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Abstract— In this paper, an implicit multivariable self-tuning
controller is designed based on the Lyapunov function. The STC
parameters convergence is proved when the numbers of plant
input and output signals are same. The obtained result is a
generalization of [2] to the multivariable case.

I. INTRODUCTION

By merging control with identification, Self-Tuning Con-
trol (STC) potentially has numerous practical applications. A
STC approach which directly estimates controller parameters
from plant I/O data sequence is referred to as “Implicit
Self-Tuning Control”. The other approach which estimates
plant parameters at first and control is designed on the
basis of the obtained parameters is “Explicit Self-Tuning
Control”. The present paper concerns the former. Minimum-
Variance Control (MVC) or Generalized Minimum-Variance
Control (GMVC) laws have been used in STC systems
because of its less computational load. However, even in
the Single-Input Single-Output (SISO) case, the general
stability proof for STC systems is known difficult due to its
time-varying and nonlinear natures caused by the involved
recursive parameters estimation. Some past researches have
resorted to numerical analyses for evaluating the parameters
convergence and stability.

It was recently clarified that the stability of an implicit self-
tuning control with generalized minimum variance criterion
can be proved in the standard way [2], which is based on
the Lyapunov function and the ideas of discrete-time sliding-
mode control [3][4]. The advanced technology like today’s
automobile engines tends to increase the number of con-

studies [5][6]. In the present paper, we propose an implicit
multivariable self-tuning control design by generalizing the
result [2] to Multi-Input Multi-Output (MIMO) systems. The
essence of this generalization is to introduce the different
Lyapunov function for each plant output. Simulation ex-
amples are also given to evaluate the performance of the
proposed design.

II. MULTIVARIABLE GENERALIZED MINIMUM
VARIANCE CONTROL

Consider a m-input and m-output plant described by the
vector difference equation
Az "y = Bz 2z, (1)
where uy, is the plant input, y; is the plant output
Uk,1 Yk,1
) Yk = : (2

Yk,m

U =
Uk,m
, A(z71) and B(z7!) are the m x m square polynomial
matrices
A ) =T+ Az - 4 Az (3)
B(z')=By+ Bz '+ + Bz )
(By: nonsingular)

For an actual sampling-time 7, the backward-shift operator

27" means z~' = e~*7 in the Laplace domain.

Consider the following controlled vector consisting of

trolled variables required in the systems. The multivariable sliding-mode type variables sy ; (i =1,2,--,m):
STC systems have been also studied extensively since the skrd = C(z7 ) (WYraa — rhaa) + Q27 Huy, 5)
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Tk+d,1

Sk+d,1
: s Thtd = : (6)

Sk4+d =

Sk+d,m Tk+d,m

where 7y, is the reference signal vector and C(z71) is the
polynomial matrix given by

ClzH=I+Ciz7 +---4+Cpz™ @)

Note that all the polynomial elements of C(z~') should
be selected as Schur, i.e., all the polynomial zeros exist
inside the unit desk because the error dynamics e; :=
yr — 7% is specified by C(z71). The Q(z~1) is additionally
introduced to treat non-minimum phase systems, which is
called Generalized Minimum Variance Control.

Following [2], the control uj is designed so that the
controlled vector (5) may be vanished when the deterministic
system (1) is considered.

To derive the control law, consider the m x m square
polynomial matrices

E(zY)=Ey+FEiz ' 4+ E; 127D (8)
Fiz Y =F+Fz '+ +F_z ™Y (9

which should be designed to satisfy the Diophantine equation

CzY)Y=EENHAEY +279F(=h (10)
Multiplying (1) by E(z~1) from the left,
E(z") AR ye = B(=7)B(z ™ uk—a (1)
Substituting (11) into (5) gives
shrd = B(z7)B(" up + F(z7 yk
—C(z7 Y rera + Q2 Huy, (12)

Thus the control uy achieving six44 = 0 is obtained as

up = Gz~ HC (Y rerd — F(z7Hyk) (13)
where G(z71) is a nonsingular matrix defined by
G =E(BET)+QE) (14)

In the present paper, the diagonal form is assumed for
Q).
Qui(z™h)
QG = (15)
Qmm(z_l)
Qi(z7") = qu(1—27")
For the closed-loop stability analysis, the elimination of wuy
between (1) and (5) yields

(CEH+QETHBH AR
=5, +C(z Yy,

(16)

a7

Thus the closed-loop characteristic from 7 to y; may be
evaluated by the solutions of (18).

det[C(z™H +Q(z"H)B 1z HA(z"H] =0 (18)
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The polynomial matrix Q(z~1) should be designed so that
all the solutions of (18) exist inside the unit disk. However
it is not generally easy in MIMO cases to find Q(z~!) (and
C(271)) which stabilize the closed loop.

IIT. MULTIVARIABLE IMPLICIT SELF-TUNING CONTROL

Figure 1 is the considered block diagram, where the
control parts F'(z~!) and G(z~!) are recursively and directly
estimated from plant I/O data sequence. A generalization of
the STC study [2] into a multivariable case will be presented
in this section.

B A

controller parameter
estimation

Fig. 1. Implicit Self-tuning Control

Based on (13), we may obtain
up = —G(z_l)_l(ﬁ(z_l)yk — C(z Hreeq)  (19)

where F'(z~1) and G(z~') are the estimates of F'(2~!) and
G(z71), respectively. Defining the estimation error matrices

F(z71), G(z~') and using (12), we have

Spra = Gz Dur + F(z Yy (20)
where
[ Fii(zY) - Epi(zh)
F(z1) = : : (21)
L Fin(z™) - F(z7)
[ Gu(z7h) o Gaa(z™h)
aeh=| . 22)
L Gin(z™) - Gram(zh)
Fij(z"h = ;Oj +o 4 ;7;-712_(”_1) (23)

=(FG=F) + -+ U =D @)
Gij(z7 ) =g+ -+ gif it =D (25)
= (gf=g%) + -+ (g =gl ey

(26)

Notice that the symbol = of f and g;; is not the power of
a number but the suffix.

By defining
Gi(z7h) = [ éil(z_l)

Fu(z7") = [ Fa(z™")

27)

m(2_1> ]
-t (28)

G;
, (20) is written as

Sirdi = Gin(2 " Dup + Fiu (2 Dye (i =1,2,---,m) (29)
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For the parameter estimation, (29) may be written in the
following form:

Skidi = OF Ot d.ix (30)

where ¢ is the plant I/O data vector, and ékﬁ-* is the
concatenated error vector

Ok,is = Op i — Ois 31)
for the controller parameter errors Fz* and G’l*
For (30), consider the Lyapunov function candidate
1 P13
Vi = B sti+ 9k v Pri Ok ix (32

where P, il is a given weight on the convergence of estimated
parameters. The Lyapunov function for the considered mul-
tivariable case may be conveniently written as

Vi = %s{sk + %égp,;lék (33)
where
Py Ok,1
Pl = , 0 = : (34)
P, O
That is, (33) implies
(35)

Vi = ZVk,i
i=1

For each Vj; (i = 1,2,---,m), the following parameter
estimation alrorithm is considered:
Oris = Ok 1.ix + Kpi(spi + Crii — ob_Or_1.4x) (36)
Kii=Pe1i0n—a(pti +0p_aPr-1ip6—a) " 37
Pii=p " (Py1i — Po1,i¥k—d
X (i + Pk —aPr-1.i0k—a) " 0f—aPr-1.0)
where p; (0 < p; < 1) is the forgetting factor. Following

[2], Vi <0 can be shown as follows:
The difference of V},; is given by

(38)

AV, i = Vk i Mikalvi (39
) 1
28k i + ek 1*P ,ilakvi* - i’uisi_lﬂ-
—gﬂzek 1 Z*P,;_117i9~k—1,i* (40)

o7
2#19]6 i k 1 zak ix T
2”7016 ’L*Pk? 119k 1, i +
Qulf)kT 1, l*Pk 1 ZGk ix ,uzﬂk z*Pk 1 sz 1,i%» (40) is rewrit-
ten as

By adding 0 = 1107 o 1 Ok i —
2#1010 Z*Pk 1, zek i« and 0 =

AVy;
1 1 1 _ _ ~
= Sii - isii - 5#1’3%—1,1’ + 591€,z’*(Pk,il - /Lipk—lu)‘gk,i*

. 1 =
Niek,i*Pk_l,iakfl,i*

gk—l,i*)TPk_jLi(ék,i* - ék—l,i*)

+uiff, P ﬁk i

1
—5Hi (O ie )
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Substituting sy ; = <p£l dék,i* and rearranging the equation,

1
AVy,i = *iﬂisi—u

1 - _ L _
_illi(ek,i* — 9k71,i*)TPk_117i(9k,i* — Ok—1.ix)
+5 Qk (Pl — Py — ok afh—a) Ok in
+“i0k,i*P/€__1171(9~k,i* - ék—l,i*

107 Pt i d P aOrin) (42)
By the matrix inversion lemma, (38) is rewritten as
Pri = (Pl + Ph-att—a) " (43)

, which implies the third term in (42) is eliminated. On the
other hand, Substituting (37) and (5) into (36) gives

Oriv = Ok 1w + Poo1iPh—a(pti + @b _aPo1.i06-a)

X (Cyp + Qui—q — Pr_ a0k 1) (44)

With the equality Py_1,;pk—a(tti + 0} _qPr—1,ip6—a) " =
(15 + Po—1,i0k—a®i_q)  Pro—1,i¢k—d, We have

Oris = Ok—1.0x — Poo1,i0r—a(iti + 01 gPre1,i0h—a) "

XPF 01, (45)
= Op—14x — (i + Po_1i0k—api_g) "
X Pro1,iPk—dPr_aOk—1,ix (46)

Multiplying (46) by p; + Py—1,i9k—ar 4 from the left and
rearranging the equation yield

,Uz'ék,i* + Pk—1,¢<ﬁk—d90£_dék,i* = ,Uiék—l,i* (47)
, which tells that the fourth term in (42) vanishes.
Therefore, it is found that
AV <0 (48)
Taking the summation with respect to ¢ yields
AV, = iAVk,i <0 (49)

i=1

Thus the convergence of MIMO-STC parameters can be
proved by the Multi-Input Single-Output (MISO) formulation
described above.

IV. EXAMPLE
A. Minimum Phase System

As a design example, the following 2-input 2-output plant
is considered:

Yk = A1yr—1 + Boug_1 (50
Ay = [ a1l a2 ] By = { bir b2 ] (51)

a1 Q22 bar  boo
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The controller parts F and G to be estimated are of the forms

F _ |: f:lll f:l12 :| _ |: a1l a2 :| (52)

f21 f22 a1 a2
A g 12 bi1 b2
G=| - . = 53
[ g21 g22 } [ ba1 b2 } (53)
Define the Lyapunov function
Vii=Via1+ Vi 54
1 1 s
Vi1 = 5321 + §6£1*Pk)110k71* (55)
1 1~ s
Vo = 58t + 50k2: P2 O 2e (56)
where
Sk = Ph-16k,10 (57)
sk2 = Pho10k,2e (58)

90%71 = [ Yk—1,1 Yk—12 Uk—1,1 Uk—12 ]
ékT,l* = [fll - fk,n, fi2 — fk,127911 - Qk,n,gm - Qk,lz]
ng,2* = [for — fr.21, fo2 — fr22, 921 — k.21, G20 — Gk 22
(59)
In this case, the parameter estimation laws are given as
follow:
For Vj, 1,
ék,l* = ék—l,l*
+ K1 (Yra + Quities — 0h_10k—1.14) (60)
Kii = Po_1106—1(t1 +@p_1Pe—11p-1)"" (61
Py = (Pooi1 — Poo1agk
x(p1 + 0f_1 Po-1,106-1) " 'oh_1Pi1,1)  (62)
For Vj 2,

ék,2* = ékfl,Q*
+ Kk 22 + Qoo — 9t 10k_1.24) (63)
Ko = Po_1opr—1(pi2 + 0f_ 1 Poo1o0k-1)"" (64)
Pro = pi3 "(Pa_12— Po 12051
X (p2 + of 1 Peo120k-1) " "0h_1Peo12)  (65)
where the sizes of the associated vectors and Ipatrices are
se(1x2), yp(1x2), up(1 x2), pp(4 x1) and O ;. (4 x 1),
K i(4x1), Ppi(4dx4)fori=1,2.
The following model parameters are assumed for simula-
tions:

08 01 0.1 02
A = [ 05 02 } » Bo = [ 02 0.1 ] (66)

From the root of det[] — A;271], this system is stable. The
STC design parameters are chosen as follows:

Schur polynomial matrix:
1 1+ 0112_1 0
e [ 0 1+ cppz™? (67)
C11 = Co9 = O (68)

Fig. 2.

Fig. 3.

Fig. 4.

Fig. 5.

Fig. 6.
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Initial estimates of controller parameters:

Jfo,n fj0,21 0.1 0.1
Al el T
goa2  Jo,22 0.1 0.1
Initial weights in recursive estimation:
Py,1 = diag(0.01, 0.01, 0.01, 0.01) (70)
Py 2 = diag(0.01, 0.01, 0.01, 0.01) (71)
Forgetting factors:
pr =1.0, po =1.0 (72)

A simulation result is given in Figs. 2 to 6. Although there
are some overshoots in the beginning of control, the both
outputs arrive at the given setpoints.

B. Nonminimum-Phase System

As a next, consider the system

Yr = A1yp—1 + Boug—1 + Brug_2 (73)
This gives

A(z7Yyr = B(z7 1)z tuy (74)
Az =T—- Azt (75)

- 1-— anz’l —a12
N [ —ag 1—agz! } (76)
B(z"Y) = By+ Bzt (77)

| b+ 271 bi2

N [ ba1 14bgo + 271 (78)

The following model parameters are assumed to have the
unstable zeros:

0.8 0.1
A = [ 05 0.2 } ! 7
02 1.0 10
BO_[0.25 0.2}’31_[0 1] 80)

The simulation is carried out in the following setting: Initial
estimates:

Jf0711 fj0,21 0.1 0.1
fo,i2 fo,22 0.1 0.1
90.,11 !}0721 _ 0.1 0.1 &)
go12  Jo,22 0.1 0.1
Jg1,11 1,21 0.1 0.1
g1,12 Q1722 0.1 0.1
Initial weights in estimation:
Py, = diag(0.1, 0.1, 0.1, 0.1, 0.1, 0.1) (82)
Py = diag(0.1, 0.1, 0.1, 0.1, 0.1, 0.1)  (83)

From det[A(2~1)] = 0, all the open-loop poles are inside
the unit disk.

TuC03.3

Fig. 7. Reference signal

Fig. 8. Response
0w w0 w0 a0 w0
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Fig. 9. Control input

L
Kl
0 50 100 150 200 250 300 3s0 400 450 500

L L
0 50 100 150 200 250 300 350 400 450 500

L L
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Fig. 10. Controller parameter F’

This model is nonminimum-phase since det[B(z71)] =0
has the solutions outside the unit disk. The same setpoints as
the previous simulation are used and STC design parameters
are set to

0.5(1 —2z71) 0

Q=) = 0 0.5(1 —z) (&)

Note that Q(z~!) = 0 makes the considered system unstable.
As in Figs. 7 to 11, the control result in the minimum-phase
MIMO case has the stable performance.
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™~

™=

Fig. 11. Controller parameter G

V. CONCLUSION

A STC design scheme was presented in this paper. The
MIMO-STC parameters convergence was proved based on
the Lyapunov function. In the framework of closed-loop
stability, all the closed-loop poles are not always stable in the
considered MIMO case, even if the actual control response
is stable. We shall investigate this point further.
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