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Abstract— This paper studies the gain margins (GM) of mul-
tivariable model reference adaptive control (MRAC) systems:
the parameter range of a control gain matrix in a designed
MRAC system for maintaining the desired closed-loop signal
boundedness and asymptotic output tracking. Analytical GM
results are obtained for both continuous-time and discrete-
time direct MRAC schemes applied to multi-input multi-output
(MIMO) LTI systems. The GM problem is also studied for a
class of indirect multivariable MRAC systems.
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I. INTRODUCTION

The design of control systems for aircraft to make its
controlled outputs track desired trajectories despite of para-
metric, structural, or environmental uncertainties, is of both
theoretical and practical interests. Their ability to automat-
ically adjust a controller by adaptive laws to deal with
such uncertainties to achieve desired system performance
makes adaptive control schemes attractive for aircraft control
applications. Recently there has been considerably increased
effort in research on adaptive control for aircraft flight
systems in the presence of uncertainties and failures. As a
main approach of adaptive control, model reference adaptive
control (MRAC), in which a reference model is chosen to
generate the desired output trajectories, is capable of making
the outputs of the controlled system to track the outputs
of the reference model system in addition to closed-loop
stability [4], [10]. The study of multivariable MRAC systems
expands to some important new issues including adaptive
failure compensation and gain margin specification.

The gain margin (GM) concept, originally defined for
linear time-invariant (LTI) control systems to specify a
necessary and sufficient range of a control gain for stability
[5], is also important for MRAC, of major interest for aircraft
control applications. This paper derives the gain margins for
MRAC schemes applied to MIMO LTI systems based on
their stability properties [1], [3], [4], [6], [7], [10], as the
generalization of our recent work in [8] for SISO systems.
As pointed out in [8], for MRAC the gain margin also defines
a range for a control gain variation, but this range provides
only sufficient conditions ensuring stability (signal bound-
edness) and asymptotic output tracking under any initial
conditions. It is shown that continuous-time multivariable
direct MRAC systems have gain margin equal to infinity,
while discrete-time multivariable direct MRAC systems have
a finite gain margin. For indirect MRAC of MIMO systems,
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the problem of nonsingular estimation of a general system
high frequency gain matrix using system input and output
measurements is still a problem to be solved. In this paper
we will consider a special case to demonstrate the typical
feature of gain margins for indirect MRAC.

The paper is organized as follows. The formulation of the
GM problem for multivariable MRAC systems is presented
in Section II. The results of GM analysis of direct multi-
variable MRAC systems are presented in Section III for the
continuous-time case, and in Section IV for the discrete-
time case, respectively. The gain margin of an indirect
multivariable MRAC system is studied in Section V.

II. PROBLEM STATEMENT

The gain margin (GM) problem of multivariable MRAC
systems is formulated in this section, followed by a summary
of the analytical GM results.

We consider the M-input M-output LTI plant in the
transfer matrix representation

y(t) = G(D)[ul(t), (D

where u(t), y(t) € RM are the plant input and output,
G(D) = Z(D)P~Y(D) is strictly proper and full rank,
and Z(D), P(D) € RM*M gare right coprime polynomial
matrices with P(D) being column proper. !

The GM problem for an adaptive control system is for-
mulated as the problem of specifying the stability ranges of
the elements of a positive definite and diagonal matrix

K = diag{k,ko,... .k}, ki >0, i=1,2,....M (2)

which is present in the forward loop between the controlled
plant G(D) and the adaptive controller (denoted as the blocks
C1(D) and C(D)) that has been designed to be able to
ensure desired closed-loop system properties for K = Iy,
the M x M identity matrix, as shown in Fig. 1.

The adaptive controller is designed such that for K =
I, all signals in the closed-loop system are bounded for
any bounded initial conditions, and asymptotic tracking is
achieved. That is, the plant output y(¢) asymptotically tracks
a reference signal y,,,(t) € RM generated from a reference
model system y,,,(t) = Wy, (D)[r](t), where W,,(D) €
RMXM g a rational transfer matrix.

IThe symbol D is used, in the continuous-time case, as the Laplace
transform variable or the time-differentiation operator: D[z](t) = z(¢),
t € [0,+00); or in the discrete-time case, as the z-transform variable or
the time-advance operator: D[z](¢t) = z(t + 1), ¢ € {0,1,2,3,...}.
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Fig. 1. Adaptive control system with a gain matrix K.

TABLE I
GAIN MARGINS OF ADAPTIVE CONTROL SYSTEMS

Adaptive control scheme Gain margin

CT MIMO direct MRAC
CT SISO direct MRAC
DT MIMO direct MRAC

ki € (0)+OO)7 i:1727"'7M
k € (0,400)
k; € (0,k0]3i=1,2,...,.M
kO
ke (0,%},0< |kp| < KD
ki € [kio, +o0)} i=1,2,..., M
k,
ke [125,+00), 0 < kpo < |k

DT SISO direct MRAC

MIMO indirect MRAC
SISO indirect MRAC

2 The stability ranges of the gains k;, i = 1,2, ..., M, have some
finite upper bounds which depend on the knowledge (used in
adaptive laws for control adaptation) of some upper bounds and
coupling terms of the plant high frequency gain matrix K.

b The stability ranges of the gains k;, i = 1,2, ..., M, have some
positive lower bounds which depend on the knowledge (used in
adaptive laws for plant identification) of some lower bounds of the
plant high frequency gain matrix K.

For K = diag{k1, ko, ..., kn} # Ips, we want to find the
ranges of k; such that under any initial conditions, the MRAC
scheme still ensures the closed-loop signal boundedness and
output tracking when K is in the range.

In this paper, the gain margins of different MRAC systems
with a constant K in (2) are studied, and the GM results
are summarized in Table I for continuous-time (CT) and
discrete-time (DT) MRAC systems, where the results for
MIMO direct cases are derived for the systems designed
based on the LDS decomposition of the plant high frequency
gain matrix K. The results for the single-input single-output
(SISO) cases with K = k are provided here for comparison,
where k‘g and kpo are the upper and lower bounds of the
magnitude of the plant high frequency gain &, respectively,
used in the design of the adaptive control schemes [8], [10].

III. GAIN MARGIN ANALYSIS OF CONTINUOUS-TIME
MIMO DIRECT MRAC SYSTEMS

For a continuous-time MIMO MRAC system, its gain
margin can be derived based on the adaptive control scheme
applied. We present the result for the MRAC design based
on the LDS decomposition of K.

A. LDS Decomposition of K,

The high frequency gain matrix of the controlled plant
is defined as K, = limp_.oc §m(D)G(D), where &, (D),
which is assumed to be known and has a stable inverse, is
the modified interactor matrix of G(D). In the MRAC design
based on decompositions of K, the reference model transfer
matrix W,, (D) is chosen to be W,,(D) = &,,1(D).

m
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We assume that K, is finite and nonsingular, and all its
leading principle minors, denoted as A;,i = 1,2,..., M,
are nonzero and their signs are known. Besides, in the
discrete-time design, we assume that some upper bounds d
of |dj| = | 52| with Ag = 1, such that 0 < |dj| < df,i =
1,2,..., M, are known [10].

The nonunique LDS decomposition of K, K, = L,D,S,
follows from its unique LDU decomposition K}, = LD*U,
where Ly = LD,U-TD;1, S = UTD;1D*U for some
M x M unity lower triangular matrix L, unity upper trian-
gular matrix U, diagonal matrix

D*:diag{d;,...,d;,}:diag{Al,..., Am }(3)
Aprg

with A; # 0 being the leading principle minors of K, and

D, = diag {sign[Al]’yl, ...,sign [A

Ay,

= } m} @)
M—1
with v; > 0, ¢ =1,2,..., M, which can be arbitrary.

B. Design Based on the LDS Decomposition of K,

When the parameters of plant G(D) in (1) are known, the
model reference controller

u(t) = 01 wi(t) + O3 wa(t) + O30y(t) + O5r(t),  (5)

with controller parameters computed from the plant-model
transfer matrix matching equation

01" A(D)P(D) + (65" A(D) + A(D)©3,) Z(D)
= AD) (P(D) = ©36m(D)Z(D)) , (6)

achieves the control objective of signal boundedness and
asymptotic output tracking, where ©% = [0%,,...,0%,_,]T,
05 = [03%,...,05, ;)T with v being the known observ-
ability index of G(D), ©7;, 03,03 € RM*M i — 1,25 =
L....v— 1 and wi(t) = F(D)[u](t), wa(t) = F(D)[)(1)
with F(D) = 45, A(D) = [Ias, DIn, ..., D"~ 21y)T
for a stable monic polynomial A(D) of degree v — 1.

When the plant parameters are unknown, the model ref-
erence controller (5) cannot be implemented. Instead, the
adaptive version of (5) is used, that is, the model reference
adaptive controller

u(t) = OF (Hwi(t) + O3 (Hwa(t) + O20(t)y(t) + O3(t)r(t)
(N
is applied, where ©;(t) are the time-varying estimates of
07, i = 1,2,20,3, and are updated from an adaptive law
developed based on the error model derived as follows.
Error model. With ©3 = K, ! and K, = L,D,S, the
matching equation (6) leads to

DyS(u(t) = 07 wi(t) — 03T wa(t) — O3y(t) — O3r(t))

= L &m(D)ly — yml (®). ®)
Letting ©(t) = [07(¢),0%(t),02(t),03(t)]T be the
estimate of ©* = [077, 037 05,037, and denoting

O(t) = O(t) — ©*, (7) and (8) yield
Em (D) Y = Ym] () + O5&m (D) [y — ym] (1) = DSOT (t)w(t)
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where w(t) = [T (£), & (£), y(t), (O] and OF = L;" -
Iy has a special lower triangular form with zero diagonal
elements. We define the parameter vectors consisting of
the nonzero parameters in each row of Of to be 6 =
[0F,...,0%5 )7 € Ri~! and let their estimates to be 0;(t) =
[91'1(15), Ceey Gii_l(t)]T S Riil, 1=2,3,..., M. By deﬁning
the estimation error to be

e(t) = e(t) + (0,03 (t)a(t), ..., O3, (O (1)]" + W(H)E(D),

the following error model is obtained with D replaced by s:

e(t) = [0,05 (Ona2(t), 05 ()03 (2), - .- Oy (s (D]
+D,SOT(1)¢(H) + U (R)E(), ©)
where éi(lf) = el(t) — 0:‘, 771'(75) = [él(t), - ,éi_l(t)]T
R~1, i =2,3,..., M, with the filtered tracking error &(t)
En(A(S)Y — Yml(£) = [e1(0)s- . enr (D], hls) = 7
with f(s) being a chosen stable monic polynomial of the
same degree as the maximum degree of &,,(s), ¥(t) =
U(t) — U* with U(t) being the estimate of U* = D,S, and
£(t) = ©T()¢(t) — h(s)[OTw](t) with () = h(s)[w](1).
Adaptive law. Based on the error model (9), we choose
the following gradient adaptive laws:

 Doiei(t)mi(t)

Im

0;(t) = (0 i=2,3,....M  (10)

@T(w _ _Dsigi)é?<t) (11)

W(t) = —Pei?f(;@ (12)

where €(t) = [e1(t),e2(t),...,eq(®)]T, T = TT > 0,

To; = Tg; >0, and m?(t) = 1+ ¢ (£)C(t) + €T (1)E(t) +
Zz‘=2 mT(t)m(t)-

For K = I, the adaptive controller (7) with the adaptive
laws (10)—(12) ensures closed-loop signal boundedness and
asymptotic output tracking, lim; o (y(t) — ym (t)) = 0 [10].

C. LDU Decomposition of K,K

In the presence of K # I, the controlled plant is y(t) =
G(s)Ku|(t), and its high frequency gain matrix is K, K.
The following lemma establishes the link between the LDU
decomposition of K, and that of K}, K, which is crucial for
the GM analysis of multivariable MRAC systems designed
based on the LDS decomposition of K.

Lemma 1. The gain matrix K,K € RM*M with K =
diag{ki, ko, ..., kn} > 0, has a unigue LDU decomposition
K,K=LD*U, L=1L, D*=D*K, U =K 'UK (13)

where L, D*, and U are from the unique LDU decomposition
of the nonsingular matrix K, with its leading principle
minors being all nonzero, that is, K, = LD*U.

Proof: Suppose the matrix K, is represented as

kpii kpi2 kpins
Ky = | fr R g
kpnmt kpare kprras
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and its nonzero leading principle minors are A;, i =
1,2,..., M. With a diagonal K > 0 as in (2), we have

kpiikr  kpioke kpinvi ks
L I
kparikr  Kparoks kpavarkar
and its leading principle minors are
Ai=Ai ]k, i=1.2,.... M, (16)
j=1
from which and D* in (3), we can obtain
_ A A
D* = diag{klAl,kgz,...,kM M } = D*K. (17)
Ay Apr—1

With K, K = LD*UK = LD*KU, (17) implies L = L
and U = K~'UK. This decomposition is unique from the
uniqueness of matrix LDU decomposition. \Y%

D. Gain Margin Analysis

The desired closed-loop properties of signal bound-
edness and asymptotic output tracking hold for K =
diag{k1, ko,...,knp} # Ip with k; > 0 being constant,
that is, we have the gain margin result:

Proposition 1. A continuous-time multivariable direct MRAC
system, designed based on the LDS decomposition of K,,
has gain margins (0,4+00) for k; of the input control gain
variation matrix K = diag{ky, ko, ..., kp}.

Proof: To prove that the closed-loop system with the adaptive
controller designed for K = I, retains the desired perfor-
mance for K # I;, we need to prove that the assumptions
under which the adaptive controller is designed for K = I,
are satisfied.

Since k; > 0, from (16), we have A; # 0, and sign[A;] =
sign[A;], that is, the presence of K does not violate the
assumptions of nonzero leading principle minors and the
knowledge of their signs of the high frequency gain matrix,
based on which the MRAC scheme is designed for K = I);.
To be precise, the design parameter Dy in (11) is not affected
by a gain matrix K # I,s. Therefore, for k; € (0, +00), i =
1,..., M, the controller (7) with the adaptive laws (10)-(12)
still ensures the desired system performance, and the MRAC
system has gain margin (0, +00). \Y

Remark 1: The conclusion in Proposition 1 reduces to the
SISO case [8] when M = 1, that is, continuous-time SISO
direct MRAC system has gain margin (0, +00). O

IV. GAIN MARGIN ANALYSIS OF DISCRETE-TIME
MIMO DIRECT MRAC SYSTEMS

While discrete-time multivariable MRAC shares simi-
lar controller structure and matching conditions as the
continuous-time MRAC schemes, it has different stability
characterization, which leads to different signal filters and
adaptation gains, as well as stability and robust analysis.
Besides, there are extra assumptions on plant models. We
present the gain margin result for the MRAC design based
on the LDS decomposition of K.
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A. Design Based on the LDS Decomposition of K,

As described in Section III-B, for K = I;, when the plant
parameters in P(z) and Z(z), the polynomial A(z), and the
modified interactor matrix &,,(z) are specified, the controller
(5) with the controller parameters ©},¢ = 1,2,20,3 com-
puted from the matching equation (6) with D replaced by z,
is applied to the plant to achieve the control objective.

Without knowledge of the plant parameters, by following
a similar procedure of derivation as in Section III with the
only difference to be replacing s (or D) by z, we can obtain
the estimation error model (9), based on which we choose
the adaptive laws:

01(t+1)9¢(t)w,21 ., M(18)
OT(t+1) - OT(t) = —IW (19)
U(t+1)—U(t) = —W (20)

where 0 < Ty; =Tl < 21, 1, 0 < T =T7 < 21y, and
D, = diag {sign[Alhl,.. 51gn[ AIM }’yM} with v; >
0, as in (4), 1s chosen to satisfy

0 < DUTD'D*UD, < 21y,

2

that is, v; € (0,7?) for some 7? > 0,i=1,2,..., M.

For K = Iy, the controller (7) with the adaptive
laws (18)—(20) ensures closed-loop signal boundedness and
asymptotic output tracking, lim;_, oo (y(t) —ym (¢)) = 0 [10].

B. Gain Margin Analysis

In the presence of K # Ip; with k; > 0 being constant
and within some ranges, the same desired closed-loop system
performance also holds, that is, we have the GM result:

Proposition 2. A discrete-time multivariable direct MRAC
system, designed based on the LDS decomposition of K,,
has gain margins (07 le M } for k; of the input control gain
variation matrix K = diag{ky, ka, ..., kas}, where KM =

diag{kFM KM KGM) satisfies
0 < D KMUT(KMY=ID I D*UK“M D, < 21 (22)

for Dy chosen to meet the condition (21).

Proof: From Lemma 1, the presence of a gain matrix K #
Iy leads to the new high frequency gain matrix K, K with
its LDU decomposition as K,K = LD*U for D* = D*K
from the LDU decomposition of K,,, K, = LD*U, that is,
the sign information of the leading principle minors of K, K
is the same as that of K, so that the adaptive law with Dy
chosen for K = Ij; can still be used for K # Iy;.
However, to ensure the closed-loop signal boundedness
and asymptotic output tracking, the new condition for
K # Iy, similar to (21) for K = Iy, is 0 <
DSUTDS’lD* UD, < 215, which needs to be satisfied for
the chosen D, for (21). From Lemma 1, it is equivalent to

0< D, KU'K'D;'D*UKD, < 21, (23)
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from which it can be seen that for k; of K, there is an upper
bound kGM > 0, which depends on ;, k;, j = 1,2,...,i—
1, dj, dO = 1,2,...,7 and the nonzero elements of U,
with KéM = diag{kFM KSM .. kKGM} satisfying (22)
such that the closed-loop performance is still achieved with
the control gain variation K # Ij;. That is, the gain margins
are (0, kEM]. v

Remark 2: The gain margin result in Proposition 2 re-
duces to the SISO case when M =1, thatis, a dlscrete time

SISO direct MRAC system has gain margin (O I J, where

ko is the known upper bound of the magnitude of the plant
high frequency gain k, [8]. (]

Remark 3: It is desirable to have an explicit expression for
the design parameters y;, i = 1,2,..., M in (21), and KM
in (22). The case for M = 1 is studied in [8]. For the general
case M > 1, an explicit solution becomes complicated and
may not exist because of the coupling of v; with each other
and the unknown form of U. The results for M = 2 is
provided here as a demonstration of the GM result presented
in Proposition 2.

Assume the nonzero off-diagonal element of the unity
upper triangular matrix U is a. For a = 0, the design
parameters 7 and 2 must be chosen to satisfy

2
0<’Yl<d0, 0<’72<d0 24)
For a # 0, the same range for ; in (24) holds, and
dO
0 <o < a()dy + v a(n)B(n) 25)

4a2d? ’

where d(l) and d9, assumed to be known, are the upper bounds
of |di| and |d3], and a(v1) = m(dim —2), B(n) =
a(y1)(d9)? — 16a3dY.

The gain margin results for a = 0 are:

0<h< B o<k < 26)
1= 75 2> T

|d7] |d3|
For a # 0, the same range for k1 in (26) holds, and

0 <y < d} a(kim)|ds] 4+ v/ a(kiy)B(kim) @7

il an)dd + va()Bn)

where a(k1v1) = kim(|dilkin — 2), and B(kim) =
d(k1v1)|d§|2 — 16a2|d1‘\. 2 O

Remark 4: When K, is lower triangular, from its LDU
decomposition, K, = LD*U, we have U = Iy, and
(21) is equivalent to 0 < D*D, < 2Iy, that is, 0 <
diag {|d{|v1, |d5|ve, - - -, |daslym b < 2@ps. It is satisfied if

. . 2 2 2

dlag{’yb’}ﬁw'w’yM}<d1ag{d07doa"'7d0}' (28)
1 Q2 M

For the case when K # I, the inequality in (23) yields
0 < diag{|d*ﬂk171, |d§|k‘2’yg, ey |d*M|k7M’VM} < 21y,

2The results in (24)—(27) can be verified by converting the matrix
inequalities in (21) and (23) into scalar inequalities and solving them.
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which, from (28), is satisfied if

. . d  dS dS;
0 < diag {k1,ka,...,kn} < diag FARTE R E
1l 12 M

Therefore, we have the gain margin result

dO
kzie( ],i—l,?,...,M7 (29)

0,

|3

where d?, assumed to be known, is the upper bound of |d}|
such that 0 < |d}| < d?. O

Remark 5: For a direct discrete-time MRAC system, the
gain margin is (0,kY], where k{ can be made large by
reducing the adaptation gain. This can been seen from (4)
and (23). As D* and U are constant matrices, we can only
increase k° by reducing the design parameters ~; > 0, which
reduces the adaptation speed for the controller parameters
O(t) in (19). Therefore, the gain margin can be enlarged by
assuming larger dY, i = 1,2,..., M in the system design
process, while at the same time maintaining the inequality
in (23). This is more clear in (28) and (29) for U = I,. O

V. GAIN MARGINS OF INIDRECT MRAC SYSTEMS

Indirect multivariable MRAC schemes are of interest be-
cause there are less parameters to be estimated than those
of direct MRAC. Moreover, the plant parameters carry more
physical meanings than controller parameters, and it is more
natural and practical to expect a priori knowledge about plant
parameters than that of controller parameters, which further
reduces computational burden. In this section, we present
the design of continuous-time and discrete-time multivariable
indirect MRAC schemes followed by the GM analysis in a
unified framework.

A. Elliott and Wolovich’s Algorithm

In [2], Elliott and Wolovich used the left coprime poly-
nomial matrix decomposition of the plant transfer matrix
in developing indirect adaptive control strategies, since this
representation of the multivariable plant can be estimated by
input and output data. That is, let G(D) = P, ' (D)Zi(D),
where Z;(D) and P;(D) are left coprime with P;(D) being
row reduced.

Assume the observability indices of G(D), denoted as v;,
1 = 1,2,..., M, are known, and let v = maxi<;<u V;,
which is the observability index of G(D). Without loss
of generality, assume the row degrees of PT(D) are
9e:(PF(D)) = v;, and the matrix P, € RM*M contain-
ing the coefficients of the D" term in each column of
P,(D), is unity lower triangular. By filtering the input-output
equation of the plant model, a parametrization linear in the
unknown plant parameters contained in Z;(D) and P;(D)
can be obtained, based on which standard adaptive estimation
techniques can be used for estimation of the plant parameters.

The transfer matrix W,,,(D) of the reference model is
chosen to be W,,,(D) = £,.1(D), and the controller structure

m
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is in the form of (5) with the parameters obtained from the
plant-model matching equation:

Iy — ©;"F(D) — (037 F(D) + ©3,)G(D)
= 03&n(D)G(D), (30)

where G(D) = f’l_l(D)ZAl(D) with P;(D) and Z;(D) being
the estimates of P;(D) and Z;(D), and F(D) is defined as
in Section III-B.

To solve the plant-model matching equation (30) online,
we need to assume that G(D) at each time instant ¢ has
the same interactor matrix &,,,(D), and the corresponding
estimated high frequency gain matrix Kp is nonsingular.
To ensure this, we can use parameter projection techniques
in the adaptive estimation of P;(D) and Z;(D). However,
since it is a row by row estimation, the parameter projection
ensuring nonsingular Kp is still a problem to be solved. Thus
here we consider a special case, which is a direct expansion
from the SISO indirect MRAC algorithms [8], [10].

B. Design for a Special Class of Systems

We make the assumptions that the degrees of the poly-
nomial matrices P;(D) and Z;(D) are v and m, v > m,
which are known. Moreover, we assume the highest order
coefficient matrix of P;(D) is the identity matrix Ips, and
that of Z;(D) is diagonal and nonsingular, that is, the plant
to be controlled has the following representation:

(InD” + P,y DV oo+ Py)[y](¢)

= (ZuD™ 4 Zpy 1 D™ o 4 Zo)[u] (1) (B1)

where P;, Z; € RMxM 4 —
0,1,...,m — 1 are constant coefficient matrices with Z,, =
diag{zm1,. .., 2mnm} for some z,,; # 0,7 =1,2,..., M.
Therefore, the plant transfer matrix G(D) has an interactor
matrix &,,(D) = d(D)Iy; with d(D) being a monic stable
polynomial of degree n* = v — m, and the plant high
frequency gain matrix is K, = Z,, for K = I.

0,1,...,v — 1, j =

Plant model parametrization. To obtain a parametriza-
tion of the plant model (31), we filter both sides with ﬁ

for a chosen monic stable polynomial A.(D) of degree v,
after ignoring exponentially decaying terms, we can obtain

i) 2 £ (0
= Zog 0+ + Zu (0
P ) =+ = P )
= 10770, 03 e (D] (32)
where 0}, ¢;(t) € RM+m)+1L i — 12 M with
07 =1Z6i- - > Zm—1i» Zmis —Foir - - *PJ—M]T
G) = | 357 T O oy T O 1 ),
1 Dy—l T
(33)
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and the superscript r denotes the ith row of the corresponding
coefficient matrix, and wu;(¢) is the ith input to the plant.

To ensure a nonsingular estimation of Z,,, we need to
make this assumption: the sign of z,,;, sign[z,,;], is known,
and so is the lower bound z,,,;0 Of |2,,;| such that 0 < 2,50 <
|Zmil, 1=1,2,..., M.

Error model and adaptive law. Based on the error
equations ¢;(t) = 87 (t)¢;(t) with 8;(t) = 6;(t) — 07, we
choose the gradient adaptive laws with parameter projection
for 0;(t):

.

i 4 m (t)
i = 1,2,...,M, where m(t) = 1+ M ¢T()G(),
and the adaptive gain matrix I'; = diag{T';1,7;, i} with
Ty € Rm*™m ~ € R, T'y;s € RY*Y, and for continuous-
time case, I';; = I > 0, o = I'L > 0, v > 0, while
for discrete-time case, 0 < I';; = FZ; < 2L, 0 <y =
'L, < 21, and 0 < ~; < 2. The parameter projection term
fi(t) has the form fi(t) = [01xm, fim+1(t),01x,]T with
fim+1(t) designed to ensure the estimate of the (m + 1)th
component of 6;(t), 2, to be away from zero, that is,
|Oim+1(t)] = |Zmi|l € [2mio, +00) (using the knowledge of
Zmi0 S |Zm7, ,i: 1,2,...7M).

With the adaptive laws (34), the design equation (30), the
control (5) applied to the plant (31) can achieve closed-loop
signal boundedness and asymptotic output tracking.

(34)

C. Gain Margin Analysis

The same desired closed-loop performance holds for the
case when a positive definite gain matrix K > 0 as in (2)
is present at the control input, as long as the gains k; are
within some ranges, that is, we have the GM result:

Proposition 3. The closed-loop system, consisting of the
plant (31) and the controller (5), with the adaptive laws (34)
and design equation (30), has gain margins fz’“f" , +oo> for
ki of K = diag{ky, ka,...,kn}, where zp0, used in the
adaptive law (34), are the known lower bounds of |z ;| such
that 0 < zZmio < Zmi‘: 1= 1,2,...,M.

Proof: In the presence of K, the controlled plant is y(t) =
G(D)K[u](t), and its high frequency gain matrix is

< Z'HLMk]\/I}7 (35)

which needs to satisfy the assumptions under which the
adaptive laws (34) are designed for K = I/, in order for
closed-loop stability and asymptotic tracking to be achieved.
That is, for K # I, the entries of (35) must be greater than
the assumed lower bounds zyi0, i-€., |Zmiki| = Zmio, from
which we can obtain k; € LZ"”’O,—H)O), 1=1,2,..., M.

[2mi
Therefore, we have the stated gain margin result. \Y%

Remark 6: When M = 1, the MIMO plant (31) reduces
to the SISO plant P(D)[y](t) = kp,Z(D)[u](t). The GM
result in Proposition 3 is a direct extension from the SISO
result presented in [8]. O

KpK = Z]\/[K = diag{zmlkl, Zmzkg, .

TuB03.3

Remark 7: For both continuous-time and discrete-time
indirect MRAC designs, the gain margin is [k;g, 00), where
k;o > 0 can be made small by reducing the parameter lower
bound used in parameter projection of the adaptive laws (for
plant identification) for avoiding control singularity. (]

VI. CONCLUSIONS

In this paper, the gain margin problem has been studied
for several multivariable model reference adaptive control
(MRAC) systems: those with direct or indirect, continuous-
time or discrete-time designs. For a direct continuous-time
MRAC design, the gain margin is (0, +00), while for a direct
discrete-time design, the gain margin is finite with an upper
bound that can be made large by reducing the adaptation
gain. For indirect MRAC designs, in either continuous time
or discrete time, the gain margin is infinity with a lower
bound that can be made small by reducing the parameter
lower bound used in parameter projection of the adaptive
laws (for plant identification) for avoiding control singularity.
In other words, the gain margins of MRAC systems can
be enlarged by choosing proper design parameters, while
ensuring both signal boundedness and asymptotic tracking.
This indicates that the use of an MRAC scheme has a unique
and significant advantage over a non-adaptive control scheme
whose gain margin for signal boundedness is fixed (and is
1 for asymptotic tracking, that is, K # [,; would lead
to a non-zero tracking error). This advantage is important
for aircraft flight control applications for which asymptotic
tracking is a critical performance measure.
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