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Characterization of Discrete-time H, Control Performance Limitation
Based on Poles and Zeros

Hideaki Tanaka, Masaaki Kanno, and Koji Tsumura

Abstract— In this paper, we show that the best achievable per-
formance in the 7 regulation/tracking problem for discrete-
time SISO systems can be expressed in a remarkably simple
form by the poles/zeros of the plants and the poles of the closed-
loop systems. We also explain that the poles of the closed-
loop systems can be related with system parameters by an
algebraic approach. Furthermore, corresponding expressions
in the /-domain are given to reveal the relationship between
the results in the z-domain and the s-domain. The derived
expressions directly connect the system parameters and the
resultant optimal 7{> performance and, therefore, they are
effectively utilized in system parameter tuning.

I. INTRODUCTION

The original purpose in LQ or Hy optimal control, which
is one of the important results in modern control theory that
were solved in the 1960’s and are still popular, was mainly
on the pursuit of optimal controllers by employing then
popularizing computers. In other words, the focus was on
the search of algorithms to automatically derive controllers
from given plants with theoretical justification. However, the
relationship between the plant and the resulting optimized
closed-loop system was unclear. This causes a problem in
that we may have a plant and its optimal controller that
yield a very poor performance, even if we can recover the
performance by tuning some system parameters based on
the knowledge of the relationship. Therefore, knowing the
optimal performance as a function of the plant parameters is
a relevant issue.

With such motivation in mind, a significant amount of
effort has been expended in the name of performance limi-
tations achievable by feedback control [1], [2]. Recent con-
tributions include the search for expressions of performance
limitations in certain Hy or Ho, control problem frameworks
[3]-[8]. The obtained expressions are provided in terms of
plant characteristics such as unstable poles, non-minimum
phase zeros, plant gain, and time-delay. Such results give a
clear qualitative indication which characteristics and combi-
nations thereof may deteriorate the best performance level
achievable by feedback control [5], [6].

It is quite often the case also that the plant has only some
real parameters that can be tuned. Once those parameters
are fixed, one can compute the optimal controller, employing

H. Tanaka and K. Tsumura are with Department of Information
Physics and Computing, Graduate School of Information Science and
Technology, The University of Tokyo, 7-3-1 Hongo, Bunkyo-ku, Tokyo,
113-8656, Japan. hideaki_tanaka@ipc.i.u-tokyo.ac.jp,
tsumura@i.u-tokyo.ac. jp

M. Kanno is with Japan Science and Technology Agency, 4-1-8
Honcho, Kawaguchi-shi, Saitama, 332-0012, Japan
M.Kanno.99@cantab.net

978-1-4244-3124-3/08/$25.00 ©2008 IEEE

standard approaches such as the solution of algebraic Ric-
cati equations or the LMI-based optimization. The task is
therefore to find the best values for the parameters that lead
to the very best performance, i.e., to achieve the ‘best of
the best’. The results on performance limitations mentioned
above are not necessarily suited for this purpose. The reason
is that plant characteristics such as unstable poles and non-
minimum phase zeros may not always be expressed explicitly
in terms of parameters and also that the analytic integral of
the frequency gain of the plant cannot in general be evaluated
in the presence of parameters. To overcome this difficulty
and allow quantitative analyses, an algebraic approach is
developed for the SISO continuous-time case in [9] that
makes use of powerful algebraic tools of Grobner bases
[10] and Cylindrical Algebraic Decomposition (CAD) [11],
which can be effective for the parametric case. Also derived
in [9] are expressions of performance limitations for the
continuous-time Hy regulation and tracking problems that
can be exploited by an algebraic approach and an algebraic
optimization approach.

The natural extension of our interests is the derivation of
the discrete-time counterpart of the results reported in [9]. An
important fact to note is that the results for the discrete-time
case cannot be computed immediately from the continuous-
time results through a simple transform such as the bilinear
transform and, therefore, the discrete-time results are to be
deduced by appropriate investigation. With the above back-
ground, the subject of this paper is an extension of the results
in [9] to discrete-time systems. More specifically, we show
that the achievable performance levels in the Ho regulation
and tracking problems for discrete-time SISO systems can be
expressed in terms of the poles and the zeros of the plants
and the poles of the closed-loop systems. We then explain
that the poles of the closed-loop systems can be related by
algebraic calculus with plant parameters. Moreover, we give
corresponding expressions in the §-domain and discuss the
relationship between the results in the z-domain and the s-
domain derived in [9].

The paper is organized as follows. In Section II, we
show an illustrative example to demonstrate the efficiency
of the results of this paper. In Section III, we give several
preparative lemmas and theorems and, in Section IV, we
show one of our main results: an expression of the best
achievable performance for the discrete-time Hy regulation
problem. We then give another main result in Section V:
an expression of the performance limitation for the discrete-
time Hy tracking problem. Then, in Section VI, we give a
further explanation on the numerical example investigated in
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Section II. Finally, we conclude in Section VII.

Notation: N: the set of natural numbers, Q: the set of
rational numbers, R: the set of real numbers, C: the set
of complex numbers, R[-]: the polynomial ring (possibly
multivariate), R(-): the rational function field (also possibly
multivariate), C_ := {s € C| Re(s) < 0}, C; =
{s € C| Re(s) > 0}, Cyp := {s € C| Re(s) = 0},
D:={ze€Cllz] <1}, D :={z € C|lz] > 1},
D :={2e€C||z|=1},Dr :={2 € C||T5+ 1| < 1},
ODp :={z € C||Td+1| = 1}. When scalar functions f(s),
f(2), and f(9) are defined in the s-domain, z-domain, and
§-domain, respectively, f~(s) := f(—s), f~(z) = f(1),
and f~(9) := f(ﬁ), respectively, where T' (> 0) is the
sampling time. (See Subsection III-B for a brief exposition
of the ¢ transform.)

II. AN ILLUSTRATIVE EXAMPLE

In this section, a numerical example is presented to give
readers the idea of what we are developing in this paper. The
‘H regulation problem, which will be formally formulated in
Section IV, is considered for a discrete-time plant with tuning
parameters. The problem is tackled under the assumption that
the optimal controller can always be computed for a fixed
plant, and we are interested in finding the best values for the
tuning parameters so that the optimal performance may be
optimized over plant parameters.

In [5], an expression of the best Ho regulation perfor-
mance achievable by an optimal controller is derived for a
non-minimum phase discrete-time SISO plant P(z) in terms
of the unstable poles and the frequency gain of plants as

EZ(P)
= exp {i /07r log(1 + |P(ej9)2)d6} [Txer-1,
=1

where A\¢ (¢ = 1,...,n)) represent the unstable poles of
P. (See (16) and (18) for the details on the definition of
E?*(P).) While such an expression is useful for qualitative
analysis, it is not necessarily suited to quantitatively analyse
the effect of tuning parameters on achievable performance
levels. We thus aim at discovering another expression that
can be utilized in the presence of parameters.
Now consider the plant

z+0.1— q%
22 4+ (1+0.01g2)z +0.25 + ¢3

P(z) = 2
with tuning parameters q = (g1, ¢2). The values of these
parameters are to be chosen from

Q={q=(q1,%)|a €[-0.25,0.25],¢> € [-0.5,0.5]} ,

so that the best achievable performance E} may be mini-
mized. To this end, we get an expression for £ containing
parameters, and then optimize it over Q. Although it is in
general impossible to get a closed-form expression for E7,
the result in Section IV states that £} can be expressed as

Ef=m3—1, (3)
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where the quantity corresponding to ms (or, m3) can be
given as a root of an algebraic equation. For this example,
m3 is the largest real root of the following polynomial in z:

4 4 1.2 4 14999 2 1 1029\,.3
T+ (_(h =+ 541 — 43 + 1000092 — 50492 — W)x

1.4 13,2 42 1 23 822 1 2 19999 6

+ (301 — F91 — 2416 — 5591% — 5919 — 359192 — 10000 92
1.5, 30001 4 , 3 .3 4311832 , 19 32912

+56% + 000092 T 350% — 16000092 + 50092 T §00)T

1 4, 1.2 44 1492, 124, 122 8
+ (=161 + 5041 — 9192 — 39195 + 5969 + 196G G — B
9999 6 1 5 377014 1 .3 190801 .2 1
+ 1000092 ~ 5092 ~ 2000092 — 10092 ~ 16000092 ~ 80092

— 0+ S+ a2 Bt s . @

It is emphasized that there is a constructive method of
obtaining the algebraic equation for ms (or, m3) [12].

Given (3) and (4), one can take the derivative of E7
with respect to the parameters and then employ an ortho-
dox optimization approach such as the multistart gradient
method. However we can further employ an algebraic method
based on CAD [11] to carry out the second optimization.
The algebraic optimization approach reported in [13] can
compute the minimum value of E when parameters vary
inside the permissible region:

min E} ~ 1.41476 .

qeQ
We claim that this minimum value is guaranteed to be the
global optimum, and also that the value is in fact obtained
as an algebraic number and can be computed with arbitrary
accuracy.

III. PREPARATION

A. Discrete-time Polynomial Spectral Factorization

Spectral factorization is one of important mathematical
tools for the analysis and synthesis in modern and post-
modern control for finite-dimensional linear time-invariant
systems. In the discrete-time case, given a self-reciprocal
polynomial! of degree 2n in R|[z]

f(2) =anz" +an 12"+ +arz+ag

a Ay a,
ot It a0, )

Zn—l 2n

without roots of unit modulus, the task is to find its decom-
position of the following form:

Definition 1: The spectral factorization of f(z) in (5) is
a decomposition of f(z) of the following form:

1
f(2) 29(2)9(;) ; (6)
g(2) =bpz" +bp_12" o d bz bo €R[Z], (7)

where b, > 0, and all the roots of g(z) belong to D only.
The polynomial g(z) is called the spectral factor of f(z).

'The polynomial (5) is obviously not a polynomial, but it can be easily
converted to a polynomial: z™ f(z). As the convention in signal processing
and control and for the brevity of the notation, we regard (5) as a polynomial.
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An algebraic approach to polynomial spectral factorization
is developed in [12], which is briefly reviewed here. Write as
Gi the coefficient of the k-th order term of g(2)g (1) — f(2):

z

s@a(2) - 1 = Y st ®)

k=—n

Then, for each k, we have

n—=k

gk = Z bibitr — ag .

i=0
The polynomial spectral factorization problem thus reduces
to finding a particular solution to the set of equations g, = 0
(k = 0,1,...,n). An algebraic approach may then be
applicable to solve this set of equations. Here we employ a
different parametrization of g(z) to facilitate the solution of
the set of equations by way of an algebraic approach called
Grobner bases [10]. The following parametrization allows
us to appreciate an effective structural property that can be
exploited:

9(2) = Bn(z+ 1" + Bna(z+ )"+ 4 0. (9
Notice that b; and 3; are related as b; = >_"_,; (1) ; and

;%:Zgﬂpenﬁmggszznﬂuwmm@ﬁs
the binomial coefficient for ¢, j € N. In spite of the simplicity
of this conversion, its benefit is enormous.

Lemma 1 ([12]): Let ¢ (k=0,1,2,...,n, k<l <mn)
be

Crr =1 k=0,1,2,...,n,

o0 = (—1)"2 (=1,2,....n,
_ k40 2 (kte=1) k=1,2,....,n,

cre = (=1)"F Reo R (o {k<€§n_

Furthermore, let

n n
gk = ch,m (:§k+ Z ck,zgg) L k=0,1,...,n.
=k s

Then it holds that the set of polynomials

' Gn} (10)

forms the reduced Grobner basis of the ideal generated
by {Jo0,d1,---,dn} in R[By, b1, .., 3] with respect to the
graded reverse lexicographic order 3, > Bn—1 > -+ > Do,
with 37 being the leading monomial of gi. (The leading
coefficients are 1.)

For Grobner bases and associated ideas such as the graded
reverse lexicographic order, readers are referred to, e.g., [10].

Algebraic geometry theory further confirms that the set
of equations has a finite number of solutions and that the
number of roots (multiplicities counted) is 2"*!. The virtue
of the parametrization (9) is condensed in the following
theorem.

Theorem 1 ([12]): The ideal of spectral factorization has
a Grobner basis so-called shape basis with respect to any
elimination ordering {8o, 01, ..., Bn-1} >=> Bu:

F = {S’f(ﬁn)> 5n71 - anl(ﬁn)a R BO - Bo(ﬁn)} 9

G:={90.91..-.
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where S ¢ is a polynomial of degree exactly 2"*! and his
are polynomials of degree strictly less than 2"+1,

The theorem guarantees that all the coefficients of the
spectral factor can be expressed as polynomials in [,, and
therefore that the problem of polynomial spectral factoriza-
tion can in essence be solved by finding a particular root
of S¢(7). Indeed it can be proven that what we have to
compute is the largest real root of S (7). Lemma 1 says that
G is already a Grobner basis, therefore, we can effectively
compute a shape basis F from G by way of the basis
conversion (change-of-order) technique [14].

The above development is stated for f(z) € R[z], but the
approach can immediately expanded to the case of parametric
f(2) € Q(q)[z]. Readers are referred to [12] for details.

B. § Transform

In addition to the ordinary z transform, the ¢ transform is
proposed as an operator on discrete-time domain signals [15].
The ¢ operator is defined as the following forward difference:

§=T"'2-1), (11)

where T (> 0) is the sampling time. For a sequence x(k),
its  transform is defined as

or(0) = D{x(k)} =Ty a(k)(T5+1)7" .
k=0
Due to (11), Dy is the stability region in the j-domain. Also,
as T tends to 0 in (11), the & operator behaves like the
derivative, i.e., s in the Laplace domain.

In the §-domain, the Ho-norm of yT(k? = y(kT) is
defined as [lyr(k)|l, == (T > peg lyr(k)|?)? [5]. Note that
this Hy-norm is the square root of the sampling time 7T
times the Hy-norm of yp(k) in the z-domain. This in fact
corresponds to the Ha-norm of the continuous-time signal
y(t) passed through the 0-th order holder with sampling time
T. Furthermore, as T — 0, ||y(t)]|, is recovered, which is
a useful feature to relate the continuous-time results and the
discrete-time results as we will see in the rest of the paper.
The Hs-norm of a function y7(§) in the §-domain is defined

as
1 = vl _q 2 3
e @l = {5 [ Jor () 0}

Parseval’s relation also holds in the §-domain:

lyr ()2 = llyr (Kl

where yr(0) = D{yr(k)}.

The transfer function in the J-domain is defined in a
manner similar to the s- and z-domains, i.e., as the ratio
of the input and the output of the system. For a z-domain
transfer function F'(z), let Gp(0) = F(Td+1). Due to (12)
and the fact that the unit pulse signal in the §-domain is

L =
aw =41 F=0
0 k#0,
we can immediately deduce that [5]
IG(@) 3 =T IF )5 -

12)

(13)

3702



47th IEEE CDC, Cancun, Mexico, Dec. 9-11, 2008

d

r e Y
—Tf—r K >
Fig. 1. Unity feedback system configuration.

C. Normalized Coprime Factorization

For a (SISO) system P, its normalized coprime factoriza-
tion is the representation of P as a ratio of two stable system
under the normalization condition:

N

M )

where NV and M are both stable and satisfy N"N+M~M =
1. The plants in the s-, z-, and J-domains can be dealt with
in a unified manner. Let A represent the transform variable
of the domain of the system, i.e., A is read as s, z, or §
according to the domain. Write the system P(\) as

Prn(\)
(A\) = PZ(A) ,

P =

(14)

where Py (A) and Pp(\) are coprime polynomials. Without
loss of generality, Pp()\) is assumed to be monic. Let
Mp(A) be the spectral factor of

Py (NPn(A) + Pp (AN Pp(A) = M(A)Mp(X) . (15)

Namely, M () is the polynomial that satisfies (15) and also
is stable in the definition of the each domain. The discrete-
time case was discussed in detail in Subsection III-A. Then,
normalized coprime factorization can be given as

_ Pn(N) _ Pp(N)
=0y YN T a0

IV. DISCRETE-TIME Ho REGULATION PROBLEM

NV

In this section, we formulate the discrete-time Ho reg-
ulation problem and give its performance limitations with
respect to the poles of the plants and the closed-loop systems
in the z-domain and the J-domain.

A. Problem Formulation

We deal with the closed-loop system depicted in Fig. 1,
where P and K represent a plant and a controller of discrete-
time SISO linear time-invariant systems, and r € R, d €
R, v € R, and y € R represent the reference signal, the
disturbance, the control input, and the output of the plant,
respectively. In this section, we assume the reference r to be
zero and the disturbance d to be an unit pulse signal. Then,
the cost functions to be minimized are

o}

E.(P, K) =Y (ly(k)]* + |u(k)]?) (16)
k=0
Bs(P, K):=TY (ly(®)]” +u(k)?) , (7D
k=0
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in the z-domain and the é-domain, respectively, and their
lower bounds, i.e., the performance limitations of the Hso
regulation problem, are defined as

EZ (P) = K stlaIl}ifllizing EZ(P’ K) ’ (18)
*(P) := inf P K
ECS( ) K Stlarl;}ilizing Eé( ’ ) ’ (19)

respectively.

B. Expression in the z-domain

In this subsection, we give an expression of E}(P) with
respect to the poles of the plant P and the closed-loop system
composed of P and the optimal K.

We make the following assumptions:

Assumption 1: P is strictly proper.

Assumption 2: P is minimum phase.

Then, an expression of E} is given as in (1). With (1) and
the roots of the polynomial spectral factor, we can derive the
following theorem:

Theorem 2: Suppose that P(z) given as in (14) satisfies
Assumptions 1 and 2. Let n denote the degree of Pp(z), Ak
(k=1,...,n) the poles of P(z), af (i = 1,...,n) the roots
of the spectral factor Mp(z) in (15), and m,, be the leading
coefficient of Mp(z). Then, the performance limitation E}
of the Hs regulation problem is given by

mr(p) = i e
[z o

The proof is omitted due to space limitation.

We emphasize that the expression (20) involves all the
poles of P(z), unlike (1), where only the unstable poles
appear. This fact indeed facilitates the algebraic approach. It
can be shown that Mp(z) is the characteristic polynomial of
the optimal closed-loop system attaining £, and, therefore,
(20) is given by the ratio of the poles of the plant and those
of the resulting closed-loop system.

1=m2—-1. (20)

C. Expression in the d-domain

In this subsection, we give an expression of E}(P) in
terms of the poles of the plant and of the closed-loop system.

We also suppose the that plant P(d) satisfies Assump-
tions 1 and 2 in the d-domain. Then, it is also known that
E3(P) can be expressed as [5]

* 1 np a
B (P) = | Ina(oo) P T it + 11
i=1

where

Ao (00)|* = eXp{:/O; 10g<1 + ‘P(ew:;_l) 2)} 7

and pf (¢ = 1,...,n,) are the unstable poles of P. With
the equivalence of the J-domain and the z-domain by linear
transformation as mentioned in Subsection III-B, Theorem 2
and (13), we can derive the following theorem:

Theorem 3: Suppose that P(§) satisfies Assumptions 1
and 2. Let T denote the sampling time, n the degree of
Pp(8), pr, (k = 1,...,n) the poles of P(J), and o (i =
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1,...,n) the roots of the spectral factor Mp(d) of (15).
Then, the performance limitation E5 of the Hy regulation
problem is given by
E:{(P)Zl ;1:1(Tpk+1) 1
T | I, (Tad +1)
The proof is omitted due to space limitation.
Here, Mp(J) is also the characteristic polynomial of the
optimal closed-loop system attaining £, and (21) is given by
the poles of the plant and the resulting closed-loop system.
When the plant P(9) in the §-domain is derived from P(s)
in the s-domain by the 0-th order holder, we then recover

n n

§ E s
Pk — ai )

k=1 i=1

where pj denote the poles of P(s), af the roots of the
spectral factor Mp(s) of (15). The right hand side of (22)
is equal to the result for the continuous-time case [9]. This
fact shows the continuity of the performance limitation in
the §-domain and the s-domain as 1" — 0.

2n

lim E§ =

T—0 (22)

V. DISCRETE-TIME Hy TRACKING PROBLEM

In this section, we formulate the discrete-time Ho tracking
problem and give expressions of the performance limitations
in the z-domain and the §-domain.

A. Problem Formulation

We also consider the closed-loop system in Fig. 1, where
d(k) =0 and r is a unit step function given as

>
(k) = 1 k>0,
0 k<O0.

Let e(k) denote the tracking error, i.e., e(k) := r(k) —
y(k). Then the cost functions of the tracking problem with
a penalty on control input are given by

TP K) =3 (le(®) + [u(k)?) .
k= 0
J5(P, K) fTZ e(k)P + JuB)?)

in the z-domain and the -domain, respectively. The perfor-
mance limitations of the Hy tracking problem are defined by

* N :
JZ (P) T K stlalgifl.izing Jz (P7 K) ’
Jé (P) = K stIaII}ifl‘izing Jé(P? K) ’

respectively.

B. Expression in the z-domain

In this subsection, we give an expression of J(P) by the
zeros of the plant and the poles of the closed-loop system.

First, suppose the following assumptions:

Assumption 3: The plant P(z) can be described by
P(z) = i%(zl) and Py(z) is stable and proper.

Assumption 4: The plant P does not have zeros at z = 1.

WeC16.6

Assumption 3 implies that P has at least one integrator and
Py is stable. Under these assumptions, an expression of J3}
is known as [5]

77z

+i/ﬂl 1+ ! d0
or J, 8 1P(ei%)2 ) T—cosf ’

where 7 (¢ = 1,...,n,) are non-minimum phase zeros
of P. For continuous-time systems, an expression of the
performance limitation of the Hq tracking problem can be
given from the result on the Ho regulation problem via
the reciprocal transform [16]. However, For discrete-time
systems, such a method is not applicable. In this paper, we
thus give an expression by a direct method with (23) and
the roots of the spectral factor just as the case in the Ho
regulation problem.

Theorem 4: Suppose that the plant P(z) given as in (14)
satisfies Assumptions 3 and 4. Let n and m denote the
degrees of Pp(z) and Py(z), respectively. Denote by
(k=1,...,m) the zeros of P(z), and by af (i =1,...,n)
the roots of the spectral factor Mp(z) in (15). Then, the
performance limitation J7 in the Ho tracking problem is
given by

(23)

* Nk O[f
JZ(P)_kﬂT)k—l Zaf—l '
= i=1

The proof is omitted due to space limitation.

In the H> tracking problem, we can also show that Mp(z)

is the characteristic polynomial of the optimal closed-loop

system attaining J7, and, therefore, the theorem implies that

the performance limitation can be expressed by the zeros of

the plant and the poles of the resulting optimal closed-loop
system.

(24)

C. Expression in the d-domain

In this subsection, we give an expression of J}(P) in
terms of the zeros of the plant and the closed-loop system
poles.

We also suppose that the plant P(9) satisfies the following
assumptions:

Assumption 5: The plant P(§) can be described by
P = PO—() and P(0) is stable and proper.

Assumptzon 6: The plant P does not have zeros at § = 0.

Similar to the case of the z-domain, Assumption 5 implies
that P has at least one integrator and Fj is stable. Under
these assumptions, an expression of J3 is also known as [5]

JE(P) = i(f —|—T>

T2 (T
o ),

los (14 1 dw
& |P($)|2 1—coswT '’

w CaE=1,...,n -minimu V/ .
here ¢ 1,...,n¢) are the non-minimum phase zeros

3704



47th IEEE CDC, Cancun, Mexico, Dec. 9-11, 2008

With the equivalence of the §-domain and the z-domain
by linear transformation as in the Ho regulation problem,
Theorem 4 and (13), we can derive the following theorem:

Theorem 5: Suppose that P(d) given as in (14) satisfies
Assumptions 5 and 6. Let 7" denote the sampling time, n the
degree of Pp(d), m the degree of Py (6), (x (k=1,...,m)
the zeros of P(6), and af (i = 1,...,n) the roots of
the spectral factor Mp(d) in (15). Then, the performance
limitation J§ of the Hy tracking problem is given by

. /1 "1
JE(P) ’; <Ck +T> ; <a;5 +T> .

The proof is omitted due to space limitation.

Here, Mp(9) is also the characteristic polynomial of the
optimal closed-loop system attaining .J;, and, therefore, (25)
is given by the zeros of the plant and the poles of the resulting
closed-loop system.

When the plant P(§) in the §-domain is derived from P(s)
in the s-domain by the 0-th order holder, we then get

m n
. 1 1
lim J§ = E — = —,
T—0 2k — o?
k=1 i=1

(25)

(26)

where z;, (k =1,...,m) denote the zeros of P(s), and o
(i =1,...,n) the roots of Mp(s). The right hand side of
(26) is equal to the result for the continuous-time case [9].
This fact shows the continuity of the performance limitation
in the §-domain and the s-domain as 7' — 0.

VI. NUMERICAL EXAMPLE REVISITED

In this section, we revisit the numerical example consid-
ered in Section II, giving a further detail of the solution based
on the development of this paper. Let Py (z) and Pp(z) be
the numerator and the denominator of P(z) given in (2),
respectively, and construct a polynomial in the left hand side
of (15). Write its spectral factor as in (9), i.e.,

Mp(z) =ma(z+ 1) +my(z+1)+mg .

Comparing the coefficients of the both side of (15), a set of
polynomial equations is obtained. Lemma 1 then helps us
to obtain the reduced Grobner basis of the ideal generated
by the polynomial parts of the equations with respect to the
graded reverse lexicographic order meo > mqy > mg:

2 4 92 4, 1.3 50012, 1 349
{mo @~ 59 — %2 T 5592 — 1000092 T 20092 ~ 100°

2 o 1 3 2 1 7
mi +moma — 2mema + 7 — 15092 392 — 5592 — 35+

2 2 1
ms +moemg +mime — g3 — 3

By means of the basis conversion (change-of-order) tech-
nique [10], [17], the shape basis can be obtained, and the
first polynomial contains mso only (and not mg and m;),
which is in fact a polynomial in m3. Substituting = for m3,
we get (4). It is noted that the true m3 is always the largest
real root of (4) [12].

In order to compute the minimum value of E7 as q
varies inside Q, the relationship (4) is useful. An algebraic
optimization method proposed in [13] can be employed and
the result stated in Section II is obtained. It is repeated that,
thanks to (4), we can find the true (global) optimal value.

WeC16.6

VII. CONCLUDING REMARKS

In this paper, we gave the expressions of the best achiev-
able performance in the Hy regulation/tracking problem for
discrete-time SISO systems by the poles/zeros of the plants
and the poles of the closed-loop systems. We also extended
the results to §-domain for connecting the results in the z-
domain and the s-domain. The derived expressions are also
usable for tuning system parameters.

For the future works, the extension of the results to non-
minimum phase plants, or general case of relative degree
remains.

REFERENCES

[1] M. M. Seron, J. H. Braslavsky, and G. C. Goodwin, Fundamental
Limitations in Filtering and Control, Communications and Control
Engineering, Springer, New York, 1997.

[2] S. Skogestad and I. Postlethwaite, Multivariable Feedback Control:
Analysis and Design, Wiley, Chichester, second edition, 2005.

[3] J. Chen and R. H. Middleton, editors, IEEE Transactions on Automatic
Control: Special Section on New Developments and Applications in
Performance Limitation of Feedback Control, volume 48, number 8
IEEE Control Systems Society, August 2003.

[4] J. Chen, S. Hara, and G. Chen, Best tracking and regulation
performance under control energy constraint, /EEE Transactions on
Automatic Control, 48-8, 1320-1336, August 2003.

[5]1 T. Bakhtiar, Ho Control Performance Limitations for SIMO Feedback
Control Systems, PhD thesis, The University of Tokyo, September
2006.

[6] T. Bakhtiar and S. Hara, H2 regulation performance limitations for
SIMO linear time-invariant feedback control systems, Automatica,
44-3, 659-670, March 2008.

[71 L. Christian and J. Freudenberg, Limits on achievable robustness
against coprime factor uncertainty, Automatica, 30-11, 1693-1702,
November 1994.

[8] M. Kanno, S. Hara, and M. Onishi, Characterization of easily
controllable plants based on the finite frequency phase/gain property:
A magic number v/4 4 2v/2 in Hoo loop shaping design, In
Proceedings of the 2007 American Control Conference, 5816-5821,
New York City, USA, July 2007.

[9] M. Kanno, S. Hara, H. Anai, and K. Yokoyama, Sum of roots,
polynomial spectral factorization, and control performance limitations,
In Proceedings of the 46th IEEE Conference on Decision and Control,
2968-2973, New Orleans, Louisiana USA, December 2007.

[10] D. Cox, J. Little, and D. O’Shea, Ideals, Varieties, and Algorithms,
Springer, New York, NY, 3rd edition, 2007.

[11] G. Collins, Quantifier elimination for real closed fields by cylindrical
algebraic decomposition, In Proceedings Second GI Conference on
Automata Theory and Formal Languages, volume 33 of Lecture Notes
in Computer Science, 134-183, Berlin, 1975, Springer-Verlag.

[12] M. Kanno, K. Yokoyama, H. Anai, and S. Hara, Symbolic optimization
of algebraic functions, In Proceedings of the International Symposium
on Symbolic and Algebraic Computation, ISSAC 2008, 147-154,
Hagenberg, Austria, July 2008.

[13] M. Kanno, S. Gandy, H. Anai, and K. Yokoyama, Optimizing the
maximal real root of a polynomial by a special cylindrical algebraic
decomposition, Presented at the Second International Conference
on Mathematical Aspects of Computer and Information Sciences,
December 2007.

[14] M. Noro and K. Yokoyama, A modular method to compute the
rational univariate representation of zero-dimensional ideals, Journal
of Symbolic Computation, 28-1-2, 243-264, July 1999.

[15] R. H. Middleton and G. C. Goodwin, Digital Control and Estimation:
A Unified Approach, Prentice-Hall, Englewood Cliffs, NJ, 1990.

[16] S. Hara, A unification of analytical expressions for control perfor-
mance limitations via reciprocal transform, In 3rd IFAC Symposium
on System, Structure and Control (S$SC07), 2007.

[17] J.C. Faugere, P. Gianni, D. Lazard, and T. Mora, Efficient computation
of zero-dimensional Grobner bases by change of ordering, Journal of
Symbolic Computation, 16-4, 329-344, October 1993.

3705



