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Stochastic Lyapunov Function Design
using Quantization of Markov Process

Yuki Nishimura and Yuh Yamashita

Abstract— We propose a new procedure for designing ap-
proximate stochastic Lyapunov functions (SLFs) for nonlinear
Ito stochastic systems. We approximate nonlinear stochastic
Lyapunov equations (SLEs) by linear Schrodinger-like equa-
tions with Kushner’s scheme of difference approximation and
Alcaraz et al’s “quantization of Markov processes.” We con-
struct time-invariant functions concerned with the solutions of
Schrodinger-like equations and then obtain sufficient conditions
for converting the time-invariant functions into approximate
SLFs.

I. INTRODUCTION

Lyapunov’s method is useful in various cases for designing
nonlinear deterministic dynamical systems. The existence of
Lyapunov functions ensures that the origins of the systems
are stable. We can assess the robustness and obtain better
controllers for closed-loop systems with ad-hoc controllers
by using Lyapunov functions (see [10], [18], [20]).

Many researchers have studied the problems related to
the design of Lyapunov functions, e.g., Krasovskii [10],
[18], Schultz [10], Zubov [18], and Vannelli and Vidyasagar
[21]. However, these problems have yet not been resolved
completely.

Lyapunov’s method is also useful for designing nonlinear
stochastic dynamical systems. The existence of SLFs guaran-
tees that the origins of the systems are stable in probability.
The basic properties of the SLFs have been studied by Bucy
[2], Has’minskii [9], Kushner [11], Mao [13], and so on. The
problems related to the design of SLFs are also difficult to
solve.

This paper proposes a new procedure for designing ap-
proximate stochastic Lyapunov functions for nonlinear Ito
stochastic systems. We approximate nonlinear SLEs by using
linear Schrodinger-like equations with Kushner’s scheme of
difference approximation (see [8], [12]) and Alcaraz et al.’s
quantization of Markov processes (see [1], [17]). Further,
we construct time-invariant functions concerned with the
solutions of the Schrddinger-like equations and then obtain
sufficient conditions for converting these functions into ap-
proximate SLFs.

Section II introduces notations, definitions, Lyapunov the-
ory for the stochastic systems, Kushner’s scheme of dif-
ference approximation, and Alcaraz et al.’s quantization of
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Markov processes. In Section IV, we propose a method
of designing approximate SLFs by using previous works.
Section VI concludes this paper.

II. PRELIMINARY DISCUSSION

In this paper, R” denotes an n-dimensional Euclidian space
and C", an n-dimensional unitary space. Let R~ = (0,),
R>o = [0,00), Nyg = {1,2,3,...}, and N>¢ = {0,1,2,...}.
We define A;; as elements of the n x n matrix A and tr(A)
as the trace of A. Thus,

n
ZA,’j = ZA,']'—A,‘,', Vi € Nyo. (1)
J# Jj=1
We define E(X|Xp) as the expectation of some event X given
some other event Xj.

Let us consider the following nonlinear Ito stochastic

system:

dx(t) = f(x(r))dt + o (x(t))dw(t), 2)

where x(r) € R” is the state vector, f : R"” — R” is a continu-
ous mapping; o (x(t)) € R" x R?, the diffusion coeffients of
x(t); and w(t) € R?, the standard Wiener process. Moreover,
let us assume that the origin is an isolated equilibrium point.
Let

F@) = (A, LE), - )T, 3)
a1 (x) app(x) - agu(x)
ax) = o(x)-o(x) = | =@ )

anl:<x) anZ'(x) arm:(x)

A. Definitions
We define . as an infinitesimal operator of (2) that
satisfies
E[v(x(t+h))[x(r) = x] — v(x(t))
h
where x; € R", h € Ryp, and v: R" — R.

Zv(x(r)) = lim , )

Definition 1 (SLF) We assume that W : R" — R is contin-
uous and non-negative in subspace Q,, satisfying 0 € Q,, =
{KW(x) <m, me R0} CR™ If

oE/ﬂVV()C) SO, erm; (6)
the function W (x) is said to be an SLF of (2). [ |

Definition 2 (SLE) Let L,V : R" x R>0 — Rx>o. Then, the
equation
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is said to be an SLE. |

We will now define an approximate stochastic Lyapunov
equation (A-SLE) and a master equation in order to use
Kushner’s difference approximation. Let

[T () = max(£i(x),0),  f; (x) = max(—fi(x),0),  (8)

af; (x) = max(a;;(x),0), a;;(x) =max(—a;;(x),0). (9)

We define a discrete state space as
n
M, = {527,@,', V%EZ} = {xg,xd",xs",...},  (10)
i=1

where § is a spatial step and e, ey, ..., e, are the orthogonal
bases of the state vector. Let us consider the first-order
difference quotients

v(xg + Oiei,t) —v(xg,1)

D v(xg,t) = 5 , (11)
1) —v(xg — Sieiyt
va(xd,t) — v(xda ) V(xd oe;, )’ (12)
o
and the second-order difference quotients
1 _
Div(xq,t) == = (.@fv(xd,t) — D7 v(xq,1)), (13)

Oi
@;}v(xd,t) = %{—@;’v(xd,t) + D7 v(xq,1)
j
+ D v(xq+8jej,t) — D v(xg— jej 1)}, (14)
_ 1 _
D;iv(xa,t) = Z—(Sj{@,*v(xd,t) — D v(xg4,1)
— D v(xg— djej,t)+Z; v(xa+djej,t)}, (15)

where v: M; x R>o — R and i # j. Let

+ % il [all(xd)‘%l( )
+; a6 750 a7 00 a6

Then, .%; is said to be a difference operator of (2).

Definition 3 (A-SLE) Let L;,Vy: My xR>o — R. Then, the
equation

aVy
W(xa’vt) = —Ly(xa,t) — ZLaVa(xa,t) 17
is said to be an A-SLE. |

Let p'(x4/|x4) and p?(x,'|x4) be the transition probability
rates from x4 to x4/, If Vy: My x R>g — R,
an _ 1 / / 201
W(xcht) =Y {p'(alx)Valxd' 1) = p* (x4 [xa) Va (xa, 1) }
xd,EMd

(18)

is said to be the master equation.

WeC10.5

We define some representations appearing in quantum
mechanics [7] in order to explain the quantization of Markov
processes.

Consider a complex separable Hilbert space H, whose
orthogonal bases are elements of M. The space H* denotes
a dual space of H. A vector in H is written as |---), and a
vector in H* is written as (---|. The vectors |---) and (---|
are said to be a ket vector and a bra vector, respectively. The
inner product of a bra vector and a ket vector is expressed
as (--|--+).

For a function V; : My x [0,00) — R, we define

V() =Y Valxa,t)lxa). (19)
XgEMy
Then,
Va(xa,t) = (xa|V (1)) (20)

is satisfied. An operator ¢ is called a Hamiltonian operator
if

d _

5, V(1) ==V (1)) @21
Equation (21) is called a Schrodinger-like equation.

Moreover, we define a discretized stochastic Lyapunov
function (D-SLF) in order to introduce our result.

Definition 4 (D-SLF) We assume that W; : My — R is non-
negative in subspace Q¢ satisfying 0 € Q4 = {x|W,;(x4) <
m, me€Roo} C My If

LaWy(xg) <0, x4 € 0%, (22)

the function Wy(xy) is said to be a D-SLF of (2). [ ]

B. Stochastic Lyapunov Function Approach

Stochastic Lyapunov theory is mostly analogous with
deterministic Lyapunov theory but for some differences (see
[9], [11], [13], [15]). For example, we use the infinitesimal
operator .¢ and not the derivative d/dt because the Wiener
process is not differentiable. Besides, some different concepts
have been proposed for the stochastic Lyapunov theory:
stability in probability, stability with probability one, moment
stability, and so on. We are mainly concerned with stability
in probability. In addition, an isolated equilibrium point of
a system is stable in probability if the point is stable with
probability one.

Proposition 1 The infinitesimal operator £ is expressed as
(20 N NCIOMN

Z() = (8x> 'f(X)+2tr{ax (8x ca(x) p. (23)

¢

The proof of Proposition 1 is shown by @ksendal [15] in
Theorem 7.3.3.
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Theorem 1 (Kushner [11], Chapter 2, Theorem 2)
Assume that W (x) exists as an SLF of (2). Let xo € Qi be
an initial state and

Py = QN {x].ZW (x) =0} (24)

Then, x(t) converges to P,, with a probability no less than

1 —W(xp)/m. ¢

In Theorem 1, the origin of (2) is asymptotically stable
in probability if P, = {0}, and the origin is asymptotically
stable with probability one if P, = {0} and O, =R".

C. Kushner’s Difference Approximation [12]

Kushner introduces a method of difference approximation
for solving Hamilton-Jacobi-Bellman equations. The solu-
tions of the equations yield the optimal control laws of
stochastic systems with inputs [12]. When Kushner’s method
is applied to the no-input system (2), the method acts as a
scheme of approximating SLEs.

SLE (7) is replaced by A-SLE (17) if the first and second
partial derivatives of V(x,¢) in x are approximated by the
following:

V. D Valxayr) if fi(x) >0
m(x”)”{@,-vm,r) it i) <0 =
2%V
ﬁ(-)ﬂt) ~ %in(x,t), (26)
0%y D Vy(xg,t) if a;;(x) >0

~ ij ) i =
axiax]'(xJ) {@i;Vd(de) if Cl,‘j()«i)<07 27)

where i # j.

Kushner approximates dV /dr by using the backward
difference and defines the one-step transition probabilities.
We keep the time continuous and define p’(x,/|x;) as the
transition probability rates from x; to x,;/. Thus,

1 1
pb(Xd —+ 5€l~|xd) — gf'l,+(xd) + — 262 {a” xd Z |a,] Xd }

J#i
(28)
1
b —
P’ (xa — Oeilxq) = gfz (xa) + 282 {au Xq) /Z;Allal/ Xq) }
(29)
P’ (xa+ 8ei+ 8ej|xg) = p’(xq — Sei — 8ej|xy)
at(xq)
_Hj . .
=5 0 #J (G0
P’ (xq — 8ei+ 8ejlxg) = p’(xy + Sei — 8e;|xq)
Caylxa)
- |ﬁ , diil%a) |aij(xa)|
P’ (xd'|xa) =0, (33)

where x;" # x4,x4 + 8ei,xqg — 0ei,xq + Oe; + Oej,xq + Oe; —
Oej,xg—Oe;j+0ej,xg— Oe; — Oe;.
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Proposition 2 A-SLE (17) is equivalent to

aVy

W(Xd,f):*Ld(de) Y Pl WValxd ). (34)

Xd,EMd
¢

Kushner’s method is presented in Section IX-3 of Fleming
and Soner [8] and Section 9-1 of Kushner [12].

D. Alcaraz et al’s Quantization of Markov Processes [1]

Alcaraz et al. introduces the quantization of Markov
processes, which is a procedure for quantizing classical
dynamical systems (see [1], [17]). In this subsection, we
immediately extend the results.

We present specific examples of bra-ket notations. Let
V1, ¥, : My; — C and O be a linear operator. Then, we obtain

(W|Olyn) = Z vi (xd')(Owa) (xd'), (35)
Xq EMd
(vilyn) = Z Vi (xd v (xd'), (36)
Xy €My
(xaly1) = wi(xa), (37)
(xalxa") = 8 (xalxa"), (38)

where vy is the complex conjugate of y/q.

Proposition 3 If a Hamiltonian operator F¢ satisfies

a0 ="Y, {=p'(alxd)xd'| + P (xd'|xa) (xal} . (39)

xd/EMd

the master equation (18) is equivalent to the Schrodinger-like
equation (21). ¢

Hamiltonian operator .5 can be represented as a matrix.
The elements of the matrix are obtained as (x;|7|x,").

Proposition 4 If a Hamiltonian operator satisfies (39),

/ —p'(xd|xa) if xg' # xq
(xa| \xa"y = § —p'(xalxa) + Y, P*(xd"|xa) if x4’ = x4
deGMd
(40)
¢

If p' = p?, Propositions 3 and 4 are consistent with
Alcaraz et al.’s results given in Section 3 of Alcaraz et al.
[1] and Section 2 of Rajewsky et al. [17]. The transforma-
tion from the master equation (18) to the Schrodinger-like
equation (21) is called the quantization of Markov processes.

Remark 1 The Hamiltonian operator of the Schrodinger-
like equation (21) generally has complex eigenvalues and
eigenfunctions because ¢ is non-Hermite [1], [17]. This is
different from the cases in quantum mechanics [7], [19]. B
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III. PROBLEM FORMULATION

The purpose of this paper is to propose a method of
designing SLFs for system (2).

In Subsection IV-A, we show that the A-SLE is equivalent
to a Schrodinger-like equation by using the quantization
of Markov processes. Moreover, we describe the general
solution of the A-SLE by using the eigenvalues and eigen-
functions of the Hamiltonian operator.

In Subsection IV-B, we obtain sufficient conditions for
a time-invariant function to become a D-SLF. Note that
the D-SLF W;(x4) is an approximation of the SLF W(x)
because the difference operator . is an approximation of
the infinitesimal operator .Z.

In Subsection IV-C, we propose a method of designing
D-SLFs.

We consider the SLE (7) with

L(x,1) = =q(x)V (x,1),

where g : R” — R+ . System (2) does not have any restric-
tions if (41) is considered because the following proposition
holds:

(41)

Proposition 5 If there exists an SLF of system (2) in Q,,
there exists an SLF of (2) in Q, satisfying (7) and (41). ¢

Proof: Let ty be the initial time and xy, the initial state.
If W(x(¢)) is an SLF of system (2) in Oy,

W (x(1)) = e 0TS ) o € 0 (42)

is a non-negative function defined in Q,,, where G(x(s)) is
non-negative and submartingale. When x(z) = x;, € R,

W) =~ {2 [ dato)as W x()
B LT a(@)dsie(0) = x| - i dx(s)ds
= —lim Wi(x(t))

h—0 h
< —q(x(2))W'(x(2)). (43)

For all x;, (43) holds. Therefore, W'(x(¢)) is an SLF satisfy-
ing (7) and (41). |

IV. STOCHASTIC LYAPUNOV FUNCTION DESIGN
A. Solutions of A-SLE

We define
P [xa) o= P (alxd)s xd' #xa (44)
P (xalxa) = qxa) = Y PP (xdIxa). (45)
xd'#x4
Thus, we obtain the following lemma.
Lemma 1 If Hamiltonian operator 7€ satisfies
(al = Y, AP (xalxd) x|+ PP (v ea) (xal}, - (46)
XdIGMd
A-SLE (17) with (41) is equivalent to the Schrodinger-like
equation (21). ¢

WeC10.5
Proof: By using (44)—(45), we obtain
alxa) =Y, w(xd'[xa)- (47)
Xd/GMd
By using (34), (41), and (47), we obtain
oV
5 W) =~ Y (P (alxd )V (xd 1) + PP (xd [xa)V (34 1) }

xd’EMd

(48)

Equation (48) is the master equation (18) with p! = — pb and
p? = p*. Hence, (48) is transformed into the Schrodinger-like
equation (21) with (46) by using Proposition 3. [ ]

Let us show that the general solution of A-SLE (17)
with (41) can be represented by using the eigenvalues and
eigenfunctions of a Hamiltonian operator satisfying (46). Let

Ej = EjR—l—iEj[, Ej = jR_iEjI (49)
be the eigenvalues of J# with (46) and
i(xg) = 0ir(xq) +1i0i(x,
0j(xa) = Ojr(xa) +1i¢;j1 (xa) 50)

07 (xa) == Qjr(xa) —i9jr(xa)
be the eigenfunctions corresponding to E; and E}‘, where
J€No, Ejr,Ejj €R, 9jr,¢0j; : R" — R, i is the imaginary
unit, and |Ep| < |Ej| < ---.

Theorem 2 The general solution of A-SLE (17) with (41) is
represented as

Vi(xg,t) = Y {Cie 5 ¢i(xq) + Cre "' 97 (x4)},
JENy

(S

where C; is an arbitrary complex constant and C7, the
complex conjugate of C;. ¢

Proof: By using the linearity of the Schriédinger-like
equation (21), the general solution of (21) with (46) is
represented as

Vilxg,t) = Y {Cie B 9;(xa) +Dje 507 (xa) . (52)

J€Ng

where C; and D; are arbitrary complex constants. By using
Lemma 1 and (52), (51) is obtained as the general solution
of the approximate Lyapunov equation (17) with (41). ®

B. Sufficient Conditions for D-SLFs

Consider the following time-invariant function:

Wi(xg) :=Vi(x0,0) = Y (Ci9j(xa) +C}97(xa)) . (53)
Jj€Ng

We can obtain sufficient conditions for W¥(x,) to be a D-
SLF.
We define

W) (xq) 1= Cj$;(xa) + C; ;(xa)
W (xg) 1= —i(Cj0;(xa) — C};(xa))-

(54)
(55)

Assumption 1 Let 0 € Mi C M. There exists a combination
(Co,Cy,...) that satisfies all of the following conditions:
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1) Wi(xy) is non-negative in Mg.

2) Forall x;eM h, there exists a real constant K satisfy-
ing

Y (W)l + W)l ) < KWi(xa). (56)

JEN>g

We then obtain the following theorem:

Theorem 3 Suppose that Assumption 1 holds. Function
Wi(x,) is a D-SLF of (2) if

Km%i(lEjR\, Ejil) < q(xa), Vxa € M, (57)
JE
where N* := {j|C; # 0}. ¢
Proof: By using
Cj = kj(cosujJrisinuj), kj,[J,jER, (58)

the general solution of the approximate Lyapunov equation
(51) is represented as

Vi(xa,t) = Y, e Bk i{jr(xa) cos(b; — Ejt)

JEN>

—@ji(xq)sin(u; —Ejt)}.  (59)
By using (59), we obtain

oVt

— —EjRty, .
W(Xd’t) = 2]-6%'206 k;
X {(EjrOjr(xa) — Ej10;1(xq)) cos(i; — Ejit)
—(Ej1jr(xq) +Ejr®ji(xq))sin(u; — Ejt)}  (60)
and

fdvh(xd,;) =2 Z e—EjR;kj
J€N>0

X { Ly @jr(xa,t) cos(uj — Ejpt)

— Zy0j1(xg,t)sin(uj — Ejpr) }.

By substituting (59)—(61) into A-SLE (17) with (41), we
obtain

(61)

ZaPir(xq,t) = EjrOjr(xa) — Ej19j1(xa) — q(x4)9jr (xa),
(62)

Za®j1(xa;t) = Ej1jr(xa) + Ejr@j1(xa) — q(xa)9ji(xa)-
(63)

By using (58), (62), and (63), we derive

LaWi(xg) =2 Y kj(cos i Zy@ir(xq) — sin ;. Lyjr(xq))

jENzO

=—q)W(xa)+ Y {ERW’ (xg) — EgW(xq)}.

jGNzo

(64)

WeC10.5

By using Assumption 1-2) and N?, we obtain
Y {ERW’ (xa) — EgW¥(xq)}

JEN>g
< Y {IERIW ()| + | Ejr[WF (xa) |}
jeN®
< Kmax(|Ejr|,|Eql) ¥ (W (xa)| + |[WH(xa)])
JEN* jENh
SKmaX(|EJR‘7|Eﬂ|) (65)
JENS
By using (64) and (65), we obtain

£ (s0) < { gt + K (Esel. ) W)
J

(66)

By using Assumption 1-1), (57), and (66), we obtain
LaWh(xg) <0, x4 € M. (67)
Therefore, Wi(x,) is a D-SLF of (2). [ |

In addition, a simple case can be described as follows:

Corollary 1 Let o € N>o and Cy,Eq, 9o € R. Consider
a combination (Cy,Cy,...) = (0,...,0,Cy/2,0,...,0). The
function Wg(xg) := Cq 9 (xq) is a D-SLF of (2) if

Eq < q(x), Yxq€M, (68)

and Woh( is non-negative in Mfl. ¢
Proof: Let

Vi (xa,1) = exp(~Eat )W (xa)- (69)

Because Vg (x4,t) is a solution of A-SLE (17) with (41), we
obtain

Ve

W(Xd,f)Jrdeg(de) = —q(xa)Va(xa).  (70)

Hence, we obtain
LaW(xat) = (Ea — q(xa))Va (xa). (71)
Therefore, Wg,(x4) is a D-SLF of (2). [

C. D-SLF Design Procedure

A new procedure for designing D-SLFs is proposed. The
procedure involves the following four steps:

[Step 1] Determine positive function g(x).

[Step 2] Discretize state space R" into M.

[Step 3] Solve the eigenvalue problem for Hamiltonian

operator 77 .
[Step 4] Choose a combination (Cp,Cy,...) satisfying As-
sumption 1 and (57).

By using Steps 1-4, we can obtain W(x,) as a D-SLF of
2).

Previous work with finite-difference approximations, e.g.,
Kushner [12], assumed that the boundary satisfied the Neu-
mann condition dV /dx = 0. Hence, if the boundary condition
does not hold, the iteratively calculated values may diverge.
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Our new method can be used in domains where the system
is asymptotically stable in probability. The restrictions of an
SLF do not impose any restrictions on the system because
Proposition 5 holds. Moreover, there are no divergence
problems because our method does not involve any iterative
calculations.

Hamiltonian operator .7 can be represented as a matrix
because .77 is a linear operator. The matrix is sparse if .77
satisfies (46). This is derived from the transition probabil-
ity rates (28)-(33) and Proposition 4 with p' = —pb and
p? = pt. Previous work, e.g., Press et al. [16], proposed
various algorithms for solving the eigenequations of sparse
matrices. In our previous work [14], we discussed the matrix
representation of a Hamiltonian operator for deterministic
dynamical systems.

Certain classes of systems, e.g., controlled nonholonomic
systems, require that their SLFs be nonsmooth. Our method
lends itself to such systems because viscosity solutions,
which are weak solutions of partial differential equations [6],
are characterized as solutions of the Lyapunov equations in
Kushner’s method [8].

Camilli et al. extend the scheme called Zubov’s method
to perturbed systems [3], stochastic systems [5], and control
systems [4]. The method also allows viscosity solutions.
Hence, our method can be widely applied to control dynami-
cal systems if Camilli et al.’s and our methods are combined.

V. NUMERICAL EXAMPLE

We can illustrate our scheme by using a simple example.
Consider a two-dimensional system

dx) = ayxydt (72)
dxy = —(apsinxy + azx;)dt + asxpdw,

where a; =1, ap =1, a3 =2, and a4 = 1/5. We can calculate
a D-SLF W!(x,) of the system (72) with a bounded region
My ={(x1,x2)|— 1 <x; <1, =1 <x; < 1}Clattice points
I =21 x21Cand a non-negative function g(x) = 1. Figure 1
shows the D-SLF W“(xd), and Figure 2 shows de“(xd)
obtained by using multilinear approximation. The region
labeled Q denotes the largest connected level set of W¥(x,),
and dQ denotes the boundary of Q.

canvwsao®

Fig. 1. Discretized Stochastic Lyapunov function W?(x,)

WeC10.5

Fig. 2.

Approximation of £W (xz)

VI. CONCLUSIONS

We have proposed a design procedure for designing D-
SLFs. First, we have approximated SLEs by using Kushner’s
scheme of difference approximation. Second, we have used
the quantization of Markov processes to replace A-SLEs
with Schrodinger-like equations. Third, we have obtained
sufficient conditions for time-invariant functions to become
D-SLFs. Finally we have provided a method of constructing
D-SLFs.
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