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Abstract— A Hamilton-Jacobi-Bellman optimization scheme is
used along with a RISE feedback structure to minimize a
quadratic performance index while the generalized coordinates
of a nonlinear Euler-Lagrange system asymptotically track a
desired time-varying trajectory despite general uncertainty in the
dynamics, such as additive bounded disturbances and parametric
uncertainty. Motivated by recent previous results that use a
neural network structure to approximate the dynamics (i.e.,
the state space model is approximated with a residual function
reconstruction error), the result in this paper uses the implicit
learning capabilities of the RISE control structure to learn
the dynamics asymptotically. Specifically, a Lyapunov stability
analysis is performed to show that the RISE feedback term
asymptotically identifies the unknown dynamics, yielding semi-
global asymptotic tracking. In addition, it is shown that the
system converges to a state space system that has a quadratic
performance index which has been optimized by an additional
control element. Simulation results are included to demonstrate
the performance of the developed controller.

I. INTRODUCTION!

Optimal control theory involves the design of controllers
that can satisfy some tracking or regulation control objective
while simultaneously minimizing some performance metric.
A sufficient condition to solve an optimal control problem
is to solve the Hamilton-Jacobi-Bellman (HJB) equation. For
the special case of linear time-invariant systems, the solution
to the HIB equation reduces to solving the algebraic Riccati
equation. However, for general systems, the challenge is to find
a value function that satisfies the HIB equation. Finding this
value function has remained problematic because it requires
the solution of a partial differential equation that can not be
solved explicitly.

One common technique in developing an optimal controller
for a nonlinear system is to assume the nonlinear dynamics are
exactly known, feedback linearize the system, and then apply
optimal control techniques to the resulting system as in [1]-
[3], and others. For example, dynamic feedback linearization
was used in [1] to develop a control Lyapunov function to
obtain a class of optimal controllers. A review of the optimality
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of nonlinear design techniques and general results involving
feedback linearization as well as Jacobian linearization and
other nonlinear design techniques are provided in [4], [5]. A
review of inverse optimal control is provided in [6], where the
cost function is not a priori provided.

Motivated by the desire to eliminate the requirement for
exact knowledge of the dynamics, [7] developed one of the
first results to illustrate the interaction of adaptive control
with an optimal controller. Specifically, [7] first used exact
feedback linearization to cancel the nonlinear dynamics and
produce an optimal controller. Then, a self-optimizing adaptive
controller was developed to yield global asymptotic tracking
despite linear-in-the parameters uncertainty. The analysis in [7]
indicated that if the parameter estimation error could somehow
converge to zero, then the controller would converge to the
optimal solution.

Another method to compensate for system uncertainties is
to employ neural networks (NN) to approximate the unknown
dynamics. The universal approximation property states that a
NN can identify a function up to some function reconstruction
error. The use of NN versus feedback linearization allows for
general uncertain systems to be examined. However this added
robustness comes at the expense of reduced steady-state error
(i.e., generally resulting in a uniformly ultimately bounded
(UUB) result). NN controllers were developed in results such
as [8]-[13] to accommodate for the uncertainty in the system
and to solve the HIB equation. Specifically the tracking errors
are proven to be uniformly ultimately bounded (UUB) and
the resulting state space system, for which the HIB optimal
controller is developed, is only approximated.

Our contribution arises from incorporating an optimal con-
trol elements with an implicit learning feedback control strat-
egy developed in [14] with modifications in [15] that was
later coined the Robust Integral of the Sign of the Error
(RISE) method in [16], [17]. The RISE method is used to
identify the system and reject disturbances, while achieving
asymptotic tracking and the convergence of a control term
to the optimal controller. Inspired by the previous work in
[71-[13], [18], [19], a system in which all terms are assumed
known (temporarily) is feedback linearized and a control law
is developed based on the HIB optimization method for a
given quadratic performance index. Under the assumption that
parametric uncertainty and unknown bounded disturbances are
present in the dynamics, the control law is modified to contain
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the RISE feedback term which is used to identify the uncer-
tainty. Specifically, a Lyapunov stability analysis is included to
show that the RISE feedback term asymptotically identifies the
unknown dynamics (yielding semi-global asymptotic tracking)
provided upper bounds on the disturbances are known and
the control gains are selected appropriately. As in previous
literature the control law converges to the optimal law, however
because our result is asymptotic rather than UUB the control
law converges exactly to the optimal law

II. DYNAMIC MODEL AND PROPERTIES

The class of nonlinear dynamic systems considered in this
paper is assumed to be modeled by the following Euler-
Lagrange [20] formulation:

M(q)§+Vim(q,9)q+ G(@) + F(¢) +7a(t) = 7). (D)

In (1), M(q) € R™™™ denotes the inertia matrix, V;,,(q, ) €
R™ ™ denotes the centripetal-Coriolis matrix, G(q) € R"
denotes the gravity vector, F'(¢) € R™ denotes friction,
T4 (t) € R™ denotes a general nonlinear disturbance (e.g.,
unmodeled effects), 7(t) € R™ represents the input control
vector, and ¢(t), ¢(¢t), G(t) € R™ denote the position, ve-
locity, and acceleration vectors, respectively. The subsequent
development is based on the assumption that ¢(t) and ¢(¢)
are measurable and that M(q), Viu(q,4), G(q), F (¢) and
74 (t) are unknown. Moreover, the following properties and
assumptions will be exploited in the subsequent development.
Property 1: The inertia matrix M (q) is symmetric, positive
definite, and satisfies the following inequality Vy(t) € R™:

2 _ 2

ma [l€]° < €7 M ()¢ < m(q) €], @
where m; € R is a known positive constant, m(q) € R
is a known positive function, and ||-|| denotes the standard

Euclidean norm.
Property 2: The following skew-symmetric relationship is
satisfied:

§" (M () = 2Vin(a.) ) € = 0

Property 3: If ¢(¢), §(t) € Lo, then Vi,(¢,4), F(¢) and
G(q) are bounded. Moreover, if ¢(t), ¢(t) € Lo, then the
first and second partial derivatives of the elements of M (q),
Vin(q,q), G(q) with respect to ¢ (t) exist and are bounded,
and the first and second partial derivatives of the elements of
Vim(q,4), F(¢) with respect to (t) exist and are bounded.
Property 4: The desired trajectory is assumed to be designed
such that q4(t), a(t), Ga(t), Ta(t), @ q(t) € R™ exist, and
are bounded.

VEER". ()

III. CONTROL OBIJECTIVE

The control objective is to ensure that the system tracks
a desired time-varying trajectory, denoted by ¢q(t) € R",
despite uncertainties in the dynamic model, while minimizing
a given performance index. To quantify the tracking objective,
a position tracking error, denoted by e;(¢) € R", is defined as

€1 £ qd — 4g. 4)
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To facilitate the subsequent analysis, filtered tracking errors,
denoted by ex(t), r(t) € R, are also defined as

e2 = é1 +arer ©)
r £ ég + agea, (6)

where a7 € R™*", denotes a subsequently defined positive
definite, constant, gain matrix, and ay € R is a positive
constant. The filtered tracking error 7(t) is not measurable
since the expression in (6) depends on (t).

IV. OPTIMAL CONTROL DESIGN

In this section, a state-space model is developed based on
the tracking errors in (4) and (5). Based on this model, a
controller is developed that minimizes a quadratic performance
index under the (temporary) assumption that the dynamics
in (1), including the additive disturbance, are known. The
development in this section motivates the control design in
Section V, where a robust controller is developed to identify
the unknown dynamics and additive disturbance.

To develop a state-space model for the tracking errors in
(4) and (5), the inertia matrix is premultiplied by the time
derivative of (5), and substitutions are made from (1) and (4)
to obtain

Més = —Vipea — 7+ h+ 74, (7

where the nonlinear function % (q,4,94,G4-Gq) € R™ is defined
as

h 2 M (§a+ aré1) + V(4 + arer) (3

+G + F

Under the (temporary) assumption that the dynamics in (1) are
known, the control input can be designed as

TEh+714—u, 9

where u (t) € R™ is an auxiliary control input that will be
designed to minimize a subsequent performance index. By
substituting (9) into (7) the closed-loop error system for es(t)
can be obtained as

Méng m€2+u.

(10)

A state-space model for (5) and (10) can now be developed
as

i=A(q,q)z+ B(q)u, (11)

where A(q,¢) € R?"*?" B(q) € R ", and z(t) € R*™
are defined as

. —Q In><n
A(Q>q) Onxn 7M71‘/m )
_ T
B(Q) = [Onxn Ml] )
T
2t) = [el e ],

where I, and 0,x, denote a m X n identity matrix and
matrix of zeros, respectively. The quadratic performance index
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J (u) € R to be minimized subject to the constraints in (11)
is
1
umé/ Gf@+1ﬁ%)dh
0

In (12), Q € R?"*2" and R € R"*™ are positive definite
symmetric matrices to weight the influence of the states and
(partial) control effort, respectively. Furthermore, the matrix
@ can be broken into blocks as:

(12)

_ Qll Q12
Q= { Qfy Qx } '

As stated in [8], [9], the fact that the performance index is
only penalized for the auxiliary control u(t) is practical since
the gravity, Coriolis, and friction compensation terms in (8)
can not be modified by the optimal design phase.

To facilitate the subsequent development, let P(q) €
R27%2n be defined as

FTq):=[ 0, M

where K € R™ ™ denotes a gain matrix. Based on the
development in Theorem 1 of ( [8], [9]), if a1, R, and K,
introduced in (5), (12), and (13), satisfy the following algebraic
relationships

K o= K'=—2(Qu+Qh)>0 (4
Q1 o] K + Kay, (15)
R = Q. (16)

then P(q) satisfies the Riccati differential equation, and the
value function V' (z,t) € R
1
V= §zTPz

satisfies the HJB equation. Lemma 1 of ( [8], [9]) can be used

to conclude that the optimal control u (¢) that minimizes (12)

subject to (11) is

oV (z,t)
0z

V. RISE FEEDBACK CONTROL DEVELOPMENT

T
u@):—RlBT( ) =-R'es. (17)

In general, the bounded disturbance 7,4(t) and the nonlinear
dynamics given in (8) are unknown, so the controller given
in (9) can not be implemented. However, if the control input
contains some method to identify and cancel these effects, then
z(t) will converge to the state space model in (11) so that u(¢)
minimizes the respective performance index. As stated in the
introduction, several results have explored this strategy using
function approximation methods such as neural networks,
where the tracking control errors converge to a neighborhood
near the state space model yielding a type of approximate
optimal controller. In this section, a control input is developed
that exploits RISE feedback to identify the nonlinear effects
and bounded disturbances to enable z(t) to asymptotically
converge to the state space model.

WeA09.3

To develop the control input, the error system in (6) is
premultiplied by M (¢q) and the expressions in (1), (4), and
(5) are utilized to obtain

Mr=-Vyea+h+7174+a2Mey — 7. (18)

Based on the open-loop error system in (18), the control input
is composed of the optimal control developed in (17), plus a
subsequently designed auxiliary control term p(t) € R™ as

(19)

The closed-loop tracking error system can be developed by
substituting (19) into (18) as

A
T=U—u.

Mr=—-Vyaes+h+7154+aaMes +u—p (20)

To facilitate the subsequent stability analysis the auxiliary
function fy (¢4, Ga, da) € R™, which is defined as

fa = M(qa)da + Vin(ga; da)da + G(ga) + F (4a),  (21)
is added and subtracted to (20) to yield
Mr=—Vyes+h+ fa+1a+u—p+asMey, (22)
where h (¢,4,9a,4a,Ga) € R™ is defined as
h=h— fy (23)
The time derivative of (22) can be written as
M%:f%Mr+N+ND—@fR”rfp (24)

after strategically grouping specific terms. In (24), the un-
measurable auxiliary terms N(eq,eq,7,t), Np (t) € R™ are
defined as

) 1. -
N 2 Vies—Vinés — g Mr+h (25)

+a2M€2 + OéQMéQ + e9 + 042R71€2
Np 2 fa+ta.

Motivation for grouping terms into N (ej,ez,7,t) and Np (t)
comes from the subsequent stability analysis and the fact that
the Mean Value Theorem, Property 3, and Property 4 can be
used to upper bound the auxiliary terms as

|5 ®)| < ol Iyl (26)
INol <G [N < ¢ @7

where y(t) € R3" is defined as
yt) 2let ez 17 (28)

the bounding function p(|ly|]) € R is a positive globally
invertible nondecreasing function, and ¢; € R (i =1,2)
denote known positive constants. Based on (24), the control
term p(t) is designed based on the RISE framework (see [14]-
[16]) as

pt) 2 (ks +1ea(t) -

t
o
0

(ks + 1)e2(0) (29

[(ks + 1)agea(o) + Bsgn(ea(o))]do,
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where ks, § € R are positive constant control gains. The
closed loop error systems for 7(¢) can now be obtained by
substituting the time derivative of (29) into (24) as
1. -
Mi = —5Mr+N+Np—e ~R'r
—(ks + 1)r — Bsgn(ea).
VI. STABILITY ANALYSIS

(30)

Theorem 1: The controller given in (17) and (19) ensures
that all system signals are bounded under closed-loop opera-
tion, and the tracking errors are regulated in the sense that

lex @I ez lr @) =0 as GD

The boundedness of the closed loop signals and the result in
(31) can be obtained provided the control gain k introduced in
(29) is selected sufficiently large (see the subsequent stability
analysis), and «;, g are selected according to the sufficient
conditions

t — 0.

1
)\min (041) > 5 Qg > 1, (32)

where A\pin (1) is the minimum eigenvalue of «, and S is
selected according to the following sufficient condition:
B>t s, (33)
a2

where 8 was introduced in (29). Furthermore, u (t) converges
to an optimal controller that minimizes (12) subject to (11)
provided the gain conditions given in (14)-(16) are satisfied.
Remark 1: The control gain a; can not be arbitrarily se-
lected, rather it is calculated using a Lyapunov equation solver.
Its value is determined based on the value of @) and R.
Therefore @ and R must be chosen such that (32) is satisfied.
Proof: Let D C R3"*! be a domain containing ®(t) = 0,

where ®(t) € R3" ! is defined as

o(t) = [y (1) VO

In (34), the auxiliary function O(t) € R is defined as
t

O(t) £ B [le2(0)]] — e2(0)" Np(0) — / L(r)dr,  (39)

0

(34)

where the auxiliary function L(t) € R is defined as
L(t) £ " (Np(t) — Bsgn(e2))

where 8 € R is a positive constant chosen according to the
sufficient conditions in (33). As illustrated in [15], provided
the sufficient conditions introduced in (33) are satisfied, the
following inequality can be obtained

(36)

t

[ L0 < 31ex(0)] - (0) N (0).
0
Hence, (37) can be used to conclude that O(t) > 0.
Let Vp(2,t) D x [0,00) — R be a continuously
differentiable positive definite function defined as

(37

1 1
VL(®,t) £ efer + sesea+ 51" M(q)r + O (38)

2 2
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which satisfies the following inequalities:

Ur(®) < Vi(®,1) < Us(®) (39

provided the sufficient conditions introduced in (33) are satis-
fied. In (39), the continuous positive definite functions Uy (P),
and Uy(®) € R are defined as Uy(®) £ X [|®]°, and
Us(®) £ Xa(q) |||, where Aj, A2(q) € R are defined as

1 1
A\ 2 imin{l,ml} Aa(q) 2 max{am(q), 1} ,

where m1, m(q) are introduced in (2). After taking the time
derivative of (38), V,(®,t) can be expressed as
Vi (®,t) =2eTé; +eléy + irTM(q)T +7TM (q)7+ O

After utilizing (5), (6), (30), and substituting in for the time
derivative of O(t), V(®,t) can be simplified as follows:

Vi (®,t) < —2eTare; +2ele; +rTN(1) (40)
*(ks + 1+ Anin (Ril)) HT”Q — Q2 HEZH2 .

Based on the fact that
1 1
efer < 5 lleill? + 5 leal?
the expression in (40) can be simplified as
Vi(@,t) < rTN(t) = (ks + 1+ Amin (R7Y) |I7]> (41)
— (2Amin (@1) = 1) fleal|* = (a2 — 1) [fea|*.

By using (26), the expression in (41) can be rewritten as

Vi(®, 1) < =g llyll* = |k lIrl* = p(llyll) lirl IIyH} , (42)

where A3 £ min{2Amin (a1) =1, a2 =1, 1+ Apin (R7!)} and
a1 and ag are chosen according to the sufficient condition in
(32). After completing the squares for the terms inside the
brackets in (42), the following expression can be obtained

: 2 Ayl lyll?
Vi(®,t) < =3 lyll” + ——7—— < =U(®),

4k, - (43)

where U(®) = c|jy||®, for some positive constant c, is a
continuous, positive semi-definite function that is defined on
the following domain:

D2 {ocr | |o) <o (2v/Asks) } -

The inequalities in (39) and (43) can be used to show that
Vi (®,t) € Lo in D; hence, e1(t), ex(t), and r(t) € Lo in
D. Given that e (t), e2(t), and r(t) € Lo in D, standard linear
analysis methods can be used to prove that é1(t), é2(t) € Loo
in D from (5) and (6). Since e;(t), ea(t), 7(t) € Lo in D, the
assumption that gq(t), da(t), Ga(t) exist and are bounded can
be used along with (4)-(6) to conclude that ¢(t), ¢(t), G(t) €
Lo in D. Since ¢(t), ¢(t) € L in D, Property 3 can be used
to conclude that M (q), Vi (q,4), G(q), and F(§) € L in D.
Thus from (1) and Property 4, we can show that 7(t) € L, in
D. Given that r(t) € L in D, it can be shown that 1(t) € L
in D. Since ¢(t), §(t) € Lo in D, Property 3 can be used to
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show that V,,,(q, 4), G(q), F(q) and M(q) € L in D; hence,

(30) can be used to show that 7(¢) € L in D. Since é;(¢),

éa(t), 7(t) € Lo in D, the definitions for U(y) and z(¢) can

be used to prove that U(y) is uniformly continuous in D.
Let S C D denote a set defined as follows:

2
s {cb(t)c D | Up(B(t)) < Mt (p_l (2 )\3k5)) } .
(44)
The region of attraction in (44) can be made arbitrarily large
to include any initial conditions by increasing the control gain
ks (i.e., a semi-global type of stability result) [15]. Theorem
8.4 of [21] can now be invoked to state that

clly@®)|* — 0 as t— oo Vy(0)eS. (45

Based on the definition of y(t), (45) can be used to conclude
the results in (31) Vy(0) € S.

Since u (t) — 0 as ey (t) — 0 (see (17)), then (22) can be
used to conclude that

p—h+fa+14 asr(t),est) — 0. (46)

The result in (46) indicates that the dynamics in (1) converge
to the state-space system in (11). Hence, u (t) converges to an
optimal controller that minimizes (12) subject to (11) provided
the gain conditions given in (14)-(16) are satisfied.

VII. SIMULATION RESULTS

In order to examine the performance of the controller
proposed in (19) a numerical simulation was performed. The
simulation is based on the dynamics for a two-link robot:

T1 _ p1+2psca pe+psca | [ G (47)
T2 D2 + p3c D2 Go
—p3sada  —p3sa (41 + d2) q1
DP352G1 0 P
fa, 0O q1 [ T4,
+ by ,
{ 0 fa, ¢ | Tds

where p; = 3.473 kg - m?, py = 0.196 kg - m?, p3 = 0.242
kg-m?2, fq, = 5.3 Nm-sec, fq, = 1.1 Nm - sec, co denotes
cos(q2), s denotes sin(ge) and 74,, T4, denote bounded
disturbances defined as

T4, = 0.1 sin(t) + 0.15 cos(3¢)

Td, = 0.15 sin(2¢) + 0.1 cos(t). (“48)
The desired trajectory is given as
1 .
Gy = 4, = 5 sin(2t), (49)

and the initial conditions of the robot were selected as

q1(0) = ¢2(0) =14.3 deg
G1(0) = ¢2(0)=28.6 deg/ sec.
The weighting matrixes were chosen as
20 2 -4 5
6211—[2 20} le—[g —6}

QQQ = diag{ 35, 35 }
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Link 1
T

Tracking Error (deg)
|
o
T
I

Tracking Error (deg)
|
o
T
I

Time (sec)

Fig. 1. The tracking errors for the controller developed in (19).

which using (14), (15), and (16) yielded the following values
for K, aq, and R
[ 81 5.6 ]
oy =

4 4
K:{—zx 6} 56 5.4

R = diag i, i .
35 35
The control gains were selected as

=20 B=20 k,="75.

The tracking errors from the control inputs are shown in Fig.
1 and Fig. 2, respectively. To show that the RISE feedback
identifies the nonlinear effects and bounded disturbances, a
plot of the difference is shown in Fig. 3. As this difference
goes to zero, the dynamics in (1) converge to the state-space
system in (11), and the controller becomes optimal. To test
how the optimal controller performed for the unknown system
compared to feedback linearized system in (11), J (u) was
calculated for each. For this calculation the contribution of
RISE feedback term in (19) as well as the contribution of
h (q,4,94,94-Ga) and 74 (t) in (9) are not considered. This is
due to the fact that it is the input « (¢) that minimizes (12). For
the unknown system, J (u) was calculated to be 43.32. For the
feedback linearized system J (u) was calculated to be 40.41.
As expected, the perfectly feedback linearized system has a
lower performance index, however the difference between the
two values is less than 10%. These are preliminary results, and
further simulations and an experimental study are required for
more conclusive results.

VIII. CONCLUSION

A control scheme is developed for a class of nonlinear
Euler-Lagrange systems that enables the generalized coordi-
nates to asymptotically track a desired time-varying trajectory
despite general uncertainty in the dynamics such as additive
bounded disturbances and parametric uncertainty that does
not have to satisfy a linear-in-the-parameters assumption. The
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Link 1
T
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£
£ 10p B
P
g
2
10 i i i i i i i i i
0 1 2 3 4 5 6 7 8 9 10
Time (sec)
Fig. 2. The torques for the controller developed in (19)
Link 1
100 T \
50 q
o
-50 - q
100 i i i i i i i i i
0 1 2 3 4 5 6 7 8 9 10
Link 2
20 T
ok
-20 [ q
40 J
60} 1
80 B
100 i i i i i i i i i
) 1 2 3 4 5 6 7 8 9 10
Time (sec)
Fig. 3. The difference between the RISE feedback and the nonlinear effects

and bounded disturbances.

main contribution of this work is that a RISE feedback method
is augmented with an auxiliary control term that minimizes
a quadratic performance index based on a HJB optimization
scheme. Like the influential work in ( [8]-13], [18], [19])
the result in this effort initially develops the HIB optimization
scheme based on a partially feedback linearized state-space
model assuming exact knowledge of the dynamics. However,
unlike previous results that use a neural network structure to
approximate the uncertain dynamics (i.e., the state space model
is approximated with a residual function reconstruction error),
the result in this paper uses the implicit learning capabilities
of the RISE control structure to learn the uncertain dynamics
asymptotically. That is, the dynamics asymptotically converge
to the state-space system that the HIB optimization scheme is
based on. The implication is that the use of the RISE feedback
structure compensates for the uncertain nonlinear dynamics
yielding a state space system with a quadratic performance
index that is optimized by an additional control element.
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