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Linear, Parameter-Varying Wheel Slip Control for Two-Wheeled
Vehicles

Matteo Corno, Sergio M. Savaresi and Gary J. Balas

Abstract— This paper describes the application of Linear
Parameter-Varying (LPV) control design techniques to the
problem of wheel slip control for two-wheeled vehicles equipped
with electromechanical front wheel brakes. A nonlinear multi-
body motorcycle simulator is employed to derive a control
oriented wheel slip dynamic model. It is shown that, in order
to devise a robust and performing controller, it is necessary to
take into account the model dependence on velocity and wheel
slip. This dependence is modeled via an LPV system and an
LPV controller is synthesized. Nonlinear simulations indicate
that the proposed controller achieves the needed robustness and
performance.

I. INTRODUCTION

An anti-locking brake system (ABS) controls the slip of
the wheels of a vehicle to avoid locking and the consequent
loss of friction and steerability [1]. In the past few years, with
the introduction of more sophisticated actuators, the goal has
shifted from avoiding locking to modulating wheel slip [2],
[4].

Two-wheeled vehicles are lacking behind in this develop-
ments. This is due to several factors; among the technological
causes it should be noted that most anti-lock braking systems
employ an additional hydraulic pump and valves to regulate
the pressure of the brake calipers [5]. These systems cannot
modulate the braking torque in a smooth way and this often
results in annoying vibrations. Several interesting works are
found addressing this issue ( [6], [7]). Most of the previous
work is focused on the problem of braking during a straight
run. The problem of braking in turn in addressed, to the best
of Authors’ knowledge, only in [8].

The study of motorcycles dynamics is a more complex
task than the one of four-wheeled vehicles. In the past years
the complexity involved in modeling and simulation could
be tackled thanks to the use of multi-body approach. Many
authors have developed simulators [9], [10], [11] and studied
motorbike stability under different driving conditions. Multi-
body simulators are well suited for dynamic modal analysis,
but they are often too complex for model based control sys-
tem design. Another critical aspect involved in two-wheeled
vehicles simulation is road-tire interaction modeling. This
topic has been treated, for example, in [12], [14].

The main contribution of this paper is a model based de-
sign of a wheel slip controller for a two-wheeled vehicle. We
consider straight trajectories and electromechanical actuators
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in order to avoid the daunting vibrations associated with ABS
systems. A multi-body simulator is employed to obtain a
family of linear models that describe the slip dynamics for
different working conditions, namely longitudinal velocity
and wheel slip. The linearized models allow to employ linear,
parameter-varying (LPV) techniques to design a wheel slip
controller that can smoothly track slip commands. Nonlinear
simulations are used to show that the LPV controller exhibits
good behavior both in terms of performance and robustness.

The paper is organized as follows: in Section II the multi-
body simulator and the linearization of the wheel slip dynam-
ics are described and analyzed. Section III offers a review
of the LPV control synthesis and presents a modification of
the synthesis algorithm used to solve controller interpolation
issues. Section IV is devoted to the design of the LPV
controller which is finally validated, in Section V, through
nonlinear simulations.

II. THE MOTORCYCLE MODEL

In this Section the LPV model of the front wheel slip under
straight braking is derived. The present study is based on the
simulator developed by Dinamoto group [11]. The multi-
body model takes into account complex phenomena like tire
relaxation length, non linear suspension characteristics, tire
stiffness, aerodynamics and rider attitude. The road-tire inter-
action is modeled according to Pacejka’s magic formula [12].
Fig. 1 shows the friction curves for the front and rear tires
on dry asphalt. Friction curves plot the longitudinal friction
coefficient as a function of the longitudinal slip according to
the following definitions:

)\ — V—WT

Fo(N) = pa(A\)F. M

where F, and F), are, respectively, the longitudinal force
exerted by the tire and the vertical load acting on the tire; v
is the longitudinal velocity of the vehicle; w is the wheel
angular velocity and r is the rolling radius of the tire.
From figure it can be seen that the peak of the front tire
characteristic is around a slip value of about 15% while for
the rear tire is slightly lower. The present work is focused
on the control of the front wheel slip; as shown in [15] the
front wheel slip is responsible for most of the braking force.

Reviewing the ABS literature, it can be noted that most
model-based controllers for cars are designed using a single
wheel model composed of a wheel attached to a mass m; as
the wheel rotates a longitudinal force, F', is generated by the
friction between the road and the tire. The longitudinal force
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Fig. 1. Front and rear friction curves.

yields a torque that results in an angular motion of the wheel.
The brake actuator generates a braking torque, 7', that slows
down the wheel. The equations of motion of single wheel
model are:

= _F,

=rF, — Tpsign(w)

muv

Jw 2)

where, beside the symbols already defined, J is the wheel
inertia. If the velocity is regarded as a slow time-varying
parameter, one can show, by linearization, that the transfer
function from braking torque to wheel slip takes the form
of:

r 1
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where \ is the slip around which the dynamic is linearized
and pq(A) is the first derivative of u()). The linearized
dynamics has one pole whose position mainly depends on
the velocity and on the wheel slip. The problem with the
single wheel model is that it fails to model load transfer
dynamics; this phenomenon can be neglected in four-wheeled
vehicles or other vehicles with a long wheelbase compared
to the height of the center of mass, but it is of paramount
importance for two-wheeled vehicles.

A more complete model can be obtained by Jacobian
linearization of the multi-body simulator. The linearization
has been executed for different velocities (ranging from 5 to
120 km/h) and slips coefficients (from 0% to 15% - which
is at the peak of friction curve). A total of 225 models have
been computed. The linearized models have 28 states; when
considering only straight trajectories the lateral dynamics is
not excited and therefore the states describing those modes
are not needed. After reduction, 7 states are maintained; the
reduced order model modes are depicted in Fig. 2 and are
associated to in-plane vehicle dynamics:

o 1 real pole. It is the wheel slip pole that is captured also
by the single wheel model;

o 1 couple of complex poles at a frequency of around 17
Hz which represents the front wheel hop mode;

e 2 couples of complex poles at a frequency of around
2-3 Hz which are associated with the front suspension
bounce and motorcycle pitch dynamics.
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Fig. 2. The 7 most relevant modes of the linearized dynamics.
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Fig. 3. Bode diagrams of the linearized models as the velocity varies from
15 to 115 km/h.

It is important to point out that the linearized models are
not obtained around an actual steady state. In fact, when
linearizing around a wheel slip the vehicle is decelerating
at a constant deceleration and thus the velocity will vary.
The linearized model captures the dynamical behavior of the
system up to braking torque steps of around 75 Nm for the
case with no initial slip. The linearization neighborhood is
much smaller when the initial slip condition is greater than 0;
this can be explained by the fact that in this case the velocity
drops more rapidly and this will drive the system out of the
linearization neighborhood faster.

The set of linearized models allow to study the dynamics
dependence on the velocity and wheel slip from a control
standpoint; this analysis is aided by Fig. 3 and 4. The first
plot depicts the system frequency response as the velocity
varies from 15 to 115 km/h for a front wheel slip of 5% the
second plots the systems as the slip varies from 0 to 15%
while running at 20 km/h. In the linearized models, the wheel
slip pole behaves as predicted by the single wheel model.
As the velocity decreases the wheel slip pole move toward
high frequencies; the same happens if the linearization slip is
decreased. The advantage of using the linearized model is the
ability to capture load transfer dynamics which are visible as
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Fig. 4. Bode diagrams of the linearized models as the slip varies from 1%
to 15%.

resonances. The importance of load transfer dynamics here
is manifest. In Fig. 4, the linearized model for low wheel slip
values matches well the first order dynamic described by the
single wheel model; but as the slip increases the two models
show their differences. Three phenomena are observable:

« the gain of the transfer function increases - this phe-
nomenon is accounted for also by the single wheel
model via the first derivative of the friction curve;

« the front wheel slip pole moves toward the imaginary
axis;

o the bounce and pitch modes becomes more evident.
This is due to the changes in the load distribution. As
the deceleration increases, more load is transferred to
the front wheel, the front suspension fork compresses
and its reduced stiffness varies. This phenomenon is not
accounted for by the single wheel model.

Fig. 4 clearly shows the importance of wheel slip and load
distribution. As it will be shown, the maximum achievable
bandwidth of a wheel slip control system is limited by the
actuator delay to [5-20] Hz; not only the greatest spread of
phase is around those frequencies, but the vertical dynamics
falls around the same frequencies. This makes the ability of
taking into account the full model of paramount importance
in the design of the controller.

Another important element of the system that needs to
be modeled is the brake actuator. In the past few years
electromechanical brakes technology has matured to the
point where dependable and safe electromechanical brakes
are now available. Modern brake-by-wire systems do not rely
on a mechanical or hydraulic connection between the brake
pedal and the brake itself but they are based on TTP (time-
triggered protocol) communication between sensors, ECU
and actuators [16]. In this work the brake-by-wire system
is considered as a whole and modeled as a first order system
with a bandwidth of 12 Hz and pure delay of 5 ms which
models the communication protocol and sampling delays. It
is clear that the pure delay represents a critical issue when
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designing the slip controller. A delay of 5 ms in the control
loop limits the achievable bandwidth to the range were the
system is more sensitive of variation of slip and velocity and
where the vertical dynamics is excited.

III. LPV SYSTEMS

The theory of LPV systems has been extensively docu-
mented in [17], [18], [19], [20]; in the present Section only
the main results useful for the slip controller synthesis will
be discussed; attention will be dedicated to present a slight
modification of the synthesis algorithm that allowed to solve
some controller interpolation smoothness issues. If the open-
loop generalized plant is defined as:

& A(p)  Bul(p) Biz2(p) Ba(p) z
€1 o C11 (p) 0 0 0 d1
ea | | Cia(p) 0 0 I, do
Y Ca(p) 0 I, 0 u

where p(t) is an exogenous variable, belonging to a con-

nected, compact set P € R* such that |p(¢)] < v then the

rate-bounded LPV synthesis problem can be stated as:
Theorem 3.1: LPV Control Synthesis

Given a finite number of scalar, continuously differentiable

functions {f;}, and {g;}X,; which will be referred to as

basis functions, with parametrization

N N
X(p) = Z filp)Xi, Y(p) = Zgi(p)Yi-

There exists a controller which pass the closed-loop stability
test if there exist matrices { X;} Y ,, X; € S™*"and {V;} Y,
Y; € 8™ such that for all p(t) € P

X(p) > 0, “
Y(p) > 0, ©)
X(p) In

Y v | ®

(6) and (7), where - omitting the p dependency -

A=A—-ByCis, By = [ Biu B2 |,
A=A—- B0y, CT = g ch cf .

Once the functions X (p) and Y (p) are found, the admissi-
ble controller state space realization can be computed simply
by plugging the two functions in the equations reported
in [18]. The synthesis equations are not reported; suffice
to note that they have a direct dependence on the open-
loop system. The synthesis conditions consist of 25! + 1
LMTI’s which must hold for all p(¢) € P. It is still an infinite
dimension problem; in order to solve this convex problem the
common procedure is based on parameter space gridding.
By gridding the parameter space, the synthesis equations
will provide a set of LPV controllers which guarantees
local stability and performance near the grid points used in
the design. Outside the grid vertexes, these controllers are
linearly interpolated based on the nearest vertexes. In this
setting a trade off arises: if a hyper-rectangle P € R*° is

5032



47th IEEE CDC, Cancun, Mexico, Dec. 9-11, 2008

Cu(p) S filp)Xi
Bi(p)

B (p) i 9i(p)Yi
Ci(p)

ThB18.1

~In,, 0
0 ~In,

Sy £i(0) (AT () + AT(0)X:) = 55,0 £ (v 2 85 X0) = Ba(0)BT (o) SN Fi(0)XiCh () Bulp) }
<0 (6)

~In,, 0
0 —In,

S 0ie) (VAT (0) + AT(0)Y) = 2,1+ (0 2N, 84Y:) = Bo(0)B (p) S, fi(0)XiBh (o) Calp) ]
’ <0 7

gridded with L points in each dimension, then the convex
problem requires the solution of L*(25t1+41) LMI’s. On one
hand the complexity of the feasibility problem grows as the
resolution of the grid to the power of the parameter space
dimension; on the other hand a tight grid guarantees a better
description of the system and a smoother interpolation. It
has been Author’s experience that the controller interpolation
may pose a problem if the grid is too loose. In order to
solve this problem a double grid synthesis is proposed. The
proposed synthesis method, based on two grids (a first, looser
grid referred to as grid A, and the second finer grid, Grid
B), is outlined in the following:

1) The LMI’s described by conditions (4-8) are solved on
Grid A and the weights of the basis functions {f;}¥
and {g;}}¥, found.

2) The basis functions are evaluated on grid B. X (py) =
S file)Xa, Y(pe) = i gi(pi)Yi where py,
are the vertexes of Grid B.

3) The open loop system is re-sampled on Grid B, finding
Alpr), B(pr), Cpk), D(pr).

4) The matrices A(px), B(pr). C(pr), D(pr) and X (pg),
Y (pi) are used to synthesize the controller on Grid B
according to the cited equations found in [18].

It is clear that the proposed method does not address
the curse of dimensionality involved in the rate-bounded
synthesis problem, nevertheless it is found to improve the
interpolation phase of synthesis. It allows to increase con-
troller smoothness without increasing the complexity of the
problem.

Another problem affecting the synthesis of LPV con-
trollers is the presence of high frequency modes in the
controller; in the present synthesis this issue has been solved
with the scheme proposed in [17], which uses the solution of
the standard LPV problem as the starting point to compute
a second solution with additional constraints on the poles.

IV. WHEEL SLIP CONTROL SYNTHESIS

This Section describes the design of a slip controller for
the motorbike modeled in Section II. The goal is controlling
the slip of the front wheel avoiding the uneasy chattering
usually associated with classical ABS. Analyzing Fig. 3 and
4 it is clear that a fixed controller cannot provide both
performance and robustness under all conditions. The pure
delay in the loop limits the maximum achievable bandwidth
to about 10Hz, a range of frequencies where the system is
very sensitive to variation of slip and velocity. In order to
guarantee stability the controller must be designed on the

Fig. 5.

Wheel slip control system interconnections.

worst case, namely the one with the greatest phase loss; by
doing so one necessary limits the performance in other cases.
The problem can be solved by making the controller adapt
to the plant dynamics; this can be achieved through the LPV
framework. Fig. 5 depicts the interconnections diagram used
to define the design objectives. In particular, the selected
weighting functions are:
1) The control problem is formulated as a model matching
problem. W,,,q4(s) represents the second order model to
be matched. An natural frequency of 9 Hz and damping
coefficient of 0.9 are chosen so to guarantees a well damped
response with a settling time of about 0.1s.
2) The error between the desired response and the actual
response is the weight W, (s) which is chosen as a first order
low pass filter with a pole in 4 0.001; this ensures very little
or no DC error.
3) An output disturbance model is included in the intercon-
nection to increase robustness of the closed loop system. In
the synthesis, the weight function is kept constant over all
frequencies thus modeling white measurement noise.
4) W, allows to account for bound on the control action.
the following actuator weight is used

1/0.001s 4 1

Waerls) = =05 £ 1

It allows to penalize use of the actuation above 10 Hz.
The gain of the weight function is chosen so that the peak
braking torque required to track step requests of slip up to
10% does not exceed 1200 Nm.

5) The electromechanical-brake is modeled as a first order
low pass filter and a 2nd order Padé approximation of a 5
ms delay.

6) G(s) models the single input - single output, slip
dynamics adjusted with a scaling and normalizing factor.
Two scheduling parameters have been taken into account,
slip (M) and velocity (v).
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Fig. 6. Controlled plant open loop transfer functions.

As already pointed out the LPV control synthesis is
computationally intense so particular care was put in treating
this aspect; following the double grid method proposed, two
LPV systems are created. The first is created on the same,
high density, linear grid described in Section II; the second
grid is built on a looser grid where the wheel slip dimension
is linearly spaced while a logarithmic spacing is used for the
second parameter. The reason for this choice is to be searched
in the transfer function (3). It shows that the slip dynamics is
more sensitive to velocity variation at low speed. The basis
functions used to approximate the infinite dimensional LPV
problem are:

X(v,A\) =
Y(v,\) =

Xo+vXi1 +2X,
Yo +vY7 + A\Ys

The induced £5 norm is 1.41 and the synthesis took 3542
CPUs. The resulting scheduled controller has order 14.
Fig. 6 shows the linear analysis of the open loop transfer
functions at the grid vertexes; the Bode diagrams show that
the performance and stability are guaranteed point-wise with
a bandwidth of 5Hz and a phase margin of 70 meaning that
the design goals are successfully met in the linear domain.

V. SIMULATION RESULTS

In the previous Section, it was shown that the LPV con-
troller achieves good closed-loop performance for the LPV
system. This section is devoted to test the LPV controller
on the complete nonlinear multi-body motorbike simulator.
The performance in the nominal case and robustness against
different road and motorcycle conditions are assessed. Fig.
7 depicts the closed-loop response to a slip reference step in
different conditions. On the left hand plot the response to a
small (3%) step is depicted; the right hand plot shows the
results of a more realistic test. In the latter case a step of 10%
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Fig. 7. Nonlinear closed-loop step responses. Small decelerations (left),
emergency braking (right).

of slip is requested to simulate a realistic emergency braking.
Each plot shows different responses ranging from 120 km/h
to 5 km/h. Studying the results for small step around a null
slip, it is clear that the linear approximation is valid. More
interesting conclusions can be drawn form the 10% response:

(1) the reference model is not perfectly matched. Slip
overshoot up to 16% can be observed. These overshoots are
similar to the ones seen in slip controllers for four-wheeled
vehicles [2]; it is important to note that the bigger overshoot
happens at slow speed. The 16% overshoot happens at 10
km/h: as already explained controlling the slip at low speed
is very difficult and common ABS systems are simply shut
down below a velocity threshold. As already pointed out
the degradation is due to the difficulties associated with
obtaining a linear model for high slip conditions. Model
linearized around high slip conditions have a smaller validity
neighborhood and therefore the interpolation introduces more
errors than around small slip conditions. This fact introduces
a trade off in designing the grid.

(2) The responses exhibit an oscillatory behavior. Oscil-
lations are however damped in less that 0.4 s and are not
believed to be felt by the rider as uneasy.

(3) As it can be seen in Fig. 9, the torque applied by the
front brake is well within the limit of an electromechanical
brake. The peak torque is around 450 Nm, less than a half
of what a common electromechanical brake can exert.

The LPV controller has been designed on a grid that
does not include slip values above the peak. While this,
theoretically, is a limitation - because the single wheel model
is unstable for values above the peak - it does not impede
the controller robustness. This is true for two reasons: firstly,
the slip dynamics can be easily stabilized as it is clear from
(3) and, secondly, there is no reason to willingly work in
those conditions. For each slip value above the peak there is
a correspondent value below the peak that guarantees the
same braking force. For these reasons, it is important to
guarantee that the controller can safely handle over-the-peak
slips but fine control in those condition is of no practical
interest. The stability of the controller for over-the-peak
condition is partially shown in Fig. 7: the slip overshoot at
10 km/h clearly surpasses the limit and the controller does
not lose stability. A more complete simulation study of this
condition can be found in the left hand plot of Fig. 8. The
figure shows two step responses for two different velocities.
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Fig. 9. Nonlinear closed-loop step responses for different road conditions.
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Although the performance is greatly degraded the controller
can achieve the required slip. The performance suffers from
such a degradation because the requested slip is outside the
grid used to design the controller. One could enlarge the grid
but this, given the computational complexity, would require
a looser grid and therefore yield worse performance in the
slip region of interest. The right hand plot of Fig. 8 depicts
the effect of a noisy slip measurement (note that, to improve
readability, the figure depicts the real slip, not the measured
one which is fed into the controller), wheel slip measurement
and estimation is out of scope of this work; thus a white noise
has been assumed: as it can be appreciated by the figure the
controller is robust against high level of noise. Note that a
noise with ¢ = 4 yields a greater noise than a very crude
estimation based on front and rear wheel velocity difference.

Finally the controller is tested with different road condi-
tions. Most road surfaces can be modeled as a linear scaling
of the friction curve; three road conditions are assumed: the
nominal road condition, a slippery surface and a high grip
surface). The results can be appreciated in Fig. 9. A firm
tire-road grip guarantees a better damping in the response.
Surfaces which offer a better grip require higher braking
torques to achieve the same slip. For the target slip condition
in analysis, the motorbike is subjected to a deceleration of
0.85, 0.6 and 0.4 g respectively for the high grip, nominal
and slippery road.

VI. CONCLUSIONS AND FUTURE WORKS

In the present work, the problem of designing a wheel slip
controller for motorbikes under straight running conditions
has been addressed in a theoretical and simulation-based
study. A multi-body nonlinear simulator has been employed
to obtain an LPV model of the front wheel slip dynamics; the
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vehicle longitudinal velocity and instantaneous front wheel
slip are treated as exogenous parameters. The problem was
addressed by designing an LPV slip controller scheduled on
the two exogenous parameters. An approximation scheme
useful to improve the smoothness of LPV controller was
presented. Nonlinear simulations show that the devised con-
troller guarantees good performance and robustness under
different conditions. These results seem to indicate that the
approach is promising and currently the real time implemen-
tation of the LPV controller is under investigation.
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