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Topological Geometry and Control for
Distributed Port-Hamiltonian Systems with Non-Integrable Structures

Gou Nishida*,

Abstract— This paper discusses topological geometrical as-
pects and a control strategy for a distributed port-Hamiltonian
system with a non-integrable structure called a distributed
energy structure. First, we show a geometrical structure of
port variables determined by differential forms. Next, we state
the necessary condition for regarding the distributed energy
structure as a boundary energy structure which is boundary
integrable. From these results, we define the fundamental
form that generates the distributed port-Hamiltonian system
with distributed energy structures in a variational problem.
Finally, we present a new concept of boundary controls for the
distributed port-Hamiltonian system with distributed energy
structures in space-time coordinates.

I. INTRODUCTION

A distributed port-Hamiltonian system is a general frame-
work for boundary control of partial differential equa-
tions [2]. The system has two aspects: the physical system
defined by a Hamiltonian and the control system based on
passivity. If we can formulate a control object as a distributed
port-Hamiltonian system, the representations reflects many
results in analytical mechanics, and at the same time, we can
apply control strategies of port representations (i.e. damping
injection, energy shaping and port interconnection) to the
system [6], [7], [8].

A boundary integrable structure, called a Stokes-Dirac
structure, formalizes the distributed port-Hamiltonian system
in the sense of Stokes’s theorem with differential forms
(e.g. Maxwell’s equations without current densities). The
distributed port-Hamiltonian system consists of dual pairs
of variables, called boundary port variables, satisfying the
Stokes-Dirac structure. The boundary integral of the pairs of
boundary port variables is equal to the power flow through
the boundary of the system. The formalism can be extended
to a boundary non-integrable structure [2] by introducing
distributed port variables. The domain integral of the pairs
of distributed port variables expresses the distributed power
flow of the system. We call the boundary integrable (resp.
non-integrable) structure, which is defined by boundary
(resp. distributed) port variables, boundary (resp. distributed)
energy structures in the distributed port-Hamiltonian system.
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In this paper, we discuss a geometrical structure deter-
mined by differential forms and a boundary control method
for the distributed port-Hamiltonian system with the dis-
tributed energy structure. First, we show that the spaces of
differential forms defining port variables relates to the topo-
logical geometry of compact Riemannian manifolds. Next,
we state the necessary condition for regarding a distributed
energy structure as a boundary energy structure, which we
call boundary completion. From the results, we define a
fundamental form and a partition of the Hamiltonian. The
fundamental form generates the distributed port-Hamiltonian
system in terms of variational calculus. The partition of the
Hamiltonian gives the information to split a differential form
into two port variables and it is introduced from the rela-
tion between classical field equations and distributed port-
Hamiltonian systems. Finally, after extending the fundamen-
tal form to distributed energy structures, we present the new
strategy of boundary controls in space-time coordinates. The
concept holds for all distributed port-Hamiltonian systems
including distributed energy structures.

II. MATHEMATICAL PRELIMINARIES

Let M be an m-dimensional orientable C'>° Riemannian
manifold. Let d : 2%(M) — Q*+1(M) denote an exterior
differential operator, and let * : 2F(M) — 2%(M) denote
a Hodge star operator, where k := m — k and Q2%(M)
is a space of differential k-forms on M. We define § =
(—1)"E+D+1 4 dx to be the adjoint operator of d regarding
the inner product (w,n) = [,, w A *n for w,n € Q*(M).

The form w € 2%(M) is called a closed form if dw =
0, an exact form if there exists n € 2F~1(M) such that
w = dn, a dual exact form if there exists § € QFF1(M)
such that w = §6, and a harmonic form if Aw = 0, where
A = df +6d: Q2F(M) — QF(M) is called the Laplacian.
We denote exact, dual exact, and harmonic k-forms on M
by wh € Q8(M), Wk € Q2%(M), and Wk € 2% (M),
respectively.

A. Distributed-port-Hamiltonian systems with distributed
energy structures

This section gives the definition of port Hamiltonian sys-
tems containing as well boundary as distributed port variables
that we shall use. It is a slightly more general definition of the
distributed port variables than in the original definition [2] in
the sense that the distributed port variables may be defined
in a different spatial domain.

Definition 2.1: Let Z be an n-dimensional C*° manifold
with the boundary 0Z. Let S be an [-dimensional manifold.
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Let F and & be linear spaces satisfying the complementarity
condition p+ q = n + 1 given by
F=0P(2)x QUZ) x QP(0Z) x 2*(S),

&= 0P(Z) x QU(Z) x QUDZ) x FU(S), M

where p:=n—p,g:=n—q¢gu:=n—u, 0<u<l, f:=
(fps fq> fo, fa) € F is called a flow, e := (ep, eq,€p,€q) €
€ is called a effort, and the pairs (f,e) are called power
variables.

Definition 2.2: Let us define the non-degenerate bilinear
form on the bond space F x &:

((ffeh), (£2,e%) )
- [@nfpreinfirinfy+eing)
o @A rdns)+f Ciastrdnn). @
oz s
Definition 2.3: Let us define the linear subspace D of F x

& such that
D={(f,e)e FxE& |

Bl ) ) e a2

B1=16 Sl e} G)

where 7 = pg + 1, |gz is the restriction to 07 and G =
[Gp, Gg|T = 24(S) — QP(Z) x 29(Z) is a linear map
with dual map G* =[G, G} : 2P(Z) x 29(Z) — 2%(S5)
satisfying

/Z[ep NGp(fa) +eq A Gq(fd)]
_ /S (G3en) + Goea)] A fa @

for all (ey, eq, fa) € 2P(Z) x 2UZ) x 2%(S).

Definition 2.4: A Dirac structure is a linear subspace
D C F x & such that D = DL, where L is the orthogonal
complement with respect to the bilinear form ((, ).

Theorem 2.1 ([2]): D is a Dirac structure with respect to
the bilinear form ((, )) defined in (2).

Definition 2.5: Let us consider a Hamiltonian functional
H = [, H(ay,&,) defined with respect to the Hamiltonian
density:

H(ag, ap): 27(Z) x QUZ) xR — Q°(Z),  (5)

where &y € 29(Z) and &, € 2P(Z). Substituting the
following definition of power variables
Oay, 0dy 0 0
= —— = —— = — = — 6
Ip ot ' fq ot €p adp ) €q 5dq , (6)

where 0. /0a denotes the variational derivative of ¢
with respect to & [18], into (3), we get a distributed port-
Hamiltonian systems with a boundary port variables ( fy, ep)
and distributed port variables (fq,€q) .
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Proposition 2.2 ([2]): The energy balance of distributed
port-Hamiltonian systems is given by

Cf:é(epAfp+qufq)+LedAfd

:/ eb/\fb+/€d/\fd- (7
oz s

The first term of the right-hand side of (7) corresponds
to the flow of energy per time instant through the boundary
of the spatial domain. The second term in (7) corresponds
to the flow of energy per time distributed in the spatial
domain and may arise for instance from a current density
in Maxwell’s equations, a distributed weight in equations
of flexible beams, and a distributed dissipation in telegraph
equations, etc. In such cases the domain of the distributed
port variables are either S = Z or some connected subset.
Then the boundary control with boundary port variables
should be completed with some distributed control with
distributed port variables to stabilize the systems [5].

B. Differential geometric interpretation of distributed energy
structures

In this section we recall that, in the case when, for
topological reasons, the space of k-harmonic form is trivial,
then the distributed port variables generates a source term in
the conservation law in terms of a dual exact form. First, we
recall the following important result in differential geometry.

Proposition 2.3 (Hodge decomposition [10], [13], [11]):
On an oriented compact Riemannian manifold M, an
arbitrary k-form can be uniquely written as the sum of an
exact form, a dual exact form, and a harmonic form:

Q8 (M) = Q25(M) ® 25 (M) ® 25 (M), (8)

If we can assume 2% (M) = 0 for k > 0 for an
appropriate reason (mentioned in the next section), each
differential form can be considered as a sum of an exact
form and a dual exact form.

Theorem 2.4 ([5]): Consider the Stokes-Dirac structure
(3) on a contractible manifold. Then the terms (—1)"de,
in f, and de, in f, are exact forms and the terms Gy (fq)
in f, and G4(fq) in f, are dual exact forms.

This theorem says that any port variable belongs to either
exact forms or dual exact forms on a contractible manifold.
The distributed energy structure consisting of dual exact
forms is boundary non-integrable from (7). Therefore, we
can say that the distributed energy structure is inappropriate
from the viewpoint of boundary controls.

C. Differential forms and de Rham cohomologies

This section explains why we introduce the topological as-
sumption that is contractible. The decomposition in Prop. 2.3
is significant in the sense of global topology by the following
fact.

Definition 2.6: Let Z*(M) and B*(M) be the set of all
closed k-forms on M and the set of all exact k-forms,
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respectively:
ZF(M) = Ker (d: QF(M) — Q5TH(M)) , 9
B¥(M) =1Im (d: Q"1 (M) — 2F(M)) . (10)
The quotient space
H}p(M) = Z*(M)/B*(M) (1n

is called the k-dimensional de Rham cohomology of M.

Theorem 2.5 (Hodge theorem [10], [13], [11]): On an
oriented compact Riemannian manifold M, the de Rham
cohomology group H 1’3 r(M) and the space of harmonic
forms 2%, (M) are isomorphic: 2% (M) = HE ,(M).

The de Rham cohomology HF, (M) is a characterization
of topological properties of manifolds [10], [16]. From de
Rham’s theorem [10], [13], one obtains that H }3 r(M) =
H*(K; R), where H*(K; R) is the cohomology group of
a simplical complex K with coefficients in R. As a conse-
quence, H ’5 r(M) is equivalent to the topological invariant
quantity that is calculated from the triangulation.

In other words, a differential form is defined at each local
point of the manifolds, but it essentially relates to global
topology through harmonic forms. To understand this, let us
consider the simplest situation.

Corollary 2.6 (Poincaré lemma [10], [13], [12]): The de
Rham cohomology of R" is

R, ifk=0

0, otherwise,

Hpp(R") = Hpp(R") = { (12)
where R is a point.

This lemma says that there exists n € 2¥~1(R") such
that w = dn if w € NF(R") for k > 0 is an arbitrary
closed form. In other words, all closed forms dw = 0 are
exact forms w = dn in local coordinates on R™. However,
the problem of whether there globally exists such a 7
depends on the properties of manifolds in general. The
de Rham cohomologies of C'*° manifolds with the same
homotopy type are isomorphic. In the case of trivial de Rham
cohomologies which are the same as R”, a manifold is called
a contractible.

III. GEOMETRICAL STRUCTURE AND COMPLETION OF
BOUNDARY ENERGY STRUCTURES

From the previous discussion, we shall assume that in
Def. 2.5 of the port Hamiltonian system, the spatial domain is
a compact submanifold Z with boundary 0Z of a contractible
manifold N. The algebraic topological properties of the man-
ifolds on which the port Hamiltonian system are defined will
play an essential role in the definition of the flow and effort
variables and endowing them with a bilinear product. This
section presents differential geometrical aspects arising from
this setting. First, we show that the topological assumption
of manifolds defines a geometrical structure of differential
forms. After that, we introduce a necessary condition to
regard a distributed energy structure as a boundary energy
structure. We call the structure satisfying this condition a
completion of distributed energy structures.
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A. Geometrical structure of power variables

This section shows that the complementary condition
p+ q = n + 1 determines the main structure of distributed
port-Hamiltonian systems defined on a compact submani-
fold Z with boundary 0Z of an n-dimensional contractible
Riemannian manifold N. The decomposition of the flow
variables f, and f, given in Thm. 2.4 may be summarized
by the following diagram involving the exterior differential
operator d and its adjoint d:

foo1r =day_s + 0po1 € QP7N(Z) =
d

fp = do‘p—l + 55;04—1 S QP(Z) Qq (Z)
5 A

Q1(Z)
(13)
fp—i-l

Bpt1 + 0Bpr2 € PHY(Z) = 2972(2)
)

where there exists o, € Qi"*l( for doy,—1 in f,, there
exists Bpr1 € 2PTY(Z) for 68,41 in fp, and 2P~1(Z) =

029(Z) = 2" 9(Z) because o1 = €4 and p+q =n+ 1.
The same structure exists for fj:
fom1 =dogs + Q-1 € QI71(Z) = QPF(Z)
fh = daq-:l + 00,41 € 2(Z) = 07(Z) (14)
for1 = Ba1 4 0Bg+2 € 09T1(Z) = QP~1(2)

Proposition 3.1: If Z is contractible, d and § satisfy

d': 0p(2) — 21(2), (15)
5L Q7)) — 024(2) (16)

for0<i<n-—1.

Proof: This fact is the definition itself; however, we
shall check it. Imd’ = Kerd'*! and Im §**2 = Ker§*+!,
Because the (i 4+ 1)-th cohomology vanishes by the con-
tractible topological assumption. The (¢ + 1)-th cohomology
is isomorphic to the space of harmonic forms. The exactness:
dod =0 or od =0 holds. ]

From equations (13) and (14), we obtain the following
lemma.
Lemma 3.2: The Hodge star operators

x: QL(Z) — %N Z); dag_y — ay,
x: Q2(Z) — Q5N (2); dap_1 — ay

a7
(18)

are isomorphisms for each subspace of f, and f,.
Proof: First, if w is an exact form: w = dn, *w is

a dual exact form: xw = 46, because, for n € 2%(Z),
w(w) = *(dn) is equal to *w = (—1)F=Fxdx(xn) =
(—1)kn=k)+n(k+1)+15(4p). The converse case also holds.
That is, *(*w) = *(00) yields (—1)*FFD=k=1)y, —
(1) kD (=D+n0+D)+1 (1) for 6 € Q%(Z). n

The mappings can be generalized as follows.

Proposition 3.3: The Hodge star oeprators

«: QUN(2) - Q5 TN(2), (19)
x: OVH(Z) — Q571 (2) (20)

are isomorphisms for —¢ <i<n—qand —p < j <n —p.
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The relation can be generalized as follows:

fre 2%E<=S057 3¢

5‘1
LT

d
eq € QP16 p—

2D
> fp

where this commutative diagram expresses the structure of
power variables of one distributed port-Hamiltonian system.

Next, we clarify the inner product structure. The inner
product is defined by the integral of a pair of differential
forms w,n € 2%(Z) shaping the volume form:

b= [ens= [ sne.

From the discussion in the previous section, we arrive at the
following propositions immediately.

Proposition 3.4: If we assume that e, := *f, and e, :=
* fg on an oriented compact Riemannian manifold Z, then
we have the following inner product

(22)

(f,e):/eD/\deD —|—6E/\56%+1—|—6H/\fH, (23)
z

where f = fR+fE+fh € Q8(Z) and e = ek + ek + ek, €
0k(2).

Proof: Thm. 2.3 gives the following relations:
<dak_1 5ﬂk+1> =0, <dozk_ = 0 and i55k+1,fyk> =
0 for a general representation of k-forms w® = da’~!
SBFL 4 Ak € 0OF(Z), where da*~! € 0k (2), spFF! €
0k (Z) and v* € 2F,(Z). The integrand is calculated by

sfAF=(fE) A+ (IB) g AT+ (5 FE) A TR
=N TE e NS+ AT

— b Adeh ek n el ek A fE (24)

where we used Axf = «Af [11], [13] in the third term. W
Proposition 3.5: If Z is contractible, the integrand of the
third term of (23): €% A fk is equivalent to zero for any k.
Proof: From Thm. 2.5 and Cor. 2.6, the term becomes
zero for any k. u

B. Boundary completion of distributed energy structures

We see that the inner product (23) introduced from the
topological assumption itself naturally includes a boundary
energy structure as well as a distributed energy structure. The
relations in the previous section can be generalized and are
illustrated as follows.

Qq—l 0 Qq_2é

dpl“—l‘

Qq+1 0 Q% 0
Rd? ‘ RdP~ 2 W ‘
01 "0 T

| S R S
W%QP 2 WHQP ! W\% (078 Iﬂﬁp“
LIS Vi B R A I "N

p—1 QP p+1_
0 Q 0 0 Q

. ,Qq+1 0 ‘

sn2

where <-» means the correspondence of the pairs of orthog-
onal subspaces in a space of differential forms, 0 is a zero
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map, and * defines the dual pair with respect to the inner
product on 0Z:

5: Q5N D)oz — 7N (Z)|oz (25)

for 1 —q < 7 < n — q. In this diagram, the boundary
energy structure corresponds to the center parallelogram
consisting of {2%.(2), 2%71(2), 2%(Z), 2% (Z)}, which
is equivalent to (21), and the distributed energy structure
corresponds to the adjacent spaces {27,(Z), 2},(Z)}.

Here, the correspondence indicates that the distributed
energy structure is one of spaces of other parallelograms
arrayed symmetrically in the diagram. Here, one question
arises, that is, whether we can construct a new boundary
energy structure for the boundary control of the distributed
energy structure. The following answers this question.

Definition 3.1: We define the set of subspaces of differ-
ential forms:

Z; = {00(2), 25 (2), 2571(2), 2571 (2)} (26)
Si={2%(2),257(2)}. 27)

A distributed port-Hamiltonian system over Zy with dis-
tributed energy structures over Sy is called boundary com-
plete if there exist other distributed port-Hamiltonian systems
Z; for © = %1 including the distributed energy structures
over Sy as boundary energy structures.

Theorem 3.6: The following are necessary conditions to
be boundary complete for a distributed port-Hamiltonian
system over Zy with a distributed energy structure over Sy:

1) There exists a pair of distributed port-Hamiltonian sys-

tems over Z; without a distributed energy structure over

S; fori=—-1,1.

2) q>2,p>2and n > 3.

Proof: The previous diagram clearly proves the theo-
rem; however, it is difficult to see this fact without an illus-
tration. 1) Obviously, we should find two systems defined
over Z; including Gp(fq) € 2% (Z) and Z_; € 2} (2)
including G,(fq). 2) If the two systems exist, ¢ —2 > 0
and p — 2 > 0 are necessary, at least. Thus, we have

—2=mn—-—q—12>0. This means n > q + 1. |

IV. BOUNDARY OBSERVATION OF DISTRIBUTED ENERGY
STRUCTURE BY USING THE TIME COORDINATE

The completion of the boundary energy structure is the-
oretically realizable; however, this concept might be am-
biguous in a practical situation. In this section, we present
a new control strategy to change the obstruction of the
distributed energy structure into a useful structure in the
sense of boundary controls.

A. Partition of the Hamiltonian

First, we define the fundamental form that yields dis-
tributed port-Hamiltonian systems by differentiation.
Definition 4.1: Define the map

Wk QF(2) x Q¥(Z) — Q™(2);
8H dai

dn
8@1‘ dt v

ceidxg Acy, dz® —

(28)

1294



47th IEEE CDC, Cancun, Mexico, Dec. 9-11, 2008

for k < n and ¢ = por ¢, where c.,(z),cy,(x) are the
coefficients of k-, k-forms, respectively, k :=mn—k and
H(aq(t),ap(t)) is the function of ¢.

Note that the definition of the Hamiltonian is changed from
(5) into the function H(aq(t), ap(t)).

Proposition 4.1: WF is a surjection.

Proof: The number of basic 1-forms generating k-forms

is the combination ,,C%. An n-form is a monomial. ]

Proposition 4.2: The inverse map (WF)=1 = W} such
that

Wi QM(Z) — Q8(Z) x 2%(2);
O da
6@1' dt

is not an injection for k # n.

Proof: From Prop. 4.1, the map is one-to-one if k = n.
However, in the other cases, the inverse of the projection
is not uniquely determined because of the difference in the
number of coefficients of differential forms. |

Definition 4.2: A uniquely defined W;* is called a parti-
tion of the Hamiltonian if information on the coefficients of
the differential forms c, and cy is given.

These definitions are used in the following proposition.

Theorem 4.3: Consider an m-dimensional manifold M
containing an n-dimensional submanifold N C M such that
n =m — 1. We define the fundamental (m — 1)-form

dx" — ceidmz A cg,dz® (29)

O=(-1)""9dt Neqg Nep — H(aq,ap) Nds"
€ QmH(M), (30)

where e, € 2" P(M), e, € Q2" I(M), ds" € 2"(M)
which consists of basic forms dxi,---,dz, generated
by spatial variables s of (¢,s) = (xo, 1, - ,2,) and
H(aq(t),ap(t)) is the Hamiltonian density. Then dO© = 0
with a partition of the Hamiltonian W' and W' is a suffi-
cient condition for yielding the distributed port-Hamiltonian
system.
Proof: A direct calculation leads to the following:

dO = (—1)""9dt Ndeg N e, +dt ANeg Adep

_OHday gy~ M4y
8ap dt 8aq dt

By using W' and W', we get

€1y

dOw = (—1)"dt Ne, ANdey + dt Aeg Adey
— dt A ce,daP A cy,da? — dt A ce,dx? A cy,da?
= (=1)"dt ANey, Ndey + dt Neg A dey,
oH day, 0 day
+dt A 7, " (—dt> +dt A 7a; (—dt) ,
(32)

where 7 := n — 4. Substituting (3) with f; = es = 0 and (6)
into the last equation, we get d@y = 0. |
The fundamental form O is related to classical field
theory [17].
Corollary 4.4: %O is equivalent to the Poincaré-Cartan
fundamental form in the case of a hyper regular Lagrangian.
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Proof: Applying the Hodge star operator to the left-
hand side of (30), we get

*O = * (eq ANdt Nep, — H(agq, ap)ds™)

= Ce,Ce, ds' — H(aq, ap)dt, (33)

where ds' is the spatial 1-form and Ceys Ce, are coefficients
of ey, ep,, respectively. ‘H is uniquely determined by the
Legendre transformation of a hyper regular Lagrangian. W

Thus, the distributed port-Hamiltonian system possessing
the partition of the Hamiltonian is a more detailed represen-
tation than the classical field equations.

Theorem 4.5: The partition of the Hamiltonian is the
necessary condition to formulate a classical field equation
as a distributed port-Hamiltonian system.

Proof: From Cor. 4.4, distributed port-Hamiltonian sys-
tems correspond to classical field equations with the partition
of a hyper regular Lagrangian. |

In some practical cases, the partition of Hamiltonian is
given as a problem setting (e.g. Maxwell’s equation, etc. [2]).

B. Extension of fundamental forms

In this section, we extend the fundamental form to a wider
form that also yields a distributed energy structure. From
Thm. 2.4, the distributed energy structure is not defined as an
exact form, but a dual exact form. However, from the consid-
erations in the previous section, there exists other distributed
port-Hamiltonian systems including the distributed energy
structure as a boundary energy structure by the boundary
completion. Then such a boundary energy structure should
be formulated with the fundamental form. To expand the
fundamental form, we must first make some preparations.

Definition 4.3: Let us define the following projection:

b: Q™ (M) — Q™ Y(N); dO — (dt]dO) |y,

where N C M and Jt| := (9/0t)| is the contraction with
respect to dt.
Definition 4.4: Let us define the following injection:

(34)

g: Q™M) — Q"Y(L); dO > dENdO,  (35)

which is induced by the inclusion ¢: M — L such that
(t,z) ~ (t,t,x) in local coordinates, where L is the
extended manifold with a new time coordinate £.

Proposition 4.6: Consider a distributed port-Hamiltonian
system determined by @ := b(d®). The power balance of the
distributed port-Hamiltonian system is expressed by ®|;, —
@‘to = 0

Proof: & is integrable with respect to ¢. Further, @ is

equivalent to d.¢/dt = | , e/ [ if the Hamiltonian density
‘H is time invariant, where Z C N. [ |

Thus, the system representation ¢ = 0 in dO© = dt A @
can be restricted to £2 (M) by removing dt. This setting
can be illustrated as follows:

6 ¢
al /]
do

€ M Y(N)

€ ™ (M)
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If we attempt to add a distributed energy structure to the
fundamental form, from (13), (14) and Prop. 3.4, we might
select a candidate

A =dt A (ep)r A OBpt1

+dt A (eq)E N (Sﬂq+1 € Qm(M) (36)

such that d® + A’ = 0 determines the distributed port-
Hamiltonian system with distributed energy structures. Note
that we cannot differentiate A’ any longer, because A’ is
already on the space with the maximum degree: 2™ (M).
However, distributed port-Hamiltonian systems exist to be
the completion of the distributed energy structure in fact.
Next, we shall check that the candidate is true.

The boundary completion can be considered to be a prob-
lem of finding other fundamental forms: ©; and © besides
© which generates the original system. More precisely, the
following holds.

Theorem 4.7: The following fundamental forms yield dis-
tributed port-Hamiltonian systems which are required for the

boundary completion of the distributed energy structures:
6, :dt/\e%/\e‘gz, O, :dt/\e%/\e’EQ,

where ©1,05 € QMY (M).
Proof: A direct calculation leads to the following:

(37

d(dt A ey Aely?)
=dt A {de% A el ? 4 (=1)Peh) A dqu_Q}
2 dxelt A sel 4 (—1)Pxelt A drel ™
= (_1)(P+1)("—1)—1)*d*qufl A 61}7;1
+ (—1)P(=1)a=D=atD Lol Ay gy bt
= (=1)"Piel Al — et A gebtt
= ()%l A e Ade T (8)
and
d(dt A el A eby?)
=dt A {de% Aeb 4 (=1)%eh A de’j;2}
> dxel P A kel (=1)Txeb T A dxed
= (_1)(q+1)(n—q—1)*d*e%j1 A qu+1
+ (=1)9(=1)P=DO=pFD B Ay s ettt
= (—1)" 795 A el — bt A gedtt

—{(~1)Poeht AehT el A Sl

(39)

where 2 means the restriction to the n-dimensional subman-
ifold N C M and = is the Hodge star operator over N. We
can see that the last equations of (38) and (39) include the
distributed energy structure (36). |

C. Utilization of the time coordinates

This section shows another fundamental form that deter-
mines the distributed energy structure. The new fundamental
form is not an n-form but an (n + 1)-form on an extended
manifold.

TuCo01.6

In (30), the restrictions of forms dt in the first term
and ds™ in the second term are introduced to define the
independent equations with respect to dt in d©. Now, we
consider the time coordinate as a non-special variable, that
is, we regard ¢ as one of spatial variables. In this case, we
can basically carry out the same procedure as in Thm. 4.3 to
define a distributed port-Hamiltonian system with space-time
coordinates. However, we cannot use the time coordinate as
an auxiliary variable like dt in (30). By introducing an extra
time coordinate ¢, we can define the fundamental form = in
the same way as ©. That is, we can define the injection

g: Q™(M) — Q2L
S=eL Al et Attt
W =dineS T AT L di AT AL (40)
Using the form ¥, the following relations hold.
) (df/\ et A e?_l)
= —df A {(—1)‘15eg1 Aebtt el A 561;;1} . (41)
1 (df/\ vt A 6‘11;1)
= —di A {(~1yeel T Al ke nset L @2)

where § consists of * on M. Identifying ¢ with £, (41)
and (42) correspond to d©; and dO., respectively. These
relations are summarized as follows:

6, Oy c Qm_l(N)

d| d|

do1 + doy = s = € 0™(M) 43)
IV
v € ML)

In the above extension, it seems that df is useless because
it doesn’t have any relation to the system representation.
However, the new coordinate ¢ plays an important role in
a distributed port-Hamiltonian system with a space-time
energy balance. To explain this, we introduce a more general
expression defining the extra time coordinate ¢ as follows.
Proposition 4.8 (Cylinder construction [14]): Let I =
[0,1] be the unit interval on the t-axis and (f,2) € I x M
be a product space of I and an m-dimensional manifold. We
consider the following maps which identify (,x)|;_, with

(t~7$>|t~:1:

Jit M — I x M; ji(z) = (1,2), (44)
jo: M — I x M; jo(z) = (0,2). (45)

These maps induce the pull-back
gis QF(I x M) — Q2% (M) (46)

for i = 0,1 (e.g. jw is calculated by substituting £ = 1 and
dt =0 to w € 2F(I x M).). Thus, we can define

K: QMY I x M) — 28(M) (47)
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such that K (dw) + d(Kw) = jfw — jiw. K is defined on
monomials by the formulas

K (c(t, ) dka) =0, (48)

K (c(t, ) dtda") = ( /O 1 c(f,x)dz?) dz® . (49)

where c(t,z) is the coefficient.

This proposition is used in the converse of the Poincaré
Lemma, which says that there exists an exact k-form for a
closed (k + 1)-form on a contractible manifold.

By using the above setting, let us consider the system in
space-time coordinates. The term dt Aeq Ae, of (30) changes
to eq A ep. Thus, either effort e, or e, increases the number
of forms by 1 for the form dt.

Theorem 4.9: Consider the distributed port-Hamiltonian
system in space-time coordinates by setting p = p 4+ 1 and
n = n + 1. The fundamental form is

O =dt Nég NE, — Hlag,ap) Adz™ T € Q™(L), (50)

where L ~ I x M is an (m + 1)-dimensional manifold,
ép € Q" PHL(L) and €q =eq € Q"TIUL).
Proof: We obtain f, € 27~'(L), f, = f, € 29(L) and
7 = pq+p—1 from the setting. We only have to perform the
same procedure as in Thm. 4.3, by identifying da;/dt with
da;/dt for i = p, q. [ ]
Finally, we can formulate the distributed port-Hamiltonian
system in space-time coordinates with @’ in the same way
as 0¥. The concept of the given system is illustrated in Fig.
1 [left].
ORxZ) inM

ORxZ) inM

0z
R x Z

— R — R

to t1 to t1

Fig. 1: Energy structures in space-time coordinates

The power balance of the (ordinal) distributed port-
Hamiltonian systems on Z from ¢y to t; is defined on
0Z. The power balance of the distributed port-Hamiltonian
systems with distributed energy systems on Z from ¢ to t;
should be defined on Z itself. For the new distributed port-
Hamiltonian systems with the time coordinate on R x Z from
to to t1, the power balance is defined on O(R X Z). That is,
to calculate the power balance from ¢ to ¢1, we only have to
observe the distributed energy structure at ¢y and ¢; while the
boundary energy structure is being observed on the boundary
Rysy,¢,[ X 0Z. This result corresponds to a practical situation;
for example, if we consider a distributed dissipative element
to be time invariant and we know the dissipation structure,
we can calculate the power balance on the boundary without
observation of the distributed energy structure. Furthermore,
this procedure can be extended to observation on a closed
boundary 9(R x Z), which is equal to Ry, ;,1 x 9Z (see Fig.

TuCo01.6

1 [right]) because both sides in Fig. 1 are homotopic to each
other.

V. CONCLUSIONS

This paper presented a new concept of boundary controls
in space-time coordinates by examining topological geomet-
rical aspects of a distributed port-Hamiltonian system with a
distributed energy structure.
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