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Control of the Hopf Bifurcation in the Takens-Bogdanov bifurcation
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Abstract—1It is a well-known result that in a versal
deformation of the Takens-Bogdanov bifurcation is possible to
find dynamical systems that undergo saddle-node, homoclinic
and Hopf bifurcations. In this document a nonlinear control
system in the plane is considered, whose nominal vector field
undergoes the Takens-Bogdanov bifurcation, and then the
idea is to design a scalar control law such that the closed-
loop system undergoes the called controllable Hopf bifurcation.
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I. INTRODUCTION

One of the goals about the control of bifurcations is to
establish a priori the creation or elimination of stationary
states, like critical points, limit cycles, torus and strange
attractors, with their respective stability characteristics. Even
though 20 years ago began the study of control of bifurca-
tions, only has been systematized the control of codimension
one bifurcations: Hopf, saddle-node, transcritic and pitch-
fork. See [1], [2], [5], [9], [10]. Few papers are related with
the control of codimension two bifurcation, see [6], [7].

In this paper we began a systematic study to control
the codimension two bifurcation called Takens-Bogdanov
or double-cero. The Takens-Bogdanov bifurcation happens
when the linear part of the dynamical system has a double-
zero eigenvalue and the rest of the eigenvalues have real part
different of zero. In [8] and [3], Takens and Bogdanov, re-
spectively, both found of independent way, a versal deforma-
tion of this bifurcation, that is, they found a two-parametric
family which contains all the possible perturbations of the
original system. They demonstrated that around the men-
tioned bifurcation point, the system undergoes the saddle-
node and the homoclinic as well as the Hopf bifurcation,
see [4] and [11]. We will say that we have controlled the
Takens-Bogdanov bifurcation when it is possible to design
control laws that allow us to cross all the possible dynamic
scenes that exist around this bifurcation point.

The idea of this work is to design a control law such
that our feedback nonlinear control system represents a
perturbation of the open-loop system that undergoes the
Takens-Bogdanov bifurcation, and such that our feedback
system undergoes a controllable Hopf bifurcation.
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II. HOPF BIFURCATION

Theorem 1: (Hopf Bifurcation Theorem) Suppose that the
system & = f(x,u), € R", u € R, has an equilibrium
point (zo, o) such that

(H1) D.f(z0) has a simple pair of pure imaginary eigen-
values and no other eigenvalues with zero real parts.

(H2) Let A(u), M) be the eigenvalues of D, f(xo, o)
which are imaginary at p = g, such that

d
d= 7 (Be(AG)) ump # 0. ()

Then there is a unique three-dimensional center manifold
passing through (xg, t10) € R™ x R and a smooth system of
coordinates for which the Taylor expansion of degree three
on the center manifold, in polar coordinates, is given by

— e+,
6 = w 4 cp 4 br?.

If [ # 0, then there is a surface of periodic solutions in
the center manifold which has quadratic tangency with the
eigenspace of (1), A(io) agreeing to second order with
the paraboloid p = —érQ, see Figure 1. If [ < 0, then these
periodic solutions are stable, while if [ > 0, they are repelling
limit cycles.

The quantities d and [ we will be called cross speed and first
Lyapunov coefficient, respectively.

There is a formulae to find in cartesian coordinates for
bidimensional systems, the first Lyapunov coefficient [ (see
[4]). Let us consider the system

&= Jz+ F(x),
0 _O“’ ),F(:c) = ( ?;Exg ) with F(0) =
0 and DF(0) = 0. Then

where J =

= L (R + wha), @
16w
where
R1 = [Figiz(Fieyz, + Flese,) = Foryes (Fogio, +
Fozyzs) = Fraies Fozier + Flases Foows)|,—g »
Ry = [Fieiziz, + Floieoes + Fooizizn + Forpzoas )|y -

Observe that for different signs of d and [ we have four

D S iversi 8300 H sill S . . . . .
M(Z[;(e;z?ent, onoracarlinil\iejr_s;%/,gaui(; f)liﬂa t _(irgg?l .Or’nx; i?g?; possible stages or directions of the Hopf bifurcation, see
duzco@gauss.mat.uson.mx Figure 2.
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Fig. 1.  One-parametric family of periodic orbits results of the Hopf
bifurcation, at a non hiperbolic equilibrium xo and a bifurcation value
pno=0,d>0and! <O0.

d>0, <0 Ir d<0, l<0
i’
. - e ~
’ ~
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_____ e -_— = -
d<0, 1>0 d=0, 1>0
Fig. 2. Four possible directions of the Hopf bifurcation. The solid line

represents behavior stable while the broken line unstable.

III. CONTROLLABLE HOPF BIFURCATION

Let us consider a nonlinear control system
&= F(z)+ G(x)u 3)

where x € R", u € R, F' and G sufficiently smooth. Suppose
that there exists 2o such that F'(zg) = 0 and DF(z() has
two imaginary eigenvalues, and the rest have negative real
part.

Definition 2: (Controllable Hopf bifurcation). If there ex-
ists a control law

u=u(z, p,7), @

where 1 € R is an artificial parameter of bifurcation, and
v € R¥, for some integer k, is an artificial vector of control
parameters, such that the closed-loop system (3-4) undergoes
a Hopf bifurcation when p = 0 at © = =z, and besides
it is possible to establish a priori any of the four possible
directions of the bifurcation, by the manipulation of +, then
we are going to say that system (3) undergoes a controllable
Hopf bifurcation at = ¢ when p = 0.

Both parameters cross speed and first Lyapunov coeffi-
cient, we will be called the controllability coefficients of
the controllable Hopf bifurcation, because they control the
four possible directions of the Hopf bifurcation.
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Fig. 3. Takens-Bogdanov bifurcation diagram and the corresponding phase
portraits
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In other words, system (3) undergoes a controllable Hopf
bifurcation if it is possible to design a control law such that
be possible to establish a priori the sign of the controllability
coefficients d and [.

IV. TAKENS-BOGDANOV BIFURCATION

Let us consider the dynamical system in the plane 2z =
£(2), with f(0) = 0 and J = Df(0) — 8 (1) .
From the normal forms theory, there is a transformation of
coordinates, such that, the original system can be expressed
up order two, in the form

. z2
2= 100 = g0 oo ) ®
which is called the truncated normal form of the original
system. A versal deformation of this truncated normal form
roughly speak, is a dynamical systems which contains to sys-
tem (5) and a whole “perturbations family” to this truncated
normal form. Takens and Bogdanov showed that the family

. z2

E=FGn) = ( g1+ poza + apzi + bozi 2o )  ©®
with g = (p1, o) represent a versal deformation of the
truncated system (5), see [4], [11]. Can be proved that
for py = 0 and pe # 0 the family represent a system
which undergoes the saddle-node bifurcation; for i = —pu3
the system undergoes the Hopf bifurcation, and for p; =

—3—2 u3 + - - undergoes the homoclinic bifurcation.

We can see the diagram of Takens-Bogdanov bifurcation
in the Figure 3

V. STATEMENT OF THE PROBLEM

Let us consider the nonlinear control system

z=Jx+ f(z) + g(x)u @)

1
O 3

with

x € R?, suchthat:c—<x1 ), u € R, J—(O
i) 0
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f(x) = fa(z) + O(|z]?), where
fo(z) = ( f1122 + frawiwo + fr373 )

2123 + foomizo + fo373

g(z) = b+ Mz + O(|z|*), where b = ( 21 ) ,
2

and M = (mij)gxg.

Our goal in this document is to design a control law
u = u(x, u,d) where p = (u1, o) representing the artificial
vector of bifurcation parameters, while § = (d1,d2,03)
representing the artificial vector of control parameters, such
that, the closed-loop system undergoes a controllable Hopf
bifurcation. That is, the idea is to design a control law u
sucht that, the family of systems move on the curve of Hopf
bifurcation points y; = —u3 of the Figure 3, and be possible
to control them.

VI. CONTROL DESIGN

In this part we will design a control law u(x, i, §) such
that the nonlinear control system (7), become into a new
system equivalent to the versal deformation of the Takens-
Bogdanov bifurcation (6). So by manipulating of artificial
vector of bifurcation parameters p, we can control the emer-
gence or elimination of closed orbits, and by manipulating
of artificial vector of control parameters J, we can control
the stability of such periodic orbits.

A. First Coordinate Transformation

Let us consider the change of coordinates

= P(y+ H(y)) ®)

into the system (7), where y = (y1,y2)7,

by by
( 5 o ) ©)

y" My, (10)

P
H(y) =
) 1z
where H = ( g; ), with H; = ( %hf;; thzf ) for i =
1,2.
Observe that
P(I+2y"H)| '

y = |
= (I4+2"H) P YJP(y+y Hy +
F(P(y+y"Hy) + 9(P(y +y" Hy)u]
but
I4+2y"H) =T —2"H +--,

F(P(y+y"Hy)) = f(Py) + O(ly[*)

and
g(P(y+y"Hy)) = b+ MPy+ O(|yl*)
then
g = (I=2¢y"H+-- )P IP(y+y"Hy +

F(P(y+y"Hy)) + g(P(y +y" Hy))ul.

ThB01.4
Now we consider
u=pu;+v (11D
then
§=mP b+ Jy+ fo(y) + Oualyl®) + g(y)v,  (12)
where
J=P Y P+ [P 'MP 20" (P~ HTH], (13)
foly) = PUUPYy"Hy+ P fo(Py) —
2y HP~ 1Py, (14)
gly) = P W+[P'MP-20"(P YT H]y
+O(ly*), (15)

It is not difficult to see that P~'b = (0,1)7 = ey and
PP =.

Lemma 3: If by # 0, then there exists H given by (10),
such that P~'M P — 27 (P~Y)TH = 0.

Proof: If we define the coefficients
—my1ba + bimo

h = -
12 by
1 —byma1ba + b¥mar — mi2b3 + babimas
h13 = -3 2
2 b3
haa = mo
hoe 1 bimay + mozbs
3 = 5 —b2
then P~'MP — 20" (P~)TH = 0. O
From lemma 3, we have that
J = J (16)
gly) = e+ O(y*), (17)

and
§ = prea+Jy+Fo(y) + O lyl*) + (e2 + O(ly|*))v (18)
B. Second Coordinate Transformation

From (18), we can see that t_he next step of the control
design is to transform the part f(y) + (e2 + O(|y|?))v in a
vector of the form

0
V= 2 )
K129 + Koz{ + K3z122
with k1, Ko, k3 constants. Now then, from the normal form
theory we consider

= z+h(2), (19)
= ,uLz—i-zTKz, (20)
where z = (21, 22)7, = (1, p2), and
0
1o = (). e
o 0 203
L = (O 5, ), 22)
1
K = ( A ) (23)
542 g3
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Thus,
3 = (T4 Dh(2)) ues +J(z + h(2)) + f(z) +
(e + O(2P)) (uL + T K2)
= ey + Jz+ fo(z) + Ou|z]?),
where
Jz = Jz— i Dh(z)es + pLzes, 24)
fa(z) = Jh(z) 4 folz) + 2T Kzes. (25)
From (24) it is not difficult to see that Jz = ( =2 ),
_ 20122
and fo(2) = 27 Fz, where
i 1y
F= ( i ) with F; = lfﬂ 22 ) g,
Fy sfiz fis
and
fit = hoi +bafii — by for,
~ 2f21b
fiz = ma1 —2hi1 + fizba + 2f11b1 — b1 faz — %,
2
~ 1
fiz = c3—mi1+ gmaz + fi2b1 + fi13b2 — fazb1
3 bimay n (fur — f22)07  forb}
2 by ba b3
fo1 q1 + b2 for1,
fo2 = g2+ foabo + 2f21b1 — 2hoy,
~ b2
foz = g3 —ma1 + faab1 + fagbo + f2le L

we need only to transform the vector fg(z) in the form given
by the next

Lemma 4: 1f by # 0, then there are h, L and K as given
by (21), (22) and (23) respectively, such that

2= (g s )

522% + 532122 (26)
where > and J3 are constants.
Proof: If we define

1 fagboby + 2f21b% — f12b3 — 2f11b2b1 — bamoy

h, =
H 2 by
ha1 = fa1bi — fi1b2
o 2b§m11 — 2f12b%b1 — 3b2b1m21 — 2b2f11b%
C3 = 3
202
+2f2lb:1)’ + 2 fa2bab? — 2 f13b3 — b3mas + 2by fo3b3
202
g1 = —faba+62
g2 = —2f11ba — faaba + d3
. m21b§ - f23b§ - b1f22b§ - ,f21b2b%
a3 = b2
2

. 0
then we obtain fo(z) = ( 5222 + Gy 2 ) O

ThB01.4

From lemma 4, finally we succeeded that the nonlinear
control system (7) becomes into the system

2
Z9

Our goal is to prove that under certain conditions, this
system undergoes the controllable Hopf bifurcation.

_ z2
) N ( p1 + p2d1ze + 522% + 032122 )

+0(ulz]?) Q27)

VII. STUDY OF THE LOCAL DYNAMICS

The fixed points of (27) are zp = (i iy o), and the
Jacobian matrix of this system is
) (28)

0 1
j(z) o ( 25221 + 5322 ILL251 + 5321
with eigenvalues given by

1
At1,2(2) 3 (1261 + d321) £

\/(,u251 + 532’1)2 + 4(25221 + 532’2)} 29)

Let us denote the two branches of fixed points by

zar = ( —';—;,O) and 2y = (—,/—lg—;,()),

and we will made the local dynamic around the negative
branch z; , the analysis for the positive branch zar is totally
similar. The matrix (28) evaluated in z, takes the form

0 1 )

T(=) = < =202, /=5 pady — 03, /=52
and we know that matrix 7 (z; ) has a pair of pure imaginary

eigenvalues Ay, if the tr [7(z;)] = 0and det [T (z5)] > 0.
Since tr [T (z5)] = p261 — b3, /—5- and det [T (z0)] =

202 4 /—‘g—;, then if
53,/—‘(;—;

5 (30)

b2 =
we obtain )\iQ = £,/ —202, /—‘g—;, thus, we might expect

that the curve (30) with 6o > 0 and pu; < 0 is a bifur-
cation curve on which z; undergoes a controllable Hopf
bifurcation. To verify the above, we need to calculate the
controllability coefficients.

A. The controllability coefficients

We next examine the change of stability of the fixed points
2z, on (30), with p11 < 0 and d2 > 0. Associated eigenvalues
with the linearization about this curve of fixed points are

Ao =i 252\/—TL—1
) 52
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If we see 12 as a parameter, then using (29) we obtain the
cross speed

d 1
d=—™=NReA| T = —01.
s 1,2 e /~m = 5%

€29

Therefore, a controllable Hopf bifurcation occurs on po =

32
01

Next, we check the stability of the bifurcating periodic or-
bits, for it we need to calculate the first Lyapunov coefficient
I, which is given by derivatives of the nonlinear functions on
the normal form of the system (27).

First we moved the fixed point to the origin. Let

be and from (27) we have

?1 0 1 Z1
(?2>_<—252,/—§—21 O)(EQ
(32)
then we put the linear part of (32) in normal form via the
linear transformation

_ 0 1
Z1 _ ¥1
( Z2 ) 282 —lg—; 0 ( V2 )

under which (32) becomes
) ( ; ) (
©2

( 1 ) _ ( 0 Li(¢1, 02) )
g2 ) \ @ 0 La (1, 02)
(33

where
M1
O = /20p, | ——,
2 5
5 2
Li(¢p1, p2) = 2;2 +d3p102  and  La(p1,p2) =0,
and implement (2), we obtain
1)
= ———, (34)
16, /— b
2

and we can conclude that the sign of [ directly depending
from the sign of 3.

We can look the dynamics of the negative branch in the
Figure 4.

VIII. MAIN RESULT

Theorem 5: Given the nonlinear control system
&= Jr+ f(z) +g(z)u, 35)
where = € R? and the control u € R. If

0 1
J—(O O)’ glx)=b+ Mz +---,

0
>+( 0271 + 03%1 %2 ) ’

ThB01.4

H2
Hopf

Hq

Fig. 4. p1 <0,61 >0,02>0yd3>0.

with
b= ( by ) and by £ 0,
b2

then the feedback control law

u(w,1,8) = p1+pl (P 'e—h(P'z)— HP ')
+o" (PT) KPa+O(ef),  G6)
where p = (u1, o) is the artificial vector of bifurcation

parameters and 6 = (01, d2, J3) is the artificial vector of con-
trol parameters, P, H, h, L and K, are giving by (9), (10),
(21), (22) and (23) respectively, is such that the closed-loop
system (35)-(36), undergoes a controllable Hopf bifurcation

K1
32

in po = ’ 57> with the controllability coefficientes d and
[ given by (31) and (34) respectively.

IX. AN EXAMPLE

We will illustrate the previous result with the following
example,

To + 2?2 — 22 + (21 + 1172)U
129 + (1 — 21 + 22 + 23)u,

o= (37)

Ty =

In this case,

o 1 0 . —%x%—i—xlxg
P_<O 1>’H(x)_(—x%—:c1x2+%:c§ ’
0 0 3
o= g3) 2= (0 5 ).
and 5 (5 — 3)
= (15 y HB77),
(%(53—3) —1

then, for this system, the control law is given by
w(@,p1,6) = p1 A+ B + p2di) (w2 + 27 + 2122 — 223)
+602% + (63 — 3)w1m2 — 25 + O(|2]?).
If we consider

p1 = —0.0001, puz = —0.019, 6y =62 =1, and §3 = —2,
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Fig. 5. Supercritical Hopf bifurcation for: uq; = —0.0001, up = —0.019,

51:1,52:1}/53:—2.

then
1 25
d= 5 and | = —?,
and system (37) undergoes a supercritical Hopf bifurcation,
where the closed orbit is stable. See Figure 5.

If we define
1 = —00001, Mo = —0019, 51 = 52 = 1, and 53 = 2,

then
1 25
d= 5 and = ?,
and system (37) undergoes a subcritical Hopf bifurcation,
where the closed orbit is unstable. See Figure 6.

X. CONCLUSIONS

For a nonlinear control system in the plane, whose nominal
vector field has in the origin, a double zero eigenvalue, we
have designed a scalar control law such that the closed-loop
system undergoes a controllable Hopf bifurcation. This work
is the begining of a more general analysis about the control
of codimension two bifurcations.

Fig. 6. Subcritical Hopf bifurcation for: py = —0.0001, p2 = 0.019,
51:1,52:1}/53:2.
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