the output-scaled linear observable form (1.2) with C' =
diag(C1,...,Cp) € R™™ and A € R™*" whose diago-
nal blocks are Ay, ..., A,,, where the matrices A; € RKi <k
and C; € RN are of the form (2.8), fori =1,---,m. g

Remark 2.2: It is interesting to note that in the case when
s(y) = 1, the results of this section recover the previous
work [8].

III. OUTPUT-SCALED OBSERVER FORM WITH OUTPUT
INJECTION

In this section, we turn our attention to the question
Q2. The purpose of this section is to present a necessary
and sufficient condition under which the discrete-time au-
tonomous system (1.1) is locally equivalent, via a change of
coordinates z = T'(x), to the output-scaled observer form
with output injection (1.3).

For the sake of a technical convenience and the readabil-
ity, we first investigate, as proceeded in the previous section,
the single-output case.

ThC10.3

A. The Single-Output Case: m = 1

Given an observable pair (4,C), with C € R*™ and
A € R™™, it is well-known that after a linear change of
coordinates, the pair can always be put into the form

0 ... 0 ay
1 ... 0 as
A= . . and C=[0 ... 0 1]
0o ... 1 ay
Let L = (ay,az---,a,)". Then,
0 0 0
_ 1 00
A=A—LC= 3.1)
0 ... 10

Accordingly, the output-scaled observer form (1.3) can be
rewritten as

(k1) = s(y(k)(Az(k) + B(y(k)))
= s(y(k))(Az(k) + ®(y(k)))
y(k) = Cz(k

where ®(y) := Ly + ®(y).

The discussion above suggests that without loss of gen-
erality, one can assume that the observable pair (A4,C) in
(1.3) is of the form (A, C) given in (3.1).

Now, we are ready to present the main result of the
section. In what follows, we denote §; = ho fi=1 4 =
132a"" and ¢ = (¢1;¢23"'7¢H)T'

Lemma 3.1: The nonlinear system (1.1) is locally dif-
feomorphic to the output-scaled observer form with output
injection (1.3) if, and or(rl)ly if

h

(i) the pair (gf; lz=0, gy |z = 0) is observable;

(ii) for all z in a neighborhood of z = 0,

Or(@) =Y (60D [[s00;2)) G2

i=1

Proof. Necessity: By assumption, there exists a local
diffeomorphism z = T'(x) such that

s(C2)Az = TofoT 1(z)—s(C2)P(Cz)
Cz = hoT7(z)

As a consequence,

SOA = (D)elomo (3) _ (T ulio

(3.3)

—5(0)22],— C

¢ = (%)mzo (T_l)*|z:0
Since (A, C) is observable and s(0) # 0, so is the pair

(o (5) @b (52) @),

This, together with the nonsingularity of (T).|.—o and
(T~1)4|.=0, yields the condition (i).
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To prove the condition (ii), note that A and C' are of the
canonical form (3.1). With this in mind, it is deduced from
(3.3) that

h(z) = hoT '2)=Cz=2,
2k+1) = s(yk))¢i(za(k))
2k+1) = s(y(k)(z1(k) + d2(2n(k)))
zm(k+1) = s(k)(zn-1(k) + ¢n(zn(k)))

where z; and ¢; are the i-th component of the vectors z =
T(x) and ®(y), respectively.
Using the relationship above, we arrive at

wulk) = h(a(k))
 zp(kB+1) B
_ hof@®)
D) On(h(z(K)))
O
= @y~ o)
: (34
ak) = s(y(k)(zk +1) - da2(za(k))
G R
TT52) (0, (x(k))) )
N _%illica(a(k))
; [T (05 (k)
Therefore,
21 (k+1)=s(y(k))o1(zn(k)) = s(01(x(k)))¢1(01(z(F)))
_ Oenlk)
T, s(0y k)~ 2020
RS E0)
; [T (65 (x(k)))
from which it follows that
bua(@) = Y (aiO@) [Ts0,@)).  G)
This completes the proof of necessity.
Sufficiency: Suppose the conditions (i) and (ii)

hold. In view of the condition (i) and Remark 2.1,
{df:(x),dbs(x), --,db,(x)} are linearly independent in
the neighborhood of x = 0. Consequently, a straightforward
calculation shows that the mapping z = 7'(x) defined
in (3.4) is a local diffeomorphism, and transforms the
nonlinear system (1.1) into the output-scaled observer form
with output injection (1.3). 1

Although Lemma 3.1 has provided a characterization on
when the nonlinear system (1.1) is locally equivalent to the
output-scaled observer form (1.3), it is not easy to be used.
This is because the condition (ii) of Lemma 3.1 relies on the
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information of ¢;(y),i = 1,---,n, and s(y), thus making
the application of Lemma 3.1 a non-trivial job.

In what follows, it is illustrated that in the case when
s(y) = constant = s, by using Lemma 3.1 one can obtain
a necessary and sufficient condition that depends only on
the information of the controlled plant (1.1), i.e., the vector
fields f(x) and h(z).

Proposition 3.1: The nonlinear system (1.1) is locally
diffeomorphic to the output-scaled observer form (1.3) with
a constant scaling factor if, and only if

(a) the pair (5].—o, 2|2 = 0) is observable;

(b) for all 2 in a neighborhood of & = 0, ZheL et (9)
is a diagonal matrix, where z = v~ 1(q) is the inverse
mapping of

g =) = [h(z),ho f(x),....ho [ x)]".

Proof. Necessity: The condition (a) is obvious. More-
over, it follows from Lemma 3.1 that for all x in a
neighborhood of = = 0,

(3.6)

n

ho fi(z) = s"Fgi(ho f(x))

i=1

3.7

By Remark 2.1, the inverse mapping of ¢ = ¢ (x) defined
in (3.6) exists and is locally smooth. Thus, it follows from
(3.7) and (3.6) that

hofro=q) = " "oi(q)

i=1

(3.8)

This, in turn, implies that the n X n matrix W
is diagonal. Thus, the condition (b) holds.

Sufficiency: Using the condition (b), it is not difficult to
prove the existence of a set of smooth functions ¢;,1 <
i < n, satisfying (3.8). In fact, without loss of generality,

assume ¢;(0) = 0. Then, it is easy to check that

1 n —1
¢l(qz)zﬁhof Ow (05"'705qi705"'

From (3.8) and (3.6), we arrive at (3.7) immediately.
Using the smooth functions ¢;(1 < ¢ < n) thus obtained,

,0). (3.9)

one can construct a state transformation z = T(z) as
defined in (3.4), with s > 0 being a constant.
Now, a straightforward calculation shows that
[ .. x 1]
: 1/s 0
or | oy
o =0 % . ox ), .o
| 1/sm7t 0 0|

In view of the condition (a) and Remark 2.1, it is clear
that ‘g—:\mzo is nonsingular, and hence z = T'(x) defined
by (3.4) is a local diffeomorphism. Moreover, it is easy to
verify that the change of coordinates z = T'(z) transforms
the nonlinear system (1.1) into the observer form (1.3) with
C=1[0 --- 01] and A being in the form (3.1). 1
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It is worth mentioning that to check the condition (ii),
one needs to compute the inverse map ¢~ !, which may be
a tedious task.

B. The Multi-Output Case: m > 1

For the sake of a technical convenience, we assume that
A and C are in the following canonical forms when m > 1.

0 O 0 0
1 0 0 0
A=diag(Ay,...,An), Ai = Lo
0 0 L0 ki Xk;
C1 0
C2
C: 01:[0 00 1]1in
O Cn),
mXn
(3.10)
with ky > ko >+ >k, >1and Y ;" k; =n.
In addition,
$1(y) bi1(y)
$2(y) Pi2(y) ,
D(y) = : » ¢ily) = : ,1<i<m
Pm(y) bik, (y)
G.11)

Similar to the single-input case, the following notations
are used: 0;; = hjo fi=1 i=1,2--- m; j=1,2,---,k
with 0,0 = h; o fo = h;.

Lemma 3.2: The multi-output nonlinear system (1.1) is
locally equivalent, via a state transformation z = T'(x), to
the output-scaled observer form (1.3) with A and C' being
of the form (3.10) if, and only if, for all « in a neighborhood
of x =0,

(1) dim (span{db;;(z) :i=1,2,---,m; j=1,2,

k) =g

(2) There exist s : R™ — (0,+0c0) and ® : R™ — R"

of the form (3.11), such that fori =1,---,m

ki
Oikir1(z) = Z(%(91]‘(90)792]‘(90)7“'79mj(3?))><

ki
1 50u(). ba(), - Gml(x))). (3.12)
H

This result can bé shown by combining the arguments
used in the proofs of Lemma 3.1 and Theorem 2.2, and
therefore is omitted for the sake of spaces.

Remark 3.1: Notably, it is not an easy job to check the
condition (ii) of Lemma 3.2 as it is involved with s(-) and
¢:;(+). Nevertheless, using Lemma 3.2 as a starting point,
one can show that if the scaling factor is a constant, a
checkable condition can be derived and a result similar to
Proposition 3.1 can be established. Due to the limited space,
we left the derivation to the reader as an exercise.
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IV. CONCLUSIONS

In this paper, we have investigated the question of when
a discrete-time autonomous system with outputs is locally
diffeomorphic to either an output-scaled linear observable
form or an output-scaled observer form with output injec-
tion. Necessary and sufficient conditions were derived for
the existence of a local change of coordinates, by using the
differential geometric and functional analysis techniques.
Once the local diffeomorphism is found and the nonlinear
system is transformed into either one of the observer forms,
observer design can be carried out straightforwardly. Indeed,
the conventional linear observer design approach can still
be employed, resulting in a solution to the observe design
problem for a class of discrete-time nonlinear systems.

It should be pointed out that one of the conditions
obtained in this paper, namely, the condition (2) of Lemma
3.2 is not easy to check. Although Lemma 3.2 has provided
some insights on what kind of discrete-time nonlinear
systems can be transformed into the output-scaled nonlinear
observer form, it is still not convenient for the observer de-
sign. A more friendly-user condition needs to be developed
and the class of nonlinear systems should be identified for
which the condition (ii) can be simplified or becomes easily
checkable. These topics are currently under investigations.
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