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A Small-Gain Condition for Integral Input-to-State Stability
of Interconnected Retarded Nonlinear Systems

Hiroshi Ito, Pierdomenico Pepe and Zhong-Ping Jiang

Abstract— 1In this paper, interconnected retarded nonlinear
systems are considered. Both the constant discrete and dis-
tributed time-delays in the subsystems and the interconnections
are addressed. A sufficient small-gain type condition for integral
input-to-state stability with respect to external inputs is pro-
vided in the framework of Lyapunov-Krasovskii functionals.

I. INTRODUCTION

Time delay has been a major topic in the area of systems
control since it is often a source of instability. Delays are
unavoidable in practice for interconnected systems and net-
works which are spatially distributed. This paper addresses
the stability of interconnected retarded nonlinear systems
with discrete as well as distributed time-delays in both
the subsystems and the interconnecting channels. A small-
gain condition is proposed to verify integral input-to-state
stability with respect to external inputs. The condition may
result providing new delay-dependent or delay-independent
stability criteria.

In the literature of nonlinear delay-free control theory, a
great deal of effort has been put into the problem of finding
useful conditions under which interconnected systems are
stable. A major development which plays an important role
in nonlinear system analysis and design is the input-to-
state stable small-gain theorem (see [9], [20], [18]), which
is applicable to the interconnection of input-to-state stable
(ISS) subsystems. In the paper [7], small-gain type theorems
for interconnected systems involving integral input-to-state
stable (iISS) subsystems are derived from the state dependent
scaling formulation.

Small-gain type conditions for interconnected nonlinear
delay-free systems, with time-delays in the interconnecting
channels, have been considered in [3], [16] recently. In [3]
delay-independent stability of a feedback interconnection of
nonlinear delay-free systems with finite £,-gain are studied.
Time-varying delays are also considered. In [16] a trajectory-
based version of the input-to-output stability small-gain the-
orem is presented. In [4], a small gain theorem for monotone
systems without external signals is developed in an abstract
Banach space setting, which can yield global attractivity of
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time-delay systems as a special case under the assumption
of the existence of bounded trajectories. An IOS/ISS small-
gain theorem has recently been introduced in [10] for a wide
class of time-varying systems which may include hybrid,
impulsive and retarded systems. In the literature of time-
delay systems, the idea of decomposing a single system
into an interconnection of dynamic and static systems has
been also popular, and small-gain arguments have also been
utilized there. In [2], the relationship between the Lyapunov-
Krasovskii method and a delay-independent version of the
small-gain type criterion is studied for stability of systems
with time-delay and memoryless linear growth nonlinearity.
For linear time-delay systems, the equivalence of several
Lyapunov-based stability conditions and the application of
the scaled small-gain technique to an uncertain comparison
system is shown in [22]. The effects of time-delays and
disturbances were treated in [21], where a Razumikhin-type
theorem that guarantees ISS of retarded nonlinear systems is
established using the ISS small-gain theorem. In [12] the ISS
small gain arguments are applied to the problem of stabiliza-
tion of nonlinear systems in the presence of quantization and
bounded communication delays. In [15], Lyapunov criteria
employing functionals which provide sufficient conditions
for the ISS and the iISS of retarded systems are given.

In this paper, we extend considerably the results in [7] to
more general systems with time-invariant non-commensurate
discrete as well as distributed time delays. With respect to
[10], we focus attention on Lyapunov-Krasovskii functionals
and iISS property of retarded systems. This paper provides a
small-gain type condition for retarded systems which are the
feedback interconnection of retarded subsystems admitting
suitable storage functionals and supply rates. The main
features of the result are:

(i) discrete as well as distributed time-delays can appear
not only in the interconnecting channels, but also in the
individual subsystems;

(i1) Lyapunov-Krasovskii functionals characterizing stabil-
ity of interconnected systems are constructed, on the basis
of Lyapunov-Krasovskii functionals for each subsystem;

(iii) interconnections of iISS subsystems are considered;

(iv) we address stability with respect to external signals,
and include global asymptotic stability as a special case.

To the best of the authors’ knowledge, there have been
no studies achieving all the four points. It is widely known
that the notion of ISS introduced by Sontag in [17] allows
us to remove too restrictive requirements of finite Lo-gain
systems and the L£3-gain technique. The class of ISS systems
is a strict subset of iISS systems which can cover a much
larger class of practically important systems than the ISS
ones [1]. The characterization of ISS and iISS in terms of
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Lyapunov-Krasovskii functionals developed in [15] is here
exploited. Proofs are omitted due to the space limitation.

NOTATION: The symbol |-| stands for the Euclidean norm of
a real vector. The interval [0, co) in the space of real numbers
R is denoted by R;. A measurable function v : Ry —
R™, m positive integer, is said to be essentially bounded if
€88 SUp;q |u(t)] < 400, where ess sup,s |u(t)| = inf{a €
[0,4+00] : A({t € Ry : |u(t)] > a}) = 0}, X denoting the
Lebesgue measure. For a measurable and essentially bounded
function v : Ry — R™, |lulec = esssup,sg |u(t)|. For
given times 0 < T} < T5, we indicate with u[TlTQ) Ry —
R™ the function given by wip, 1,)(t) = u(t) for all ¢ €
[T1,T%) and = 0 elsewhere. A function w is said to be locally
essentially bounded if, for any T' > 0, Ujo, 1) is essentially
bounded. A function w : Ry — Ry is said to be positive
semidefinite and denoted by w € Py if it is continuous and
satisfies w(0) = 0. A function w € Py is said to be positive
definite if w(s) > 0 holds for all s > 0, and written as w € P.
A function is of class /C if it belongs to P and is strictly
increasing; of class [Co if it is of class K and is unbounded.
A function [ : Rﬁ_ — Ry is of class KL if for each fixed
t the function s — [((s,t) is of class K and for each fixed
s the function t — [(s,t) is non-increasing and goes to
zero as t — +o0. For given (maximum involved time-delay)
A > 0, ny, ny positive integers, C;, i = 1,2, denote the
spaces of continuous functions mapping the interval [—A, 0]
into R™ and for ¢; € Ci, [|dillc = sup_a<g<o|#:(0)]-
C denotes the space of continuous functions mapping the
interval [—A, 0] into R™**"2 and, again, for ¢ € C, ||¢]|cc =
SUP_ a<p<o |0(0)]. Let M, ; : C; — Ry and M, : C — Ry,
i = 1,2, be continuous functionals such that there exist Yo i
Va,i» Vo> Va € Koo such that ’

Vi (9i(0)]) < Mai(hi) < Vo illldilloc), Vi € Ci (1)
7, (1200)]) < Ma(8) <7, (lI4llo0); Vel (2

hold. For any continuous function z;(s), i = 1,2, defined
on —A < s < a,a >0, and any fixed ¢, 0 < ¢ < a, the
standard symbol z;; will denote the element of C; defined
by z;.(0) = x;(t+0), —A <6 <0.

II. PRELIMINARIES

Let us consider an interconnected system described by
#1(t) = fi(z1e, T2, m1(1)),
xQ(t) = f2(x2,t7 X1t TQ(t))a

21,0 = £1,0, 2,0 = £2,0,

3)

where, for i = 1,2, z;(t) € R™; r;(t) € R™i is an external
input (measurable, locally essentially bounded); n; and m;
are positive integers; &0 € Cy; fi 1 C; X C3—; x R™ — R
is a functional which is Lipschitz on any bounded set!.
We use the notation combining vectors such as z(t) =
1), 22()T)F € R, r(t) = [T, r(®)T]T € R™,
fo = [0 &ol" € C fO) = [A0T LOTT. ¢ =
[¢T, ¢T]T € C. It is assumed that f;(0,0,0) =0, i = 1,2,
thus ensuring that x(¢) = 0 is the solution corresponding to

To guarantee that the system (3) admits a unique maximal solution ()
which is locally absolutely continuous[5], [11].
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zero input and zero initial conditions (i.e. the trivial solution).
Note that the formulation (3) accepts non-commensurate
discrete as well as distributed time-delays not only in the
interconnecting channels, but also in the individual subsys-
tems. This paper does not assume the exact knowledge of
functionals f;, i = 1, 2. Instead, we associate each subsystem
described by f; with supply rates and assume the knowledge
of dissipation inequalities as follows:

Assumption 1: There exist locally Lipschitz functionals
Vi:Ci — Ry, i =1,2, such that

a;(Ma,i(¢:)) < Vi(¢i) < a;i(Ma,i(¢i)), 4
DFVi(¢s, p3—i i) < pilis d3—i, 74), @)
where V(bjECj,j:l,Q,V T‘iERmi,
(A V(b
DVi(¢i, ¢3-i,7i) = limsup Yilgs) - Vald) (6)
h—0+ h
oi(s+h), s €[-A,—h),

or(s)=| , (b B0l
¢’L(O)+(S+h’)fl(¢l7¢37l7rl)7 ERS [ h70]7

a,,; are K functions, and p; : C; x C3_; x R™ — R are
continuous functionals satisfying p;(0,0,0) = 0.

Each subsystem described by f; is said to be dissipative
with respect to storage functional V; and supply rate p;.

For a locally Lipschitz functional V, C — Ry,
DTV (é,1), where ¢ € C, r € R™, is defined as follows:

D V(6 1) = limsup Yei@) = V(@)

h—0+ h ’
th(S) — ¢(5 + h)? s € [*Av 7h)7
¢(0)+ (s +h)f(d,r), s€[=h,0]

Using this derivative, in this paper, the interconnected system
(3) is said to be dissipative with respect to the storage
functional V; and a supply rate p.; if

D+Vcl(¢77") S Pcl(¢1a¢277"177"2)7 V¢EC, V’I"ERm (7)

holds for a continuous functional p.; : C; XCoxR™1 xR™2 —
R satisfying p.;(0,0,0,0) =0. The final goal of this paper
is the study of iISS and ISS properties of the interconnected
system (3). These properties can be characterized as special
cases of the dissipativity introduced above. For this sake, we
borrow the following definitions from [17], [1], [15].
Definition 1: If the solution xz(¢) of the interconnected
system (3) exists for all ¢ > 0 and furthermore satisfies

[2(8)] < Bllzollo, 1) +7r(lI710,6) lo0) ®)

for all ¢t > 0, with g € KL, ~, € K, the system (3) is said
to be ISS with respect to input r and state x.

Definition 2: If the solution x(t) of the interconnected
system (3) exists for all £ > 0 and furthermore satisfies

(20 < B0, ) + / w(r@Ndr,  ©)

for all t > 0, with § € KL, x € K, 7 € K, the system
(3) is said to be iISS with respect to input r and state x.

Definition 3: A locally Lipschitz functional V; : C — R4
such that the inequalities

ay(|¢(0)]) < V(¢) <au(Ma(¢)), Ve € C, (10
DYV (¢, 1) < —aq(My(¢)) + o.(Ir]), Yo €C,r eR™(11)
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hold for some «;, @i, o € Koo, 0 € Py is said to be an
ISS Lyapunov-Krasovskii functional for system (3).
Definition 4: A locally Lipschitz functional V; : C — R

such that the inequalities

ay(Ma(¢)) < V(¢) <a@u(Ma()), Yo € C, (12)
D*V(¢, 7)< —ae(Ma(9)) + o, (|r]), Vo eC,r eR™(13)

hold for some a;, @ € Koo, er € P, 0 € Py is said to
be an iISS Lyapunov-Krasovskii functional for system (3).
The following theorem is given in [15] (functionals are
chosen locally Lipschitz according to results in [13], [14]).
Theorem 1: If there exists an ISS (iISS) Lyapunov-
Krasovskii functional for system (3), then system (3) is ISS
(iISS, respectively) with respect to input r and state x.

II1. DISSIPATIVITY

This section shows that the problem of verifying dissipa-
tivity of retarded interconnected systems can be formulated
into the following.

Problem 1: Given locally Lipschitz functionals V; : C; —
R, and continuous functionals p; : C; x C3_; x R™ — R,
find continuous functions A; : Ry — R, satisfying

+oo
Ai(s) >0V s € (0,400), / Ai(s)ds = 400, (14)
1

for i = 1,2 such that

M (Vi(61))p1(d1, P2,71) + Aa(Va(@2))p2(@2, ¢1,72)
< pe(@1, Pp2,11,72)

Vo; €Cj, Vrj €R™, j=1,2 (15)

holds for some continuous functional p, : C; X Co x R™! x
R™2 — R satisfying

p6(¢1a¢27030) S
—p(|91(0)] + [¢2(0)[) Vo1 €C1, P2 €C2 (16)

with a function p € P.

When C; and Cs are replaced by R™* and R"™2, respec-
tively, the functionals p;, p2 and p. become functions and
Problem 1 reduces to the problem proposed by [7] for delay-
free systems. The following lemma confirms a chain-type
rule for the upper bound of the upper right-hand derivative of
a composite mapping, which links Problem 1 to Lyapunov-
Krasovskii functionals of retarded interconnected system (3).

Lemma 1: Given a locally Lipschitz functional V; : C; —
R, and a continuous function A; : Ry — Ry, let W; :
C; — R, be a continuous functional defined as W;(¢;) =

L)Vi(d)i) Xi(s)ds. Then,
DYWil¢i, d3—i,ri) < Ni(Vi(¢i)) DT Vi(i, d3—i,i), (17)

where

h
D*Wi(¢i, d3—i,7:) = limsup Wl(d’i)h - (18)
0+

We are now in positionhtoolink Problem 1 to dissipativity
associated with global asymptotic stability of the intercon-
nected system (3).

Theorem 2: 1If there is a solution {A1, A2} to Problem 1,
then the trivial solution of the interconnected system (3) with

Wi(:)
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r(t) = 0 is globally asymptotically stable. Moreover, the
locally Lipschitz functional V,; : C — R, defined as

Vi(¢1) Va(¢2)
Va(e) = / A1(s)ds +/ Xa(s)ds  (19)
0 0
is such that, for some a;, @c € Koo,

(Mg (f1) + Ma2(h2)) < V(o) <
acl(]\/[a,l((él) + Ma,2(¢2))

holds, and the interconnected system (3) satisfies
D V(8,1) < pe(dr, da,71,72), ¥ € C, ¥r € R™. (21)

The extension to local stability properties is possible by
removing the second condition in (14). In fact, without the
second condition in (14), we can still obtain Lemma 1 and
Theorem 2 with ¢,; € K.

Some dissipativity properties which are stronger than
GAS, such as ISS and iISS, are not guaranteed by (16).
The next section elaborates on this point and shows another
Lyapunov-Krasovskii functional replacing (19).

IV. MAIN RESULTS: iISS

In order to derive the iISS property, this section solves
Problem 1 so that the supply rate p. of the interconnected
system (3) is in the form of (13). Since the subsystems only
satisfy Assumption 1, we cannot manipulate the supply rates
of the subsystems as freely as we can do with delay-free ISS
subsystems [19]. However, we may be still able to obtain a
particular supply rate which is useful in achieving our goal.
The following lemma provides us with such a way.

Lemma 2: Consider, for i = 1,2,

(20)

(22)

with h; a positive integer, and a non-decreasing continuous
function \; : Ry — R,. Assume that

iy 031,042+ 504 h; GIC, Ori EP(],

lim o;(s) < oo = lim A\(s) < o0 (23)
holds. If functionals V;, M, ; : C; — R satisty
a;(Moi(¢i)) < Vi(di) <a;(Ma,i(¢:)), Vi €Ciy (24)
for some ¢;, @; € K, it holds that
hi
Xi(Vi(é:) § =i Mai(00)) + Y 0 j(wi j) + 0i(z:)
i=1
h; !
< —ai(Mai(¢0)) + Y i j(wi) + Grilz)
j=1
v¢i ecia vwi7j7zi €R+7j:1727"'7hi7 (25)
where &;,0; € K and &,; € Py are
1
ai(s) =96 (1—_) i, (8))ai(s) (26)
Ai(0:,(5))ai 5 (s)
6i,j(5) — if UILII;O Oéi(’U) Z Tihiai,j(s) (27)
lim A;(v)o; ;(s) otherwise
/\i(eri.(s)).o'ri(s)
Grils) = if vlirrgo a; (V) > 104(8) (28)

lim A;(v)o,;(s) otherwise
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defined with

1

0ij(s) = @0 a; " o Tihioi j(s)

0,i(s) = @ oa; o T0.(s)

for any 6 € (0,1) and 7,7 €

1— R >6(1— L
i Tri Ti
The next lemma provides partlcular functions ¢; and 7; ;
having a nice property by selecting \; and As.
Lemma 3: Given (22) and o, @; € Koo satisfying o (s) <
a;(s), Vs € Ry, for i = 1,2, we assume that one of

(Al)

(1, 00) satisfying

lim as(s) =oc0 A lim ai(s) =0

5—00

(A2) lim ag(s) =00 A lim o3(s) < o0
(A3) lim o1(s) <oo A lim o3(s) < oo
holds, where

oi(s)=h; max {o;,(s)} (29)

7=1,2,...,h;

Consider &;,0; € K and o,; € Py given by (26), (27) and
(28). Let My, My 3_;; : C; — R*, i = 1,2, be functionals
fulfilling

Ma1(¢p1) > Ms2 (1), Vo1 €Cr, j

j=1,2,...,hs (30)

Mg 2(p2) > My1,5(¢2), Vo2 €C, J=1,2,~-h1 (3D
If there exist ¢; > 1, © = 1,2 such that
c1010 gglo Qg 0 a;lo ca09(5)
< ajod; ooy (s), VseRT  (32)

is satisfied, then there exist a;; €K, ¢ = 1,2, such that

> (e

a Z (bl))
F(1+e) Zm i (93-5)) + ralril)}

< Z{ aclz az(¢z))+07 1(|T1|)}

V(bl ECl, 1 Ele
[O,Ci—].

V¢2 ECQ, T9 cR™2

) with

(33)

holds for each ¢; €

. —1 1 BN
A(s)= [ag ol 0o —ajoa; (s)} {al oay (s)} 34)
T1 T1

_ ko by -1 P+1
Xa(s)= g,y \ 7y o2 ()] G
for any ki, ko, 71, 0, ¥ € R and any [1; € K satisfying
ui(s) = (14’600}(8), k; > 1, 1= 172 (36)
0<+v/m/ki<d<1 (37)
(
0<9, 1<m, (;) <(m1 —1)(ka — 1) (38)
1

pa(s) < fir(s), Vs € RT (39)
lim a(s) < lim fi;(s), Vs € RT (40)

E1jin 0 aytody o ay o kapa(s)
< ajoa; toa,(s), VseRT  (41)

TuA01.4

Furthermore, G 1, Q1,2 € Koo holds if o, ap € Ko

The existence of k1, ko, 71, 0, ¢ € Rand ji; € K fulfilling
(36)-(41) is guaranteed when (32) and one of (Al), (A2) and
(A3) is satisfied. The key point of Lemma 3 is that ¢; > 0 is
allowed in (33), which makes a remarkable contrast to the
previous techniques for delay-free systems.

Remark 1: 1t is stressed that (32) with ¢1, co > 1 requires

lim as(s) =oc0 V (42)

5§— 00

Also note that (23) is fulfilled by (34) and (35) with the help
of (40) when one of (Al), (A2) and (A3) is satisfied.
The following theorem is the main result of this paper.
Theorem 3: Suppose that supply rate functionals p;, ¢ =
1,2, are as follows:

pi(Giy P3—iy1i) =
—CVZ( a z((bz)) +5; ,004, O(Ma 3— z(d)S*i)) +

Zs,ﬂm (o g (165 -s(=2)D)) +rillril). @3)

where h is a positive integer and, for ¢ = 1,2, a; are
functions of class IC, o,; € Py, A; € (0,A],j =1,2,...,h,
0i4, J =0,1,...,h, are functions of class K, S; ;. belongs
to {0,1}, k =0,1,..., h. Assume that one of the following
three conditions holds:

(H1)

lim as(s) > lim oa(s)

lim as(s) =00 A lim ay(s) = oo,

§—00

(H2) lim az(s) =00 A  lim oa(s) < oo,
(H3) lim o1(s) <oo A lim o3(s) < o0,

where o; are defined as

h
= (Z SNc) max S”J”(s) (44)
j=0,1,....h
k=0
Suppose that there exist ¢; > 1, ¢ = 1, 2, such that
c101 0 g;lo Qg O a;lo co02(8)
< ajoa; toa,(s), Vs€ER,  (45)

Then, the interconnected system (3) is iISS with respect to
input r and state x. In addition, it is ISS with respect to input
r and state x in the case of (H1). Furthermore, an iISS (ISS
in the (HI) case) Lyapunov-Krasovskii functional for (3) is

V1(¢1) V2(¢2)
V(o) :/ Al(s)ds+/ A2(s)ds
0 0
h 0
+Z/ F1(7)501,501,5 (laz(
=178

h 0
+Z[A- Fy j(1)82,552,5 (la,1(|¢1(’r)|)) dr (46)
7j=1 g

where \i, Ay and &; ; are given in (34), (35) and (27), and
F,;:[—A;,0] = [1,1+4¢] is defined for 0 < ¢; < ¢; — 1 as

[62(7)])) dr

T+Aj

Fij(r) = % T (1+e) (47)

. J By

Theorem 3 is a natural generalization of the delay-free
systems results in [7] to time-delay systems. In fact, as
the maximum involved delay A — 0, taking into account
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the inequalities (1), the supply rate (43) reduces, for x; €
R™ r; € R™ ¢ =1,2, into

pi(wiy w34, 1) = —Gi(|w4]) + 63 (|w3—i|) + oril|ril),
Gi(s) = —ai(y (s)), h
Gi(s) = Si00i0 (Va,s—i(SD + Z Si,j0%j (%73—”(8))

=1

a,i

The inequality (45) is a small-gain condition.

Time-invariant non-commensurate discrete as well as dis-
tributed time-delays in both the subsystems and the in-
terconnecting channels can be covered effectively by the
dissipative inequalities (5) and the supply rates (43). The
inequality (45) by itself is independent of the delays. Thus,
if the subsystems accept the supply rates (43), ¢« = 1,2,
for arbitrary time delays, the stability condition given by
Theorem 3 is delay-independent. It can be also intuitively
understood that a delay-independent small-gain condition
can guarantee iISS of the interconnection of two delay-free
subsystems regardless of (discrete as well as distributed)
delays in interconnecting channels.

Remark 2: Hypotheses on the supply rates (43) of The-
orem 3 are sufficient conditions for each subsystem to be
iISS with respect to input (x3_;, ;) and state x;. In fact,
the choice (43) implies that

pi = —i(Myi(9:) +0i (Vg 3-i (| #3—illoc ) +ori(lri]) (48)

is also a supply rate for the x; subsystem, which yields

iz 0)) < Bil€iolloos ) +
/O i (25— loo) d7 + / ei(ri(r))dr

for all ¢ > 0 with 8; € KL, x; € K, and v;, 7,5 € K.
In the case of (HI), the z; subsystem is ISS with respect to
input (z3—;4, ;) and state x;, i.e. ,

lzi(t)] < Bi(lli0lloos t) +
¥i ( sup ||£C3i,r|oo)> + i (1) 0,6) [loo)

T€[0,t)

for all t > 0 with 8; € KL and ;, v,; € K.

Remark 3: 1If the x5 subsystem accepts a supply rate in
the form of (43) with Sy = So1 = ... = Sap = 0, the
interconnected system (3) becomes a cascade. The condition
(45) can be always met by choosing small o2 ;(s)’s.

Remark 4: If there exist positive numbers G;;, j =
0,1,..., h, such that G3_; ja; = o3_; ; hold for each i = 1,2
in (43), the ISS Lyapunov-Krasovskii functional of the whole
system becomes simple. For example, if

Pi(Bis p3—is i) = —(Ma,i(¢i))? +
Si,0Gi0(Maz—i(¢p3—i))F +

h
S 855Gis (Vg (05-i(=25)) + onillril)

j=1

23
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holds for + = 1,2 with some p > 0, the ISS Lyapunov-
Krasovskii functional (46) becomes

V(o) Zhvl(¢1) + Ao Va(o2)
0
+Z/ Fy;51,;Gh (la72(|¢2(7)|))pd7
j=17—8
h

L 0
A2

=18

Fo;(1)825Ga; (1, , (6 (r)))) dr.

where A5 is any positive real number satisfying G; < Ay <
1/G5 and G; = ZZ:O S; kG k. Note that the existence of
c; > 1, i=1,2 fulfilling (45) can be replaced by G1G5 < 1
in this case.

Remark 5: In the absence of the external signals r; and
r9, the Lyapunov-Krasovskii functional can be chosen as (46)
with €; > 0 and e > 0.

V. ILLUSTRATIVE EXAMPLES
Example 1) Consider
1
EREN0)
Za(t) = —yaa(t) + x2(t — Ag) +

1(t) (=@1(t) + 22t — A1) +11(7))
a:l(t — A3)
1+ 22(t — Ag)
where z(t) = [z1(t),22(t)]T € R?%, r1(t) € R, and v, A,,

i =1,2,3 are positive reals. Let, for ¢; € C1, 2 € Co,

Vo) =g,
v2<¢2>:¢>§<0>+/

(49)

T+A2
A,

where a positive real § has yet to be chosen. Define

2<_T+(1+5)

N )b(r)irso)

0

M1 (01)=02(0), My 2(p2)=03(0) + . ¢3(T)dr (51)

Then, a;(s) =a1(s) = s, ay(s) = s, @a(s) = (14 9)s and
7, 1(5) = Faa(5) = 52,7, () = 82, F0n(s) = (14 Ag)s2
Using the Young’s inequality, we obtain

HO) L BA)
1+¢3(0)  1441(0)  e(1+¢%(0))’
for 1 > € > 0. Thus, the z; subsystem is iISS with respect to
input (x2,71) and state x1. A supply rate is (43), with h = 3
(number of all discrete delays in the overall system), S; o =
51’2 = 51’3 = 0, 5171 = 1, al(s) = (1 — 6)&,0’1’1(8) =
s,0r1(s) = Ls%. The Young’s inequality also yields

DYV, < (—2v+ 34 6)¢3(0) +
P (—A3) 5 [°

1+ ¢2(—=A3)  Ax /) 4,

DTVi < (—1+e€)

+

$3(r)dr

Thus, if v > %r‘s, the zo subsystem is ISS with respect to in-
put 1 and state z3. A supply rate is (43), with Sy o = S2 1 =
S22 = 0, So3 = 1, aa(s) = min{27 -3, &}s,

023(s) = 1i5. The condition (45) is satisfied if (1 +

)/ min {27 —3-4, A%} < 1 — e. Since € can be chosen
arbitrarily small, we conclude that system (49) is iISS with
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respect to input r; and state x, provided that there exists a
positive real J such that the system parameters v, Ay satisfy

o)

A (52)

1+5<min{2v—3—5,
Whenever (52) is verified, for any value of positive reals
Ay, Ag, the interconnected system (49) is iISS with respect
to input 71 and state . For instance, v = 3, As = 0.2 fulfill
(52) with 6 = 1/2. An iISS Lyapunov functional of the
system (49) is V,; given in (46) with (27) and

146
min{?v—?;—é,&}

A =1, <A <1

Example 2). Next, we consider
Il(t) = 72I1(t) + Z'Q(t)
P*(l=(®))

Falt) = o (t) = dea(t) = 220 T s ()
yri(t — A)xa(t) + r2(t),

(53)

where z;(t) € R, p(s) = 4s +4s> + 3,8 > 0, v € R
is a parameter, A > 0 is a fixed time-delay. The system
(53) is a particular time-invariant case of the more general
time-varying control system studied in [6]. The authors of
[6] investigated uniform ultimate boundedness of their time-
varying system, while this paper introduces the disturbance
ro into the time-invariant model to address stability with re-
spect to actuator errors as well as global asymptotic stability.
Let Vi(¢1) = ¢1(0), Va(¢2) = ¢3(0), Ma1(¢1) = ¢7(0),
My 5(¢2) = Va(g2), Thus o, (s) = @i(s) = 57, ay(s) =
Ga(s) = sand v, (s) =F,,1(5) =7, ,(5) =T, 2(s) = 5°.
The following inequalities holds:

D*Vi < =5¢(0) + ¢3(0)
2 2
DYV, < ~g3(0)+ 2820+ L83 (-A0) +ed(0)+ 2

where € > 0 is arbitrary. Thus, we take h = 1, S1 = 1,
S11=0,5,0=1,5;=1and

ai(s) =5s%,  as(s) = (1— 6)5,2 or(5) =0,
ns) = or(s) =2 (147 )5 0rals) = 15

2

The condition (45) becomes in this case
1

2
1
4 5
(7+3) <
since € is arbitrary. We can conclude, by Theorem 3, that,
for any given value of the delay A, the resulting system
(53) is ISS with respect to the disturbance 72, provided that

|v] < 1.3965 holds. An ISS Lyapunov functional V,; of the
system (53) is (46) with (27) and

(54)

M(s) = sV Ag(s) = ks*HD)

for suitably chosen k£ > 0 and ¢ > 0.
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VI. CONCLUSION

This paper has proposed a small-gain condition for iISS
of interconnected retarded nonlinear systems consisting of
iISS subsystems. Constant discrete as well as distributed
time-delays in both the subsystems and the interconnecting
channels are covered by the formulation. Whether to result in
a delay-dependent criterion or a delay-independent stability
criterion depends on system structure and the choice of sup-
ply rates and storage functionals of subsystems. Lyapunov-
Krasovskii functionals characterizing stability of intercon-
nected systems are constructed from Lyapunov-Krasovskii
functionals of individual subsystem.
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