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Abstract—In this article, resilient delay-dependent adaptive
control algorithms are developed for closed-loop stabilization
of a class of uncertain time-delay systems with time-varying
state delay, nonlinear dynamical perturbation, and controller
gain perturbation. The norm of the nonlinear perturbation
is assumed to be bounded by a weighted norm of the state
such that the upper value of the weight is unknown, and the
norm of the uncertainty of the state feedback gain is assumed
to be bounded by a positive constant. The results presented
here can be considered as extension of previous work that
assumes that the upper value of the nonlinear perturbation
weight is known. Here, adaptive control schemes are developed
to guarantee asymptotic stabilization of the closed-loop system
when the upper bound of the state feedback gain perturbation
is known and unknown.

I. INTRODUCTION

Time delay systems are widely encountered in many real
applications, such as chemical processes and communication
networks. Hence, the problem of controlling time-delay
systems has been investigated by many researchers in the
past few decades. It has been found that controlling time-
delay system can be a challenging task, especially in the
presence of uncertainties and parameter variations. Several
techniques have been studied in the analysis and design
of time delay systems with parameter uncertainties. Such
techniques include robust control [1], [2], H control [3],
[4], [5], [6], and sliding mode control [7], [8], [9], [10],
[11]. In the case where uncertain time-delay systems include
a nonlinear perturbation, several adaptive control approaches
have been introduced [12], [13], [14], [15], [16], [17].
In [12], [14], the authors developed state feedback controllers
when the state vector is available for measurement and the
upper bound on the delayed state perturbation vector is
known. For the case where the upper bound of the nonlinear
perturbation is known, more stabilizing controllers with sta-
bility conditions have been derived in [15], [13]. However, in
many real control problems, the bounds of the uncertainties
are unknown. For such a class of systems, the author in [16]
has developed a continuous time state feedback adaptive
controller to guarantee uniform ultimate boundedness for
systems with partially known uncertainties. For a class of
systems with multiple uncertain state delays that are assumed
to satisfy the matching condition, an adaptive law that guar-
antees uniform ultimate boundedness has been introduced
in [17]. In all of the papers discussed above, the authors
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investigated delay-independent stabilization and control of
time-delay systems. Delay-dependent stabilization and H .,
control of time-delay systems have been studied in [18],
[19], [20], [21], [22], [23], [1]. In [1], the author discussed
stabilization conditions and analyzed passivity of continuous
and discrete time-delay systems with time-varying delay and
norm-bounded parameter uncertainties. The results in [1]
have been extended in [24] to consider designing delay-
dependent adaptive controllers for a class of uncertain time-
delay systems with time-varying delays in the presence of
nonlinear perturbation. In [24], the nonlinear perturbation is
assumed to be bounded by a weighted norm of the state
vector, and for this problem adaptive controllers have been
developed for the two cases where the upper bound of the
weight is assumed to be known and unknown.

An inherent assumption in the design of all of the above
control algorithms is that the controller will be implemented
perfectly. In [25], the authors extended the results in [24]
to investigate the resilient control problem [26], [27], [28],
where perturbation in controller state feedback gain is con-
sidered. It has been assumed in [25] that the nonlinear
perturbation is bounded by a weighted norm of the state
such that the value of the weight is known, and the norm of
the uncertainty of the state feedback gain is assumed to be
bounded by a positive constant. Under these assumptions,
adaptive controllers were designed when the value of the
upper bound of the state feedback gain perturbation is known
and unknown. This paper extends the results in [25] to
consider the problem where the the upper bound of the
nonlinear perturbation weight is unknown. For this problem,
asymptotically stabilizing adaptive controllers are derived for
both cases where the upper bound of the norm of the state
feedback gain perturbation is known and unknown.

The paper is organized as follows. In Section II, we define
the problem statement. Then, in Section III, we present
the main stability results, and finally in Section IV some
concluding remarks are outlined.

Notations and Facts: In the sequel, the Euclidean norm is
used for vectors. We use W', W1, and ||W|| to denote,
respectively, the transpose of, the inverse of, and the induced
norm of any square matrix W. We use W > 0 (>, <, < 0) to
denote a symmetric positive definite (positive semidefinite,
negative, negative semidefinite) matrix W, and I to denote
the n x n identity matrix. The symbol e will be used in
some matrix expressions to induce a symmetric structure,
that is if the matrices L = LT and R = R' of appropriate

4001



47th IEEE CDC, Cancun, Mexico, Dec. 9-11, 2008

dimensions are given, then

L N | L N

e R| | N'" R |’
Now, we introduce the following facts that will be used later
on to establish the stability results.

Fact 1: [1] Given matrices X; and X with appropriate
dimensions, it follows that

N4+ < a'LiE] 4aX) S, Ya>0.

Fact 2 (Schur Complement): [1], [29] Given constant matri-
ces 1, Qo, Q3 where ) = QlT and 0 < Qs = QQT then
Q1 + Q4 Q5 'Q3 < 0 if and only if

0 Qf —Qy, Q4
(20 ) o [ 2]

II. PROBLEM STATEMENT

Consider the class of dynamical systems with state delay
z(t) = Apx(t) + Agz(t — 7) + Bou(t) + E (z(¢),t) (1)

where x(t) € R" is the state vector, u(t) € R™ is the control
input, £ (z(t),t) : R" x ® — R™ is an unknown continuous
vector function that represents a nonlinear perturbation, and
T is some unknown time-varying state delay factor satisfying
0 <71 < 71, where the bound 77 is a known constant. The
matrices A,, Aq, and B, are known real constant matrices of
appropriate dimensions. The nonlinear perturbation function
is defined to satisfy the following assumption.

Assumption 2.1: The nonlinear perturbation function
E (z(t),t) satisfies the following inequality

1E (z(8), )| < 0" [lx(®)]], 2

where 6* is some unknown positive constant.
In this paper, resilient delay-dependent adaptive stabilization
results are established for the system (1) when uncertainties
appear in the state feedback gain of the controller.

Before we present the stability results, we start be express-
ing the delayed state as [1]

0
:c(t)—/i &(t + s)ds 3)

z(t—71) =

0
= x(t)—/ [Ap z(t +s) + Agax(t — T+ 8)

+B, u(t+s)]ds
0
— E(z(t+s),t+s) ds.
Hence, if we define A,y = A, + Ag, then the system (1) can
be expressed as

#(t) = Aoa x(t) + Aan(t) + Boult) + E (x(1),1) (4)

/.

+B, u(t+s)+ E (z(t+ s),t +s)] ds.

[Ap z(t+s) + Agx(t — 7+ 5)
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III. MAIN RESULTS

In the sequel, the main design results will be presented. To
stabilize the system (4), we introduce the following control
law:

u(t) = p(t)Z(t), (5)

where Z € ™™ is a matrix whose elements are all ones,
wu(t) € R is adapted such that closed-loop asymptotic stabi-
lization is guaranteed, K € R™*™ is a state feedback gain,
and AK(t) € R™*™ is the time varying uncertainty of the
state feedback gain that satisfies the following assumption.

Assumption 3.1: The uncertainty of the state feedback
gain satisfies the following inequality

(K + AK)z(t) +

IAK @) < ", (6)

where p* is some positive constant.

In this section, resilient delay-dependent stabilization results
are established for the system (4) considering the following
two cases:

1) The uncertainty of the state feedback gain satisfies
Assumption 3.1 such that p* is assumed to be a known
positive constant.

2) The uncertainty of the state feedback gain satisfies
Assumption 3.1 such that p* is assumed to be an
unknown positive constant.

A. Adaptive Control when p* is Known

To stabilize the system (4) when p* is known, we consider
the control law (5). Let us define 6(¢) = 6(t) — 6*, where
O(t) is the estimate of 6*, and (t) is error between the
estimate and the true value of 6*. Also, let us define z(t) =
w(t)z(t), and let the Lyapunov-Krasovskii functional for the
transformed system (4) be selected as:

A

Va(@) = Vilz) + Va(z) + Vi(z) + Vi(z) + Vs(z)
+ Vo(z) + Va(z) + Vs(z) + Vo(z), (7)
where
Vi(z) = z(t), ®)
Va(z) = rl/ /+ )AL Az(a)dads,  (9)
Va(z) = r2/ / o) Aj
—rJiysor
Ag x(a) da ds, (10)
Vi(z) = r?,/ / o) K'B]
B B,K x(c) da ds, (11)
Va(e) = / / o) AKT(1)B]
T B AK() 2() dads, (12)
Vo(z) = r5/ / @) I'B/)
o B,T z(a) do ds, (13)
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0 t
Vo(z) = Tg/ E'(z,a) E(z, o) da ds, (14)
—7 Ji+s
Vs(z) = p2(t), (15)
Vo) = (1+67)[00)] (16)

where 1 > 0,179 > 0,73 >0,7r4 >0, 7r5 >0and rg > 0
are positive scalars, and P = PT € R"*" > 0. It can be
shown that the time derivative of the Lyapunov-Krasovskii
functional is

Va(z) = Vi(z) + Va(z) + Va(z) + Va(w) + Vs(x)
+Vs(x) + Vi(z) + Va(z) + Vo(a), (17)
where
Vi(z) = a'(t)Pi(t)+2' (t)Px(t), (18)
Va(x) iz (H)A] Ayx(t)
0
—7"1/ z' (t+s5)A) Agz(t + 5)ds, (19)
0
Vs(z) = TTQxT(t)A;erd:c(t)—rg/ ' (t+s—7)
A}Ad:c(t +s—7)ds, (20)
Vi(z) = 7rsz’ ()K" B! ByKx(t)
0
—r?,/ ' (t+ )K" B! B,Kx(t + s)ds, (21)
Vs(z) = 7raz’ ()AK(t)T Bl B,AK (t)x(t)
0
—T4/ o' (t+s)AK"(t+5)B)
éoAK(t + 8)x(t + s)ds, (22)
Vs(x) = 7rsz' ()L B] B,Zx(t)
0
—rs / 21 (t +8)I" B ByZz(t + s)ds, (23)
Vi(z) = 7re¢ E'(2,t) E(x,t)
0
—rg E'(z,t+5s) E(xz,t+s)ds, (24)
V(@) = 2p(t) olt), (25)
Tolw) = 2 (1+0)80) ),
= 2 (1407 [é(t)—@*} 0(t). (26)

The next Theorem provides the main results for this case.

Theorem 1: Consider system (4). If there exist matrices
0< X =XT e R"*" Y e RMX" Z c X" and scalars
51>052>053>O€4>5 €5 > € and € > €
(where ¢ is an arbitrary small positive constant) such that
the following LMI

ApgX + X Auq
+BoY +YTBJ
+71 (e1 + &2 T+XA;F T+XA:1F Ttz
+e3 +ea+ €5
+ee) AgAT <0,
. —7rte I 0 0
. . —7teod 0
. . . —71Fesl
(27

ThTA07.4

has a feasible solution, and K = YX~', and u(t) is

adapted subject to the adaptive laws

() = Proj{on sgn (u(t) |lz@®)| + as p(t) |[=(1)]?
tas sgn (u(t) 60 k@I a0}, @9
i) = =) 29)

where Proj{-} [30] is applied to ensure that |u(t)| > 1 as
follows

u(t) i p(t)] =1
p)=4 1 if0<p(t) <1
-1 if—-1<u() <0,

and the adaptive law parameters are selected such that
o < [IPBII|+7ra (07)?
az < —i7%rs]| v > 27T
6(0) > 1, then the control law (5) will guarantee asymptotic
stabilization of the closed-loop system.

re¢ and

Proof: As shown in (17), the time derivative of V,(z)
is

Va(z) = Vi(z) + Ve(z) + V() + Va(z) + Vs(z)
+ Vo(z) + V7( ) + Va(z) + Va(a),
= @ ()Pi(t) + 3 ()Pa(t) + Va(x)
+ Va(z) + V4( ) + Vs(z) + Vo(2)
+Vi(2) + Va(z) + Vo(x). (30)

Using the system equation defined in (4) and the control
law (5), we have

Va(z) = a"(t) [PAoa+ ALP + PBK
+K " B] P| z(t)

0

—2x " (t)PAyg Aoz (t + s)ds

r

—2x " (t)PAqg Agz(t — 7+ s)ds

0
—2x " (t)PAq / B,Kxz(t + s)ds

0

—2z " (t)PAd/ B, AK(t + s)x(t + s)ds

0

—2z " (t)PAd/ w(t+ s)BoZx(t + s)ds

—2z " (t)PAg ’ E(z,t+ s)ds

+22 7 (t)PB,AK (t)x(t)

+2u(t)x " (t)PB,Zx(t) + 22" (t)PE(x,t)
+ Valx) + Va(z) + Valz) + Vs(2)

+ Vs(z) + Va(z) + Va(z) + Vo(z). 3D
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By applying Fact 1, we have
0
—2z " (t)PAyg Aoz (t + s)ds

-7

0
< Tfl/ x ' (s)PAyA) Px(s)ds

-7

+7r1 /0 ' (t4 8)AL Agx(t + s)ds

< 7'+T}Tle(t)PAdA;1rPx(t)

+7r1 /0 x (t4 8)A) Agx(t + s)ds, (32)

where 71 is a positive scalar. Similarly, if r2, 3 and 74 are

positive scalars, we have
—2x " (t)PAqg ’ Agz(t — 7+ s)ds

<7rrytaT () PAGA) Pa(t)

0
+1 / o' (t =7 +5)A) Agx(t — 7 + 5)ds, (33)

-7

0
—2x " (t)PAg / B,Kxz(t + s)ds
<7tryleT (H)PAGA] Px(t)
0
+r3 / ' (t+s)K' B B,Kx(t +s)ds, (34)
and
0
—2z " (t)PAd/ B, AK(t + s)z(t + s)ds

0
<7tr;taT (t)PA4A] Px(t) 4+ 4 / z' (t+s)

AK"(t +s)B! B,AK(t + s)x(t + s)ds. (35)

Now, let 5 be a positive scalar, then using Fact 1 we have

0
—2z " (t)PAd/ w(t+ s)BoZx(t + s)ds

0

= —2:cT(t)PAd/ B,Zz(t + s)ds

-7

<7rrgta T (H)PAGA] Pa(t)

0
+75 / 21 (t+5)I"B] B,Tz(t + s)ds.  (36)

—T
Also, if r¢ is a positive scalar, then using Fact 1 we have
0

—2z " (t)PAy | E(z,t+ s)ds
< T+rg1xT(t)1;;1dA}Px(t)
+76 ’ E'(z,t+s)E(z,t + s)ds.  (37)
Using Assumptions 2.1 and 3.1, it can be shown that
2u(t)a " ()PBoZx(t) < 2||PB.I| |u()] [lz@®)I?,  (38)
20 ()PB,AK(H)z(t) < 2 p* |[PBo| [la®)II%,  (39)
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and

20" ()PE(x(t)) < 2[|P|| 6" |lz(t)]]*. (40)

Using equations (32)- (40) and equations (18)- (26) (with the
fact that 0 < 7 < 77) in (31), we have

Va(z) < ' (H)Zx(t)

+rtra T (O)AK T (1)B] B,AK (t)x(t)

+7 52" ()T B B,Zz(t)
+1r6E T (2, 1) B2, 1) + 2p* || PBol| [|x(t)|
+2[[PBLI| |u()] [J(t)][>
+20"(| P|| [Ja(t)]|* + 2 p(t) fut)
+2 (1+6Y) [é(t) - 9*} a(t), 1)
where

= = PA,+ALP+PB,K+K'B]P
+7r+ (Tfl—i-?";l—l-rgl +7"Z1 +Tg1 +7"g1) PAdA;er
+7tr AL Ay + T A Ag + 7 3K T B B,K. (42)

To guarantee that ' (£)Zx(t) < 0, it sufficient to show that
= < 0. Let us introduce the linearizing terms, X = P
Y=KX,and Z=XTK'B]. Also, let e; =], &g =
T;l, €3 = rgl, €4 = 7"471, €5 = rgl and €g = rgl. Now, by
pre-multiplying and post-multiplying = by X', we have

XEX = ApX+XAL +BY+Y Bl
+7F (61 + e 4 e3 +eg+e5+66) AdA)
+rTel T XA AX + 7Tey ' XA AgX
+rTez 22T, (43)

By invoking the Schur complement of (43), we arrive at the
LMI (27) which guarantees that = < 0, and consequently
x T (t)Zx(t) < 0. Now, we need to show that the remaining
terms of (41) are negative definite. Using the definition of
2(t) = p(t)x(t), we know that

52T ()T B ByZ2(t)

< 705 (|27 B) BoZ|| p*(1) [la@)I*. 44
Also, using Assumptions 2.1 and 3.1 , we have
B (2, )Ex,t) < 76 (07)% |22 (45)
and
7T ryx T ()AK T (t)B] B,AK (t)z(t)
< 7ra (p°) 11BJ Bol| [[(t)]]". (46)

Now, using (44)- (46), the adaptive laws (28)- (29), and the
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fact that |u(¢)| > 1, equation (41) becomes
Va(z) < @' ()Bz(t) +7ra(p")" |I1B, Boll [lx(t)]]”
+77rs 12T B BoZl| p(8) || (1)]|?
+7776 (07)° [[2(t)]* + 20%|| PBo| ||z (0)]I?
+2[|PBI]| |u(t)] ||=(t)]]*

+260%||P|| [|2(8)][? + 201 |u(®)] [J2(2)]|?
+2az 22(1) [ (1) 1
+2a3 |u(t)| O(t) [|2(t)|?

+27 |u(®)] 0() [lz(B)]* = 27 0" ||2()]]*
+27 67 0(t) |lz(D)]* — 2y (67) |2 (1) *47)

It can be shown that V,(z) < 0 if the adaptive law param-
eters «, o, and ag are selected as stated in Theorem 1,
and ~ is selected to satisfy the following two conditions:
v > 37Trg and ||P|| — v + v0(t) < 0. Hence, we need to

select v such that
1Pl
1-06(t)

Yy > mazx {%TJFT(; ,
It is clear that when 6(t) > 1, we only need to ensure that
v o> %7’*1"6. Note that from equation (29), 6(t) > 1 can be
easily ensured by selecting 6(0) > 1 and v > 277rg
to guarantee that 6(¢) in equation (29) is monotonically
increasing. Hence, we guarantee that

V()

(48)

< ' (t)Za(t), (49)

where = < 0. Hence, V,(x) < 0 which guarantees asymp-
totic stabilization of the closed-loop system. |

B. Adaptive Control when p* is Unknown

To stabilize the system (4) when p* is unknown, the
control law (5) is considered. Before we present the stability
results for this case, let us define 5(t) = p(t)—p*, where j(t)
is the estimate of p*, and p(t) is error between the estimate
and the true value of p*. Here, the following Lyapunov-
Krasovskii functional is used

Vo(z) = Vi(z) + Vio(x), (50)

where V,(z) is defined in equations (7), and Vip(z) is
defined as

Vio(a) = (1+p%) [3()]* (51)
where its time derivative is
Vio(z) =2 (14 p*) p(t) p(t). (52)

Since j(t) = p(t) — p*, then 5(t) = p(t). Hence, equa-
tion (52) becomes

Vio(x) =2 (L+p") [3(t) = p"] A(2).

The next Theorem provides the main results for this case.

(53)

Theorem 2: Consider system (4). If there exist matrices
0<X=XT e RV Y e R™X™, Z € R, and scalars
€1 > 0,69 >0, e3 >0,e4 >¢ €5 > c and g > ¢

ThTA07.4

(where ¢ is an arbitrary small positive constant) such that
the LMI (27) has a feasible solution, and K = YX ™1, and
w(t) is adapted subject to the adaptive laws

(t) = Proj{Busgn(ut)) [|z(®)*+ G2 ut) [|x(t)|*
+Bs sgn (u(t) 6(t) ||=(t)]?

. +01 sgn (u(t)) pt) |z@)]1% pt)} (54)

0ty = ollz@l’, (55)

pt) = <llz@®)P, (56)

where Proj{-} [30] is applied to ensure that |u(t)] > 1 as
follows

pu(t) i [p@)] =1
pH =4 1 0 <pu(t) <1
-1 if-1<ut)<0,
and the adaptive law parameters are selected such that
81 < —[||PBLZ||), B2 —%T+T5||ITBOTBOI , B3 < —o,
By < =, 0> 37V, ¢ > L7714||B) B, )

, 0(0) > 1 and
p(0) > 1, then the control law (5) will guarantee asymptotic
stabilization of the closed-loop system.

Proof: The time derivative of Vj(x) is
Vi(x) = Va(@) + Vio(a).
Following the steps used in the proof of Theorem 1 and using
equation (53), it can be shown that
Va(z) < 2" (t)2x(t)
+r e T ()AK T (1) B) B, AK () (t)
+7rs2 (1) B) BoZz(t)
+rFr6 BT (2, ) E(x,t) + 29" || PBo|| ||(#)|[?
+2||PBLZ|| (1)) [J(t)]]*
+20%[| P|] [|2(O)]1” + 2 u(t) a(t)
12 (1+6%) [é(t) - 9*} ot
+2 (1+p") [p(t) = p"] p(t),
where E is defined in equation (42). Using the linearization
procedure and invoking the Schur complement (as in the
proof of Theorem 1), it can be shown that = is guaranteed
to be negative definite whenever the LMI (27) has a feasible
solution. Using the adaptive laws (54)- (56) in (58) and the
fact that |u(t)| > 1, we get
Va(w) < @l (OZe(t) + rhra (p%)* ||B) Bol| lz(t)][?
+r4rs |27 B BoZl| p*(t) || (t)]]?
+776 (09)* ||z ()I + 207 || PBo | [[(8)]]”
+2||PB.I]| p(t)] [ (t)]]*
+20°||P[| [z + 261 [u(®)] ||l=(t)][?
+202 12 (t) || (t)||?

(57)

(58)

+26 |u(®)] 6(t) ||z (1)]|?
+204 ()| A(#) [l
+20 |p@®)] 6@) |z — 206" =@
+20 6% 0(t) ||z(1)]1* — 20 (6)* ||z (1)I|?
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+2¢ |u()] o) llz()]1* = 26 p* [l=(@®)]]?
+2¢ p* p(1) [z =25 (p")* [|=(0)]I*.(59)

Arranging terms of equation (59), it can be shown that
Vb(x) < 0 if the adaptive law parameters (31, (2, (B3, and
(4 are selected as stated in Theorem 2, and o and ¢ are
selected to satisfy the following conditions: o > %7’*1"6,
2/|P||— 0 +08(t) <0, > 37t74||B] B,||, and || PB,|| —

¢ +¢p(t) < 0. Hence, we need to select o and ¢ such that

1. || P||
g > max T T6, — 5 (60)
2 1—60(t)
1 ||PB,||
7T |BTB,||, ——21 4. (61
s > max{27' r4||B, Bl , 1= 5) (61)

It is clear that when 6(¢) > 1 and j(t) > 1, we only need
to ensure that 0 > 17%rg and ¢ > 77 r4||B] B,||. Note
that from equations (55)- (56), 6(t) > 1 and j(t) > 1 can
be easily ensured by selecting A(0) > 1 and (0) > 1 and &
and ¢ as stated in Theorem 2 to guarantee that 6(¢) and p(t)

are monotonically increasing. Hence, we guarantee that

Vo) < T (t) Ea(b), (62)
where = < 0. Hence, Vb(:c) < 0 which guarantees asymp-
totic stabilization of the closed-loop system. |

IV. CONCLUSION

In this paper, we investigated the problem of designing
resilient delay-dependent adaptive controllers for a class of
uncertain time-delay systems with time-varying delays and
a nonlinear perturbation when perturbations also appear in
the state feedback gain of the controller. It is assumed that
the nonlinear perturbation is bounded by a weighted norm of
the state vector such that the upper bound of the weight is
unknown. It is also assumed that the norm of the uncertainty
of the state feedback gain is bounded by a positive constant.
For the two cases when this positive constant is known and
unknown, adaptive control schemes have been developed to
guarantee asymptotic closed-loop stabilization results.
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