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Global Finite-time Stabilization of a Nonlinear System
using Dynamic Exponent Scaling

Sangbo Seo, Hyungbo Shim, and Jin Heon Seo

Abstract—In this paper we consider the problem of global
finite-time stabilization for a class of triangular nonlinear
systems. The proposed design method is based on backstepping
and dynamic exponent scaling using an augmented dynamics,
from which, a dynamic smooth feedback controller is derived.
The finite-time stability of the closed-loop system and the
boundedness of the controller are proved by the finite-time
Lyapunov stability theory and a new notion ‘degree indicator’.

I. INTRODUCTION

After the concept of finite-time stability was introduced
in the 1950s [12], many researchers have made an effort to
solve this problem because of fast convergence and good
performances on robustness and disturbance rejection. Since
the bang-bang time optimal feedback control was applied to
the double integrator [1], many results have been presented
in the literature for various systems [2]-[5], [7]-[11], [14]-
[17].

Most of them are concerned with the continuous state
feedback and output feedback. In particular, the authors of
[4] introduced the Lyapunov theory for finite-time stability
and suggested the continuous state feedback which achieves
finite-time stability of the double integrator system. After
then, the paper [5] gave the Lyapunov theorem for finite-
time stability of continuous autonomous systems. Results
based on the concept of homogeneity appear in [8]-[10].
In [8], an output feedback finite-time stabilization problem
for the double integrator system was handled and, in [9], a
continuous finite-time stabilizer for a class of controllable
systems, especially a chain of power-integrators, was pro-
posed. Moreover, the problem of finite-time output feedback
was studied in [10], which solved the problem using finite-
time state feedback and finite-time observer for the same
system. On the other hand, by backstepping and domination
approach, the consequence of [11] constructed Holder con-
tinuous state feedback for a lower-triangular systems with
uncertainty and its notions are extended to output feedback
problem for various systems [14]-[17]. These techniques
were further extended in [2].

Our objective is to design a global finite-time stabilizer
for a class of triangular nonlinear systems using an aug-
mented dynamics. Our tools are backstepping and ‘dynamic
exponent scaling’ in conjunction with a specially designed
augmented dynamics, from which a smooth (C*) state
feedback is obtained. One benefit of smooth (C*°) feedback
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over the continuous (CY) feedback is that the uniqueness
of the solution is directly guaranteed because the closed-
loop system becomes smooth. In contrast, most of previous
results such as [2], [11], [14]-[17] just guaranteed global
‘strong stability!’, or some authors of, e.g., [3]-[5], [8]-[10]
presumed uniqueness of the solution in forward time, which
is hard to verify. Another benefit of the proposed design is
that it gives relatively less hardened’ feedback, compared
to, e.g., [11]. This is because the domination method used
in [11] intrinsically yields somewhat hardened control, while
the proposed method need not use the domination method.
Finally, the proposed design is relatively simple compared
to [11]. This is again the benefit from the smoothness. In
fact, since the virtual control at each step is also smooth, the
domination method need not be used which makes the design
relatively simple. The only cost to pay for the proposed
design is that the proof should guarantee that the proposed
controller is bounded until the solution gets into the origin
in finite-time because the proposed controller has some state
in its denominator (that will become zero). In this paper, we
provide the proof using a new notion ‘degree indicator’.

To introduce our idea, while avoiding unnecessary com-
plexity, we limit ourselves in this paper to the 3rd-order
triangular systems of the form

T =$2+f1($1),
&y = 3 + fa(1,22), )]
&3 =u+ f3(x1,22,23),

where [z, 72, 23)T € R? is the system state, u € R! is the
system input, and f;(-), ¢« = 1,2,3, are smooth functions
with f;(0) = 0. For (1), a dynamic controller of the form

o = fo(xo, 21,22, 23), x0(0) > 0, 2
u = U($0,$1,$2,$3)7 (3)

will be constructed. The dynamics (2) is called as an aug-
mented system, whose intial condition is always set to be
any positive number.

The paper is organized as follows. In Section II, we present
a motivational example where uniqueness of solution, finite-
time stability of the closed-loop system, and boundedness of
the controller are studied in a simplified setting. Section III
is devoted to the main theorem and the proof, which consists
of two parts: an algebraic design of the control law and a
consideration of the dynamics to prove boundedness of the
controller. Concluding remarks are given in Section IV.

IThat is, there may be many solutions but they are all stable.

2The ‘hardened’ control exhibits unnecessarily high local gains in some
regions of the state space, which might cause excessive control effort such
as high-magnitude chattering in the control signal [6].
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II. MOTIVATIONAL EXAMPLE

To see the basic idea effectively, we begin by
i =u. “4)

For this system, consider a dynamic controller?
2

. X
Ty = —k’oxg + F =: fo(zo, )
0

_ 1_~_1 x
u= 5 xé_d

where d is a fraction such that 0 < d < 1 whose numerator
and denominator are odd integers, ko = 1 + 1/a where a =
2/(1—d), and b = 2/(1+d). Note that the controller is well-
defined and smooth in the set R(t:D) := {(x0,2) : 2o > 0}.
We set the initial condition z((0) of (5a) to be any positive
number (i.e., o(0) > 0), and it will be seen that the solution
xo(t) remains positive before the solution (zo(t), z(t)) gets
to the origin in finite time. We now claim that the controller
(5) plays the role of finite-time stabilizer by the following
arguments.

(1) For any initial condition x(0) and any x¢(0) > 0, the
unique solution (xo(t),z(t)) of the closed-loop system (4)
and (5) exists as long as (vo(t), z(t)) € R,

This is because the closed-loop system is smooth in the
open set R(+1) (see [13]).

(2) The solution (xo(t),x(t)) becomes (0,0) at a finite
time T > 0, and xo(t) > 0 for 0 <t < T.

Basically, it is enough to show that the solution escapes
from the set R(+1) in finite time through the origin. To see
this, let the Lyapunov function V = (23 + x2)/2. Then, we
have

(5a)

=: u(xo,x) (5b)

2132

1-d
Lo

V = —koxg™ + + 2zu 4 (=T It

in which the term z'*¢ is added and subtracted. Here,
to make the term x'T% to be 22, we use the following
inequality*:

1d TG Loattd gt g2
T X — =x5 X —— < e (6)
xg xg a bz,

witha=2/(1—-d),b=2/(1+d), and r = (1 +d)/a. We

name the above inequality ‘dynamic exponent scaling’ since

the augmented state x( is used to increase the degree of x.
Using the inequality (6), we arrive at

. 1 1 2
V<- (ko— ) xgT — 21 4w+ <1+) %.
a b xo
Therefore, the control (5) with kg = 1 4 1/a yields that

V< _x(1)+d _plHd

3Precisely speaking, the controller (5) should be

G, @o#0 . [(5b), m0#0
xo_{o, vo=0 M U=10" 220

since the controller (5) is not defined when g = 0.
It is based on Young’s inequality:

a b
eyl < 2 4 P
a b

where 1/a+1/b=1.

ThA01.6

Now we use the fact that if there exists a C! positive
definite radially unbounded Lyapunov function V' such that
V + EV® <0 along the solution of the system, with £ > 0
and 0 < a < 1, then the origin is globally finite-time stable
[4]. For our case, with o = (1 + d)/2, it follows that

2 2\ ¢
VARV < —(abt 4 2 4k (xO;’x >

k
< — (g™ + 2t + % (zptd + 24 (D)

= (1 - ;) (2ot + 21 <o,

in which we choose k such that 0 < k < 2¢.

We suppose that zo(t) > 0 for 0 < ¢t < T,, and
20(Ty,) = 0, with the possibility that T, = oo. Then,
during 0 < t < Ty, the solution (zq(t),z(t)) is in the set
Rt and thus, the inequality (7) is valid for that period.
This in turn implies that the function V' becomes zero at a
time Ty > 0 (noting that V' > 0 at ¢t = 0). Because V =0
implies that zo = 0, it is not possible that T,,, = oo or T, >
Ty . On the other hand, T}, < Ty is not possible either. In
fact, if T,,, < Ty, then z¢(Ty,) = 0 and 33(Tx02 2 0. This
implies from (5a) that 29 = —kozo(t)? + xox(ff))z,d > 0 for
a short time period just before T}, say t € [Ty, — €,Ty,),
because xg is very small but positive while |x(t)| is strictly
greater than zero. This implies that xo(t) does not decrease,
which is a contradiction. Therefore, it follows that Ty = T},
and proves the claim with T' = Ty,.

(3) The right-hand sides of the controller (5a) and (5b)
(i.e., fo(xo,x) and u(xg,x)) remain bounded for 0 < t < T.

Define P := {(zo,7) : koxd > 2%,mp > 0}, and
Pr := P N Br where Bp is a ball of a positive radius R
centered at the origin. The state x((¢) does not increase in
the set P because of (5a), while x((t) increases in R(H:D\ P,
There exist R > 0 and Tz > 0 such that the solution
(zo(t),x(t)) remains in Pg for t € [Tr,T'). This is because
2o(t) should decrease just before it becomes zero. Obviously,
for t € [0, Tg], the singular terms z2/22~% and z/z{~% in
(5) are bounded because they are continuous on a compact
time interval. Hence, it is left to show that they are still
bounded for the period [Tg,T). In fact, it will be shown
that two functions fy and u are bounded in the set Pg.

By noting that the singularity happens only when z¢ = 0,
we need to prove that

lim max  |g(zp,x)| < 00
zo—0F /ZEQ/]C()SCUO

where g represents f and u, respectively. To facilitate it, we
define ‘degree indicator’ as

D(g(xo,2)) = inf 3
lim sup g(mo)xg < 00 ®)

To—0T

subject to

where g(xzp) = MAX, /o <o |g(xo,x)|. Then, the

function g¢(xg,x) is unbounded in Pr if and only if
D(g(xo,x)) > 0. Finally, since D(fo(x0,2)) = —d and
D(u(zg,x)) = —d, it is ensured that they are bounded in
Pr.3

SIn fact, D(fo(xo,x)) = —d if ko # 1 or D(fo(z0,2)) = —oo if
ko = 1, for example. (But, note that ky > 1 in the example.)
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Fig. 1 shows the phase portrait of the closed-loop system
(4) and (5) for various initial conditions, d = 1/3 and k¢ =
1+1/a=4/3.

a5F

Fig. 1. Phase portrait of the closed-loop system (4) and (5).

III. FINITE-TIME STABILIZER FOR TRIANGULAR

SYSTEMS
In this section we present the main theorem with its
proof. For this, let  := [xy,z3,--- ,2,]T and R(H™) =

{(zg,z) € R"™! : 25 > 0}. (However, we consider only
when n = 3 in this paper.)
Theorem 1: Let d be a fraction whose numerator and
denominator are odd integers satisfying
DAL, |
o1 <d<1. 9)
Then, for the system (1), there exists a dynamic controller

o = fo(wo,x)

u = u(xg,x) (10)

with any x¢(0) > 0, where fo and w are smooth functions
in R(+3) | and the controller (10) renders the origin of the
closed-loop system globally finite-time stable (in the sense
that the origin is stable and, for each (x((0), z(0)) € R(+3),
there exists 7' > 0 such that lim;_,7(z (), z(t)) = (0,0)).
In addition, the right-hand sides of (10) (i.e., fo(xo(t),z(t))
and u(zo(t), z(t))) are bounded while the solution reaches
the origin.

In order to prove Theorem 1, we first present an alge-
braic construction of the smooth controller (10) based on
the dynamic exponent scaling technique, which yields the
inequality V < —kV< with some £ > 0 and 0 < o < 1. As
a second step, we then provide the proof that the right-hand
sides of the controller are bounded throughout the control
horizon, with the help of degree indicator.

A. Algebraic Construction of the Smooth Dynamic Con-
troller

In this subsection, we construct the controller (10) with
a Lyapunov function, which will show the global finite-time
stability of the origin of the closed-loop system.

For the system (1), the augmented system can be designed

as 3 5
4, Doiz1 VT
o = —horg + =5

X

0

= f0($07.’17), (11)

ThA01.6

where
_ *
Ty =T — Ty,

in which, z’s (¢ = 1, 2, 3) are virtual controls to be designed,
and ko and ~;’s are tuning gains also to be determined. The
reason to design xg-dynamics such as (11) is to ensure that
xo(t) never reaches zero before any system state does.
Step 1: We define 7 = 0 and design the virtual control
x5 in this step. Choosing the Lyapunov function V; =
(2 + 73)/2 yields
Vi =

3 =2
. o
—k0$(1)+d + 721;11_2/; L+ fl(IEQ + f1 (1’1)) + k1$1+d

0

where k; is any positive number of the designer’s choice.
Using the dynamic exponent scaling

1+d =2
d l’o Lo | *101
k2T x =2 < ., (12)
iL'O a Ty

where a, b, and r are the same as in Section II, and o7 =
kb /b, we have

3 =2
1+d itd | Dim1 Vi
V1<—<k0— R e
a Zg
53%01

+Z1(z2 + fi(z1)) + =5

1
0
Our strategy is that each term v;Z7 in Z VT2 w111 be
removed in the step 4. With this in mind, we pull Vlf}i out
To

of =i 1""3 L ag

To

3 =2

. 1 o Vil

1< - </€0 - ) ag T — ka4 72:”12_’? :
a T

—2
+ Z1(z2 + fi(z1)) + W-

Zo
Now the virtual control x5 is constructed as

Z1(o1 + )

J}'; = _fl(‘rl) - 1—d ) (13)
To
which yields that
) 1 3 72
Vi< — (ko - a) agT — kT 4 Z%ﬁj’ + 71 %2.
Zo

Step 2: With the Lyapunov function Vo = V; + 73/2, we

have
. 8332
Vo = Vi + Za(xs + f2(") —$2Z

By adding and subtracting kg:iz , with any k3 > 0, and
using the dynamic exponent scaling similar to (12), we obtain
that

Vo < — (ko — ) bt Z kot 4 ;12 ’?;

0

1’20'2
1 d’
Lo

(14)

oxs
+ Z1%2 + To(xs + fa() *IQZ 25
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where o5 = k4 /b. Noting that i contains 27 | YiT2 Jag e,
we design z% only to cancel ZZ L Yi@? /x27? leaving
'y3x3/q:2 4 to be handled in the next step. As the same
manner, only the term 7,73 /z3~¢ will be handled in the
third term of (14). As a result, the virtual control x; is kept

as a function of variables 1, ..., x;_1, (or Z1, ..., T;_1)
only. Therefore,
o= (o= 2) o= 3 owalets 25 1o
9y d 2271 ViT;
+ Z2(23 + f2()) — T2 —kozy + =S5
(w3 + o) — a2 ( (R
Oxh V3T Ox 2 (09 + 72
— g, 22 ’7273 g2 3( lid’Y )
dxo xj 3301 g
_ V3T
<(k0> 1+d Zk 1+d 1 Z+x2x3
Ox3 7373
Oxg xg*d.

with the virtual control

" _ oxh 2_ ii‘?
x3ah‘ﬁ()+axz<kmﬁ%iiﬁj;>
(15)

0
n % ~ @a(02 + 72)
8I1 xé_d .

Final Step: Let the Lyapunov function V = V5 + Z3/2.
Then, we have

*

gﬂfs (k3x3+d k fler)
Z;

2
V = Vot+2s(ut f3(-) — 23 Z
i=0

After the scaling for k3x1+d we arrive at

V<-— (k‘o - ) o Zk 7t ’Y? Z + 273
- SRl S 4 ma(ut () —zsi%aci
0o — Oz
3:30'3
x(l)fd

where o3 = kg /b. Therefore, the final control u would be

Z 8553 5953 V3TaT3  T3(y3 + 03)
= —2o — + _ ,
? fd 5’I0 1:3 d x(l)_d

(16)
so that

V < — <k0 _ ) 1+d Zk 71+d

Now choose ko > 3/a.

ThA01.6

Finally, it can be shown, similarly to Section II, that

V + kVe < - (min{kl, kg,kg,ko 3/@} - —

% (37(1)+d + Z 1+d>

d)/2 and 0 < k <

a7

with k& and « such that o = (1+
2% min{k;, ko — 3/a}.

B. Boundedness of the Controller

Boundedness is proved in the Z coordinate where = :=
[Z1, %2, 73]T since (zg,z) on RT3 is smoothly trans-
formable into (zg,z) on R(*+:3),

Define P := {(zo,x) € R* : koz? > 3°_ 72}, and
Pr := PN By with some R > 0. Now we define the degree
indicator as

D(g(xo, %)) :=inf 3

lim sup g(zo )z < 00
z0—0F

subject to
(18)

where
max

VY viz? /ko<zo

By denoting the collection of functions that are smooth on
R(M3) (ie., such as g : R(++3) — R) by G, it should be noted
that the degree indicator is an operator well-defined on G. In
addition, note that the degree indicator measures the degree
in the Z-coordinates. Therefore, if we write D(g(xo, z)), it
is interpreted as D (g(zo, )|,—(z)) Where ¢ is the diffeo-
morphism (i.e., coordinate change) between x and z, which
is obtained in the previous subsection. If D(g(zo,Z)) < 0,
the function g(-) is bounded on Pr. Moreover, the following
properties are helpful in the developments to come.

(1) For g, g1, and g2 in G such that g(xo,z) = g1(x0,Z)+
92 (I’Oa z )7

D(g(-)) < max{D(g1(-)), D(g2(-))}-

(2) For g, g1, and g2 in G such that g(xo,z) =
91(z0,Z)g2(0, T),

D(g()) < D(g1(-)) + D(g2(-))-

They can be proved by the fact that g(-) < gi(-) + g2(*)
and g(-) < g1(-)g2(-). Some examples of the degree indicator
are presented here:

e Let g =0 and gy = go = 1. Then, D(g) = —oc and

D(q1) = D(g2) =0, Wthh satisfies the item (1).

o Let g(x0,71,72) =1+ 2+ L+ 1112 + x§. Then,

D(g()) < max{Du),D (jﬁ) D (I) ﬁ(zé)}

0

g(zo) := lg(wo, ).

19)

(20)

= max{0,0,1,—4} = 1.
e Let g(xo,71) = é g =Z2x 114 =1 g1(Z1) X ga(xo).
Then D(g(1)) = -1 — d, D(gl( )) = —2, and

D(g2(x0)) = 1 — d, with which the item (2) holds.
It is also worthwhile to observe the following.
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(3) Suppose that D(g;(x0,Z)) < —c¢; with ¢; > 0 for

gi €G i=1,--- .k and a smooth function f : RF¥ — R,
Let f. = f(0,---,0). Then it holds that
D(f(g1(20,Z),- -, gr(20,T)))
< —min{eq, -+, ek} %ffcz() 21
=0 if f. #0.

In fact, D(g;(x0,Z)) < O implies that, for any R >
g; is uniformly bounded on Pg (i.e., there exists K >
such that |g;(zo, )| < K for all (zo,Z) € Pg). Let fs(-)

I o2

f() = fe. Then, from the smoothness of f.(-) and the fact
that f5(0,---,0) = 0, it follows that
fs(gl(xOvj)a e 7gk(x03£))
g1(o0, )
:Fs(gl(x()»j)v"' 7gk($07i.)) ’
9k(20, T)
where F, : RF — R** is a smooth function [13]. Therefore,
D(fs(gl(‘rOaj)v e 79/6(1705 ‘i‘))) = lIlf/B SUbjeCt to
lim sup max
zo—0F />3 vi%2/ko<zo
gl(ﬂ;‘o,f)
Fs(gl(IO;f)7"’ 7gk(I07j)) : l‘g<OO.
gk(l'o,d_?)

The left-hand side of the above inequality is less than or
equal to

lim sup max

1 F5(g1(wo, Z), - - -
zo—0tF /3% 732 /ko<zo

y 9k (20, T)) ||

\91(x0, Z)|28

x lim sup max
20—0+ /T3 432 /ko<a T
' CE N gk (o, 2) g
Since Fs(g1(zo,Z), -+ , gk(xo,T)) is uniformly bounded on
Pr (by the fact that D(g;) < —¢; < 0),

D(fs(+)) £ —min{eq, ..., e}

Finally, since D(f.) = 0if f. # 0 and D(0) = —o0, the
claim easily follows by (19).

From now on, we are going to prove that D( fo(zo,z)) <
0 and D(u(xg,x)) < 0 where fq and u are given in (11) and
(16), respectively. The former is obvious from (11) since a
direct evaluation of D( fo(zo, z)) leads to the conclusion. To
show that D(u(zg,x)) < 0, we first show that D( <0
for ¢ = 2,3 step by step under the condition of d in (9).

Let us consider x5 in (13), which is composed of two
terms: the drift term f;(-) and M The drift term

f1(-) may be 0 or a fllIlCtlon of xq and the partial derivatives
of f1(+) may satisfy 2 -1(0) = 0 or &- 1f1( 0) 0.

't 03
But, since (21) appliels to all cases, it 1ls induced that

i) <1 0 (G ) 0wz
T

(22)

ThA01.6

The result (22) will be used to compute D(x}), i > 3

in the following procedure. The fact D <81;17+6;’;() <

0,7 > 1, which will be proved, is helpful in estimating
D( )4 > 3.

Therefore, with (22) and D (—%) = —d, we
obtain ’
D(z5) = —d, D(z1) = D (22 + x5 + f1(-)) = —d. (23)

Next we will get the condition of z3 to be bounded. The
feature of 3 is that it includes the partial derivatives of x3,
which may cause D(z%) to be positive. We start with the
drift term f5(-). Since the drift term f5(-) have z;,i = 1,2
as variables, substituting z; = z; and T = z9 — 75 into
fa(z1,x2) yields fo(Z1,Z2 + 25) and, by (13) and (21), we
can easily prove that

onitne f2()

) < — 2RV < > 1.
D(fa(-)) < —d, D( G O ) <0, n+ng>1

The third and forth terms of =3 include partial derivatives
of z5 and we have to handle those carefully for reason of

D (g?) > 0,7 = 0, 1. After simple calculations, the results
are summarized as

grotmigs = (no +n1 — d),
1 <0

no n
Oz 0z

ng >0, 0<n; <1
TL()ZO, n122.
24)

From (20), (23), (24), and D (—koxg n %) <
—d, it is clear that ’

oxs S22
D| =2 —koad+ ==L 0 ) ) <1—2d
(63:0 ( 00 x(2)—d o

D(ax2 ):1—2d.

81’1
Therefore, by D(z1) = —1, D (%) = —d, and
(19), it is obtained that ’

D(3) =

1—2d, D(z9) =1-2d. (25)

In order to guarantee that z3 is bounded, we select the
value of d such that % < d < 1 and suppose this fact forward.

Finally, we compute the value of the degree indicator of
the controller (16) and show that the controller is bounded
under (9). After transforming the drift term f53(x1,x2,x3)
into f3(@1, T2 + a3, T3 + x%), applying (23) and (25) under
1 <d < 1into (21) results in

an1+n2+n3f3
2 () < 1— — | < >
D(fs(-) <1 2d,D(a "laxnzax“S) 0, Zn 1.

To estimate the third term of the controller (16), which
includes partial derivatives of x3 with respect to z;,¢ =
0,1, 2, we need to simplify the process and define

2 2
Zi:1 Vil
2—d
Lo

Hg({El, 1‘2) =: —kol‘g +

3809
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and the degree indicators of the partial derivatives of II3(-)

yield
Olls(+) 1—-d if 1=2
D = ’ 26
< dx; 2(1—-d) if i=0,1, (26)
which is based on (19), (20), and (24).
In the course of evaluating D (%) , 1 = 0,1,2,
aral%;g), 1 = 0,1,2 are essential. To give a detailed expla-

nation, we present the partial derivatives of x3 as

Oxy _ 0fa()  (2to02)  Ox50ll3  Oxh
6372 8%2 q;(lj_d 81)0 (9.1’2 81‘1 ’
o _ | OB Omlaren | P
8561 8331 8$1 1:(1) d (9.1‘031,‘1
8m2 8H3 8552 8f1
aIL'o ﬁxl (3':121 8I1
0z _(y2+o2) (O3  (d—1)7y N 8%2H
dry xcl) d Oxg T Ox? 3
81‘2 Oll3 0% A
3xo 8£E0 8x08m1
By (20), (24), and (26), the terms 922 2l1s j = 0,1, 2 have
Oxs Oll3 2(1—d) if i=2
D[ =2 = 27
<6x0 6@) 3(1—-d) if i=0,1. @7)

Oxg Ox;
?’ and decides the
81_13( )

The result shows that each D (dnd) makes D (%8H3)

value of D ( ) which explains the reason why 1=

0,1,2 are 1mp0rtant.
Hence, using (23), (24), (25), (27), and the properties (19),
(20), and (21), we arrive at

_ To(y2 +02)  Oxd ToT3

P — D) — Z72 <
D( ) fS() Ié_d +8$01’8_d <0
D(Zmd ):2(1—d)+(1—2d):3—4d

T2

ox
D 3 =3(1-d)—d=3-4d, i=0,1
<axz> 3(1 - d) 3—4d, i =0,

and
D(u) =3 —4d.

With the help of the approach above, we conclude that,
if we choose d satlsfylng < d < 1, the controller (16) is
bounded.

Remark 1: For n > 2 system, it is very important
to evaluate the partial derivatives of virtual controls since
considering every term of them is a tedious and complicated
work. The degree indicator (18) proposed in this paper is a
very useful and efficient tool since it only notices the term
of which the value of the degree indicator is positive, i.e., it
may be unbounded without the condition (9) on d.
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C. Proof of Theorem 1

Smoothness of the closed-loop system (1) and (10) in
R(+3) guarantees existence and uniqueness of the solution
(xo(t),z(t)) as long as xzo(t) > 0. Hence, while zo(t) > 0,
the inequality (17) holds which ensures stability of the
origin and the finite-time convergence of the solution into
the origin. It can be shown similarly to Section II that the
solution (zo(t),x(t)) becomes (0,0) at the same time, and
before that time, x(t) > 0.

Now, by the definition of the set P, it can be seen (as
in Section II) that any solution enters Pr with any R >
0 in a finite-time. Since we have shown that the functions
fo(zo,x) and u(xg,x) of (10) are bounded on Pg (in the
previous subsection), it is concluded that both fo(xo(¢), z(t))
and u(xo(t), z(t)) are bounded from the initial time to the
time when the solution gets to the origin.

IV. CONCLUSION

This paper has proposed a smooth dynamic controller for
a class of triangular nonlinear systems. Boundedness of the
controller has been proved with the help of a new tool ‘degree
indicator,” which turned out very useful to evaluate degrees
of singular terms. Although the presentation in this paper is
limited to the 3rd-order system, it is extensible to general
nth-order systems. Our future works include some extension
to uncertain systems.
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