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Uniting two Control Lyapunov Functions for affine systems

Vincent Andrieu and Christophe Prieur

Abstract— We consider the problem of piecing together two
Control Lyapunov Functions (CLFs). The first CLF character-
izes a local controllability property toward the origin, whereas
the second CLF satisfies a global controllability property with
respect to a compact set. We give a sufficient condition to
express explicitly a solution to this uniting problem. This
sufficient condition is shown to be always satisfied for a simple
chain of integrator. In a second part, we show how this uniting
CLF problem can be useful to solve the problem of piecing
together two stabilizing control laws.

I. INTRODUCTION

Smooth Control Lyapunov Functions (CLFs) are instru-
mental in many feedback control designs. See for instance
the appropriate sections in the textbooks [6], [8], [10],
[11]. The theory of smooth CLF can be traced back to
Artstein who introduced this Lyapunov characterization of
controllability in [2]. See also [20] for nonsmooth CLFs, and
[3] for application of the latter. A very useful characteristic of
CLFs is the existence of "universal formulas’ for stabilization
of nonlinear control systems that are affine in their controls
(see [5], [14], [21]). Also from the converse Lyapunov theory,
if the origin of a nonlinear system is robustly asymptotically
stabilizable, then there exists a smooth CLF (see [4] or [13]).

Numerous tools for the design of global CLF are now
available (for instance by backstepping [6], [11], [17] or by
forwarding [9], [16], [19]). On another hand, via linearization
(or other local approaches), one may design local CLF
yielding locally stabilizing controllers. This leads us to the
idea of uniting a local CLF with a global CLF, i.e. given (1)
a local CLF Vj (e.g. a quadratic CLF yielding to local high-
performance stabilizing feedbacks) and (2) a global CLF V.,
we are looking for a third CLF V' which is equal (up to the
multiplication by a scalar) to the global CLF V,, outside
a given compact set and equal to the local CLF V{, on a
given neighborhood of the origin (see below for a precise
formulation of the problem under study). In Section II we
exhibit a sufficient condition on Vj and V, to piece together
this pair of CLFs. Under this condition we design a new
CLF V solving our uniting problem. By focusing on an
example we will check that this sufficient condition may not
be satisfied for any pair of CLFs.

This problem is closely related to the possibility to piece
together arbitrary local and global controllers. This uniting
control problem has been introduced in [22] and further
developed in [18]. More precisely, suppose we have a global
controller ¢, which gives some nice properties for large

Vincent Andrieu and Christophe Prieur are with LAAS-CNRS, Univer-
sity of Toulouse, 7, avenue du Colonel Roche 31077 Toulouse, France
vincent.andrieu@gmail.com, cprieur@laas.fr

978-1-4244-3124-3/08/$25.00 ©2008 IEEE

value of the state of a nonlinear system (e.g. a global
attractivity of a compact set). Assume also that we have
a local controller ¢g which ensures a nice behavior of
the trajectories around the origin (e.g. a local exponential
convergence). In [18] (see also [23]), the problem addressed
was to synthesized a globally asymptotically stabilizing
controller yielding the same qualitative behavior for large
and small values of the state. This uniting control problem
was solved by considering controllers with continuous and
discrete dynamics (namely hybrid controller). As we will see
in Section IV below, when the topological obstruction of [18]
does not occur, solving the uniting CLF problem yields a
simple solution to the uniting control problem without using
discrete dynamics.

The problem of piecing together two CLFs seems to be
challenging. Indeed, using the converse Lyapunov theory and
the fact that it may be impossible to piece two arbitrary con-
trollers when restricting to continuous stabilizing feedbacks,
we understand that the uniting problem of two CLFs may not
have any solution. As an illustration, a controlled system for
which there exist two CLFs impossible to unite is introduced
in Section IV. This obstruction motivates us to look for a
sufficient condition guaranteeing the existence of a solution
to the uniting CLF problem as done in Section II.

The paper is organized as follows. In Section II, we first
state precisely the uniting CLF problem and then give a
sufficient condition guaranteeing its solvability. In Section
III, the linear case is investigated through a simple example.
We introduce also a sufficient condition in terms of LMI.
Section IV is devoted to the uniting control problem. In this
section, we show how we can solve this problem once we
have solved the uniting CLF problem. Finally in Section V,
we present our conclusions.

The proof of some results has been removed due to space
limitation.

Notation: LV denotes the Lie derivative of a differentiable
function V' with respect to the vector field f. Given a
symmetric matrix @, the notation Q < 0 (resp. @ < 0)
means that it is negative definite (resp. semi-definite).

II. PROBLEM STATEMENT AND MAIN RESULT
A. Problem formulation

We consider a nonlinear system which is affine in its
control and which is described by:

f(@) + g(@)u, (1)
where = in R” is the state, v in RP is the control input,
and f : R® — R™ and g : R™ — RP are locally Lipschitz
functions such that f(0) = 0.

(i;:
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We assume that two CLFs Vj and V, satisfying Artstein
condition on specific sets are given. More precisely we
assume that the following assumption holds

Assumption 1: There exist a positive definite and contin-
vously differentiable function Vj : R™ — Ry, a positive
semi-definite, proper and continuously differentiable function
Ve :R™ — Ry, and positive values Ry and 7, such that :

o Local CLF: for all x in {z : 0 < Vp(z) < Ry}, we

have:
Lq‘/o(x) =0 = LfVQ(JJ) < 0. (2)
o Global set-CLF: for all z in {z : V(x) > re}, wWe
have:

LyVeo(z) =0 = L;Vo(z) < 0. (3)
o Covering assumption: we have the property:
{2 : Voo(z) > reo} U {z : Vo(x) < Ro} = R™.

Note that the Covering assumption is natural since we
need that the two sets in which we have the controllability
property (the two sets in which each CLF satisfies Artstein
condition) overlap and cover the entire domain.

Let us define the problem we solve in this paper.
Uniting CLF problem: The uniting CLF problem is to find
a proper, definite positive and continuously differentiable
function V : R™ — R such that:

e Global CLF: for all z in R™\ {0}, we have:

LiV(z) =0 = LfV(z) <O0. (4)

e Local property: for all z in {z :
have:

Voo(2) < 1o}, we

V(z) = reo Vo(z) (5)
Ry}, we

v

e Global property: for all z in {z : Vy(z)
have:
Viz) = RoVool(z) - (6)
One of the interest of this problematic is when the local
CLF V} satisfies the small control property (see [21]) then
in view of property (5) the same holds for the function V. In
this case, we can use the so-called universal formulas (see
[21], [14], [5]) to compute a controller which renders the
origin a globally and asymptotically stable equilibrium.
Furthermore, as seen in Section IV resolving the uniting
CLF problem provides a way to piece together arbitrary
stabilizing controllers.

B. A sufficient condition

The main result of this paper establishes a sufficient
condition guaranteeing the existence of a solution to the
uniting CLF problem. To state it we need the following
additional assumption.

Assumption 2: Given two positive values ro, and Ry and
two functions V5 : R” — R4 and V, : R*" — Ry.
Assume we have the following implication, for all z in
{7 : Vo) > 1o, Vol(z) < Ro},

AN, >0 LVo(z) = =Xy LyVao()
I (7)
LVo(2)|Lg Voo ()| + Ly Voo ()| Lg Vo ()] <O .

TuB01.2

We are now in position to state our main result.

Theorem 1: Under Assumptions 1 and 2, there exists a
solution of our uniting CLF problem. More precisely, under
an appropriate choice of two continuously differentiable
functions ¢ : Ry — [0,1] and ¢ : Ry — [0,1], the
function V : R” — R, defined by, for all  in R",

V(z) = Rolpo(Vo(z)) + ¢oo(Vao ()] Voo () (8)
+ 700 [1 = 00(Vo(2)) = #oo(Voo(@))] Vo(2) ,

is a proper, definite positive continuously differentiable func-
tion satisfying (4), (5), and (6).

Proof: The function V, being semi-definite and proper, the
set {x : Vo(2) < 7o} is a non empty compact subset and
we can introduce 7y the positive real number defined as:

r

Vo()

0 — max
{z: Voo (z) <7}

If {x : Vo(x) > Rp} # 0 we can also define R, as':

o = min Voo (2)
{z:Vo(z) 2 Ro}

In the case where {z : Vo(z) > Ry} = () we pick any
Reo > roo.

Note that with the Covering assumption, we get that ’:
ro < Rp, and 7o < Roo. Inspired by the construction
given in [1], the uniting CLF we propose is given in (8)
where ¢y and ., are two continuously differentiable non
decreasing functions satisfying:

Vs<rg,
Vro<s<Rg,
VSZRQ,

Vs <7,

Vre <8< Ry
Vs> Ry .

®o(s)

v

ol O owwo o

©))

vl

Poo(8)

The function V|, being definite positive and the function V,
being proper, it can be checked that V' is positive definite
and proper. Moreover it satisfies the local and asymptotic
properties given in Equations (5) and (6).

It remains to show that V' satisfies Artstein condition
for all z in R™ \ {0}. Note that the functions V; and V
satisfying the implications (2) and (3), it yields that the
function V' satisfies Artstein condition on the set {z
Volz) > Ro}U{z # 0 : Ve(x) < ro}. We need
to show that Artstein condition is also satisfied on the set
{z : Vo(xz) < Ro, Vaol(x) > 7Too}. First of all, note that
in this set, we have:

Ro Vo (z) =70 Vo(z) > 0. (10)

'Indeed, if we pick any element z* in {z Vo(z) > Ro},
since the function Vi is proper, we get that {z Voo (2)
V(z*)} is a compact set and we get mingy. vy (z) > Ry} Voo (®)
MiN{z . Vy(x) > Ry, Voo < V(z*)} Voo (T)

2Otherwise there exists z* such that Vo (z*) < 700 and Vp(z*) > Ro
which contradicts the Covering assumption.

A
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Furthermore, we have:
LiV(z) = A(z)LfVo(z)+ B(x) LiVeo(z) ,
LgV(x) = A(x)LgVo(x) + B(x) LgVeo(x)

where the continuous functions A : R® — R, and B :
R™ — R, are defined as,

A(z) = [Ro Voo () — 10 Vo(2)] (Vo ()
+700 [1 = 00(Vo(7)) = $oo(Veo(@))]
B(z) = [RoVoo() = 700 Vo(2)] ¢l (Voo (7))
+Ro [po(Vo(2)) + poo(Voo(@))] -

In the set {z : Vo(x) < Ry, Vool(z) > roo} we have
A(x) > 0 and B(z) > 0. Suppose there exists z* in this

set such that L,V (z*) = 0. We have two cases:
o If L,Vo(2*) = 0, then LyVo(2*) = 0, and since 1}
and V, satisfy the Artstein condition, this implies that

LiV(z*) < 0.
o If L,V(z*) # 0, this implies:
. B(z") ]
LgVQ(Z‘ ) = _A((E*) quoo(l' ) s
and
[LgVo(z)]
Consequently, with Assumption 2, we get:
LiV(a®) = ey [LsVo(a) |LgVao ()|
+ Ly Vao(@) [ Vo(a?)] |
< 0.
This concludes the proof of Theorem 1. a

Instead of considering CLFs, we may also consider weak
CLFs. i.e. proper positive definite continuously differentiable
functions such that for all z in R™\ {0} satisfying L,V (z) =
0 we have LV (z) < 0. In that framework it is possible to
adapt Assumption 2 and Theorem 1.

C. About Assumption 2

Assumption 2 is a sufficient condition to solve the uniting
CLF problem. Note that a way to relax this assumption is to
restrict the sufficient condition in Theorem 1 to A\, = }jgg
where A and B are the continuous functions defined in the
proof of Theorem 1.

Another formulation of this assumption can be given
in terms of existence for each z of a unique control wu,
rendering negative the time derivative of both V and V.
Indeed, we have the following proposition.

Proposition 1: Given two CLFs 1 : R™ — Ry and V
R™ — R, and a state « in R™ \ {0}. The implication (7) is
equivalent with the fact that there exists a control u, in RP
such that:

LfVo(I) + LgVO(l‘) Uy < 0, (11)
LiVoo(z) + LyVo(z)uy, < 0.
Proof: Proof of (11) = (7): Let * in R™ \ {0} and A, in
R4 be such that LyVy(x*) = —A; LyVoo(2*), and suppose

TuB01.2

there exists u,+ in R? such that (11) is satisfied with x = x*
and u = uy~. This implies:

LiVo(z*) < —LgVo(z Az+ LgVoo (2% )ug-

Age LVoo(2*) .

*)Um* —

A

Since A\« = % we get (7).

Proof of (7) = (11): For the converse, suppose (7) is
satisfied. We distinguish several cases. If L,V(z*) = 0,
since x # 0 and the function V[ satisfies the Artstein
condition, we have L;Vj(z*) < 0. Consequently each
control input u,+ such that LV (2*) 4+ Ly Voo (2*) ug= < 0
ensures that (11) is satisfied. We deal similarly with the case

L,Voo(z*) = 0. Hence, suppose that L,Vy(z*) # 0 and
LyVoo(z*) # 0 and let uy- be defined by:

B (Lgvom*)T Lgvoo<x*>T> |

| LgVo(z*)] |Lg Voo (%)

where k is a positive real number. Using the fact that
LoVo(2*)LyVioo ()T =

|Lg V)| Ly Vi ()] cos(Ly Vo(a™), Ly Vi (7)) .
it yields:
LiVo(a®) + LyVo(a*) uge = Lfvo<x*>

— k(1L + cos(LyVo(a*), LyVie(2*)) | LgVo(a™)] .

LiVo(2*) + LgVoo(2¥) Ugr = LfV (z*)

— k(1 + cos(LgVo(2*), LgVoo(2")) | LgVao (z*)] .
Suppose cos(LyVo(z*), LyVoo(2*)) > —1. In this case,

we get easily the result taking %k sufficiently large. When

cos(LgVo(z*), LyV(2z*)) = —1 (i.e the upper condition

in (7) is satisfied), by Assumption 2 we can select a real

number p,~ such that:
LV (z*)

L = L 2+ < —
LV (a2 =

LyVo(a™)
|Lg Vo (2*)[ [ Lg Voo (z7))|

. (12)

If we consider the control input u,+« defined as:
Ugr = —flg LgVOO(a:*)T

we get using the second inequality of (12):
LiVo(z*) + LgVeo(z™) ugp-
= LjVoo(a™)

< 0.
Employing the first inequality of (12) yields:
LiVo(z*) + LyVo(z
= LiVy(z
= LiVo(z

< 0.
This concludes the proof of Proposition 1. O

gVoo (27) 2

*)U:c*
) — g LQVO(x*)LgVOO(x*)T
)+ (@*)]|LgVoo ()],
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Assumption 2 is a sufficient condition which may not
be satisfied given two CLFs. Indeed, consider the following
nonlinear control system?:

j?l = —X9 —+ (1+131)U,
To =

1 — T2U,
Let us consider the following continuously differentiable
positive definite function Vi (z1,72) = 27 + 23 for all
(x1,72) € R2. Note that for all (x,72) € R?,

(13)

LyVeo(z1,29) = 221 + 227 — 223 , (14)

and
LfVm(xl,xg) =0.

Thus V,, is a global (weak) CLF.
Consider the local homogenous approximation with
weights r,, =1, 4, = 2 and r,, = 0 which is

15)

1 =u |, To =27 .

We define 1, as being the minimal time function with
the constraint |u| < 1 to reach the origin which may be
computed with Hamilton-Jacobi theory (see [12, Section 5],
e.g.):

Vo = { 2\/22/2 + x9 + x1 if 22 + %sign(azl) >0

2/x% /2 — xy — wy if 22 + Fsign(z1) <0

The function V| satisfies (weak) Artstein condition locally
around the origin and is gontinuously differentiable for all
(x1,72) such that xo + % sign(xy) # 0. Moreover, for all
(z1,22) such that 2 — 5~ < 0 and 2; < 0 we have:

3
Vo(zq,22) = 2 —e2t o -3,

and hence,
—I2x1 — T1

LiVo(z1,m2) = 22+ ——— | (16)
\/ — T2 + %1
and
—(1
LgVo(z1,22) = —1—x1 + ( H“)xlf“ . (17

\/—.7;2“1‘%1

Moreover, combining (14), (15), (16), and (17), and pick-
ing x1 = —v/t and 22 = i, with ¢ > 0 close to the zero
yields

LoVo(z1,22)) =1+ 3Vt~ 1 >0,
LgVoo(w1,22) = =2Vt + 2t — 1% ~;_0 —2V/1 <0,
LiVo(z1,20) = 3t +2~02 >0,

LiVo(21,22) =0~400 .

3System (13) is derived from the Gauss equation. :

L = w@(pe)—SmwW,

p = 2pS,

e = —jepee+(e+2+RE)S,

o= —jl@pe) = SMMWin+ 51+ )W,

by approximating w(p, €) by 1, and by letting 1 = R(e), z2 = —S(¢),
and u = 35, and where R(e) and J(e) denote respectively the real and
the imaginary part of e: ¢ = R(e) + j(e).

TuB01.2

Consequently for t sufficiently small the condition (7) is
not satisfied. And the functions Vj and V. do not satisfy
Assumption 2 of Theorem 1 for Ry small enough.

III. UNITING TWO CLFS IN THE LINEAR CASE

In this Section, the system (1) is supposed to be linear,
i.e. we suppose there exist two matrices F' in R"*" and G
in R™*P such that the system (1) can be rewritten as:

T = Fz + Gu. (18)

In the linear framework, the CLFs are defined as Vp(z) =
2T Pyz and Voo(z) = 2TPox where Py and P, are
symmetric definite positive matrices in R™*™ such that:
"RhG =0 = 2" (FTPy+ P)F)z <0,
TP G =0 = 2T (FTPOO + POOF)x <0.
(19)
Despite that for linear systems all quadratic CLFs satisfies
global and local properties, for robustness issue or qualitative
behavior, it may be of interest to unit a pair of CLFs (see
Section IV for an illustration).

A. Case of a chain of integrators of order 2

To illustrate Theorem 1, we consider a simple case where
the state of the linear system (18) is in R? and where we

pick:
0 1 0

The matrices Py and P, are any positive definite matrices
in R2*2 defined as:*

P — aO bO P — aOO bOO
0 * co )’ e *  Coo '

These matrices are definite positive if and only if

(20)

ag > 0 , ¢ >0 s aoco—b%>0,
(21)
oo >0, Coo >0 | axCoo — b2 > 0.
Note also that (19) is satisfied if and only if
bp >0, b >0. (22)

The interest of this system is that the sufficient condition
introduced in Theorem 1 can always be satisfied provided the
two real numbers R and 7., are selected in an appropriate
way. Indeed, for this particular system, we have the following
result.

Proposition 2: For all Py and P, satisfying (21) and (22),
and for all Ry, ro, satisfying

TooPo — RoPoc <0, (23)

we can construct a solution to the uniting CLF problem, i.e.
a CLF for the system (18) with F' and G defined in (20)
which satisfies:

T . T <
V(x):{roox Poxr , Vx: 2! Por <7y,

Vo : 2T Pyx > Ry . 24

T
Ryx' Pyox

“#For any symmetric matrix, we will denote the symmetric terms by x.
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B. System of higher dimension

For system of higher dimension, Assumption 2 might be
difficult to check. Nevertheless, given two symmetric positive
definite matrices Py and P,, defining two CLFs, we can
express a stronger sufficient condition in terms of LMI:

Proposition 3: 1f there exists a matrix K in R™*P such
that the following LMIs are satisfied

(F + GK)T'Py + Py(F + GK)
(F + GK)T'Py + Px(F + GK)

< 0,

<0, (25)

then for all positive real numbers Ry and r, satisfying (23),
there exists a O, positive definite and proper function V' :
R™ — R, which is a global CLF for the system (18) and
such that (24) is satisfied.

Note that Assumption 2 may not be satisfied even for
linear systems. Consider e.g. the control system (18) with:

1.1 -0.76 -1.1 —-1.3
F=1] 16 044 0.20 , B=1 —-095
1.4 091 0.76 0.78

The following symmetric positive definite matrices:

73 —70 30 3 1 1
Py = *x 121 10 , Py = * 5 3 ,
* * 48 * % 2

are such that * — 2TPyz and  — TP,z are two
CLFs’. We may check that for z* = (71.5,1,70.5)T,
LyVoo(2*)LyVo(2*) < 0 and that:

LVoo(27) [LgVo (™) + LgVo(27) |LgVeo(2™)[ >0 .

Therefore Assumption 2 is not satisfied.

For a chain of integrators of order 3, we do not know
if Assumption 2 holds for each couple of quadratic CLFs
(Vo, V). However we can show that it is satisfied for
a particular selection of quadratic functions Vy and V.
Indeed, we may check that picking

4.72 8.06 1.00 2.02 253 184
Py = * 373 6.72 |, P = * 439 2.89

* * 11.1 * * 3.33

the functions z +— z7Pyx and z — a2l Pz are two
CLFs for (18) such that the LMIs (25) are satisfied with the
vector K = ( —0.6535 —2.0728 —2.0986 ) Therefore
Assumption 2 holds and we succeed to solve the uniting
problem for these CLFs by applying Proposition 3. Analo-
gous examples can be found for systems of order 4.

IV. APPLICATION TO THE DESIGN OF A UNITING
CONTROLLER
A. A general construction

Our main result is instrumental in the design of a global
asymptotic stabilizing feedbacks law. To the best of our
knowledge, the use of several CLFs to design a controller is
uncommon in control theory (although some results exist for

SBoth are computed as solution of a Riccati equation.
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the synthesis problem of hybrid controllers, see in particular
[7D.

Here the result provided by Theorem 1 is a simple way
to solve the uniting controller design problem. This problem
has been introduced in [22] and further developed in [18].
In our context, we get the following proposition.

Proposition 4: Consider two functions V; : R* — R,
and V. : R® — R, and two positive real numbers R, and
T'so satisfying Assumptions 1 and 2 with the extra assumption
that Vj is proper. For any continuous functions ¢g : R™ —

R? satisfying for all z in {z : 0 < Vy(z) < Ry}
LiVo(z) + LgVo(z) do(z) < 0, (26)

and any function ¢
{z : Voo(z) > roc}

LfVOO(l) + Lgvoo(x) d)oo(x) < 07

: R™ — RP satisfying for all = in

27)

we can find another continuous function ¢ : R™ — RP which
is a uniting controller, i.e. such that
1) ¢(x) = ¢o(x) for all = such that Vo (z) < 7o ,
2) ¢(x) = ¢oo(x) for all = such that Vy(z) > Ry ,
3) the origin of the system & = f(z) + g(z) ¢(x) is a
globally and asymptotically stable equilibrium.
Proof: To prove this result we construct the Control Lya-

punov Function V : R® — R, obtained from Theorem 1.
The control law is defined as:

¢(x) = H(z) — ke(z) LyV(x)

with H(z) = Y(z)do(x) + [1 - 7(x)] boo () where v is
any continuous function

V(x) = {(1)

the function c is any continuous function such that

o(@) =0 ifVy(z) > Ry or Voo (z) < 7o
>0 if Vh(z) < Ro and V() > 7o

and k is a positive real number defined later. Note that
the function ¢ satisfies point 1) and 2) of Proposition 4.
It remains to show point 3). Taking the function V as a
candidate Lyapunov function, we get:

ov ov
@@ + S (@gaHa)

if Voo(2) < reo
if Vo(z) > Ro ,

Viz) =
2

ov

- kel@) | 5, (@g(a)

With the local and global properties of the function V' (see
Theorem 1), we have that for all z in {z #0 : V(z) <
Too of Vo(z) > Ro}:

V(z)<0. (28)

We will show that if k& is selected sufficiently large then
this control law ensures the negativeness of V on the whole
domain. Indeed, suppose the assertion is wrong and suppose
for each k in N, there exists zj in R™ \ {0} such that

V(zg) >0 , VkeN. (29)
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With (28), (z)ren is a sequence living in a compact set
{z : Voo(z) > rootN{z : Vo(x) < Rp}. This subset being
compact there exists a converging subsequence (z,)een
which converges to a point denoted z*. The function = —
V (z) being continuous, we get V (z*) > 0. This implies that
¥ isin {z : Voo(x) > roo} N{z : Vo(z) < Ro}, and that
c(x*) > 0. Consequently, this implies that, %—‘;(m*)g(x*) =
0. The function V being a CLF, this contradicts Assertion
(29) and establishes that (28) is satisfied for all = # 0. Hence,
Point 3) is also satisfied. o

This proposition shows that once we have solved the
uniting problem for two CLFs we get an answer to the
uniting two controllers problem.

Note also that in [18] a topological necessary condition
for the existence of a solution to the uniting control problem
is exhibited. More precisely the system

T = _y2 u o, y = u,
is studied in [18]. The pair of controllers ¢¢(z,y) = —y+x
and ¢ (z,y) = —y — x, ensuring that the origin of each

closed loop system is a global and asymptotically stable
equilibrium, are also introduced. It is shown in [18] that there
does not exist any (static continuous) controller which is
equal to the local controller in a neighborhood of the origin,
and equal to the global controller outside of a compact set.

Employing converse Lyapunov theorems, we can associate
two Lyapunov functions Vy and V.6 to each of these closed
loop systems. These two Lyapunov functions define two
CLFs which cannot be united (otherwise with Proposition
4, we would be able to design a uniting controller).

B. Illustration for the chain of integrators of order 2

In view of Propositions 2 and 4, this implies that for the
chain of integrators of order 2, each pair of linear stabilizing
control laws can be united.

Proposition 5: Let Ky and K, in R'*2 be such that the
origin of the systems:

it = F+GKyzx, &= (F+GKy)x.

where F' and G are given in (20), is globally and asymptot-
ically stable. Then for all positive real numbers Ry and 7
satisfying (23), there exists a continuous function ¢ : R™ —
RP? such that the origin of the system & = Fz + G ¢(z)
is globally and asymptotically stable and such that:

o Koz Voo(w) < T,
() = { Koz , Vo(z) > Ry .
V. CONCLUSION

In this paper we have introduced a new problem which
is to piece together two Control Lyapunov Functions. This
problem provides a solution to the problem of uniting two
controllers. The sufficient conditions given are always satis-
fied in the case of a simple chain of integrators.

%Note that the Lyapunov function introduced in [18] is the same for each
controllers but this one cannot be used directly in Proposition 4 since this
one is a weak Lyapunov function. Note however that strict CLFs can be
obtained following the algorithm given in [15].

TuB01.2

ACKNOWLEDGEMENT

The authors are deeply grateful to Laurent Praly and
Alessandro Astolfi for helpful suggestions.

REFERENCES

[11 V. Andrieu, L. Praly, and A. Astolfi. Homogeneous Approximation,
recursive observer design and output feedback. SIAM Journal of
Control and Optimization, 47(4):1814-1850, 2008.

[2] Z. Arststein. Stabilization with relaxed controls. Nonlinear analysis,
7(11):1163-1173, 1983.

[3] FH. Clarke, Y.S. Ledyaev, E.D. Sontag, and A.I. Subbotin. Asymptotic
controllability implies feedback stabilization. IEEE Transactions on
Automatic Control, 42(10):1394-1407, 1997.

[4] FH. Clarke, Y.S. Ledyaev, and R.J. Stern. Asymptotic stability
and smooth Lyapunov functions. Journal of Differential Equations,
149(1):69-114, 1998.

[5] R. A. Freeman and P.V. Kokotovic. Inverse optimality in robust
stabilization. SIAM Journal of Control Optimization, 34(4):1365—
1391, 1996.

[6] R.A. Freeman and P.V. Kokotovic. Robust Nonlinear Control Design:
State-Space and Lyapunov Techniques. Birkhauser, 1996.

[71 R. Goebel, C. Prieur, and A.R. Teel. Smooth patchy control Lyapunov
functions. In 45th IEEE Conference on Decision and Control, pages
3271-3276, 2006.

[8] A.Isidori. Nonlinear control systems: an introduction. Springer-Verlag
New York, Inc. New York, NY, USA, 1989.

[9] M. Jankovic, R. Sepulchre, and PV Kokotovic. Constructive Lyapunov
stabilization of nonlinear cascade systems. [EEE Transactions on
Automatic Control, 41(12):1723-1735, 1996.

[10] CM. Krstic and H. Deng. Stabilization of Nonlinear Uncertain
Systems. Springer-Verlag, London, 1998.

[11] M. Kirstic, P.V. Kokotovic, and I. Kanellakopoulos. Nonlinear and
Adaptive Control Design. John Wiley & Sons, Inc. New York, NY,
USA, 1995.

[12] J.B. Lasserre, D. Henrion, C. Prieur, and E. Trélat. Nonlinear optimal
control via occupation measures and LMI-relaxations. SIAM Journal
on Control and Optimization, 47(4):1643-1666, 2008.

[13] Y.S. Ledyaev and E.D. Sontag. A Lyapunov characterization of robust
stabilization. Nonlinear Analysis, 37(7):813-840, 1999.

[14] Y. Lin and E.D. Sontag. A universal formula for stabilization with
bounded controls. Systems & Control Letters, 16(5):393-397, 1991.

[15] F. Mazenc and D. Nesic. Strong Lyapunov functions for systems
satisfying the conditions of LaSalle. IEEE Transactions on Automatic
Control, 49(6):1026-1030, 2004.

[16] F. Mazenc and L. Praly. Adding integrations, saturated controls, and
stabilization forfeedforward systems. IEEE Transactions on Automatic
Control, 41(11):1559-1578, 1996.

[17] L. Praly, B. Andréa-Novel, and J.-M. Coron. Lyapunov design of
stabilizing controllers for cascaded systems. IEEE Transactions on
Automatic Control, 36(10):1177-1181, 1991.

[18] C. Prieur. Uniting Local and Global Controllers with Robustness
to Vanishing Noise. Mathematics of Control, Signals, and Systems
(MCSS), 14(2):143-172, 2001.

[19] R. Sepulchre, M. Jankovi¢, and P.V. Kokotovi¢. Constructive nonlinear
control. Communications and Control Engineering Series. Springer-
Verlag, 1997.

[20] E.D. Sontag. A Lyapunov-Like Characterization of Asymptotic
Controllability. SIAM Journal on Control and Optimization, 21:462—
471, 1983.

[21] E.D. Sontag. A “universal” construction of Artstein’s theorem on
nonlinear stabilization. Systems & control letters, 13(2):117-123,
1989.

[22] A.R. Teel, O.E. Kaiser, and R.M. Murray. Uniting local and global
controllers for the Caltech ducted fan. In /6th American Control
Conference, pages 539 — 1543, Albuquerque NM, 1997.

[23] A.R. Teel and N. Kapoor. Uniting local and global controllers. In
European Control Conference, volume 172, 1997.

627



