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Robust stability analysis of a class of neutral type time delay equations

J. E. Velazquez-Veldzquez, V. L. Kharitonov and S. Mondié

Abstract— In this contribution the robust stability of a class of
linear neutral type time delay equations with bounded uncertain
coefficients is analyzed via Lyapunov-Krasovskii functionals of
complete type. For any exponentially stable nominal systems, we
are able to present bounds on the uncertainties that guarantee
the stability of the perturbed system. The quadratic Lyapunov-
Krasovskii functionals of complete type for scalar neutral type
time delay equations depend on the so-called Lyapunov function
for neutral time delay systems. Thus, the sufficient robust
stability conditions depend on the Lyapunov function.

I. INTRODUCTION

Neutral type time delay systems form an important class
of time delay systems where the system dynamics depend
both on the delayed state and its derivative. Many engi-
neering systems can be modeled using functional differential
equations of neutral type: processes including steam or water
pipes, heat exchangers (see [5] and the references therein),
distributed networks containing lossless transmission lines
[1] in electrical engineering, and the control of constrained
manipulators with delay measurements [7] in mechanical
engineering. In practice, some model parameters are not
precisely known, leading to the study of the robustness of the
stability with respect to uncertainties; for example, lossless
transmission line models may have uncertain parameters. It
is then of interest to consider neutral systems represented by
uncertain models.

In the present paper, based on Lyapunov-Krasovskii func-
tionals of complete type [4], robust stability conditions are
given in the case of a scalar neutral type time delay equation
with multiple delays. In contrast with the known robust
stability conditions which are based on the LMI approach,
[3], [6], our conditions provide positive bounds on the
uncertainties for any exponentially stable nominal system.

The note is organized as follows: the problem statement is
presented in Section II. Because of their key role in obtaining
the sufficient robust stability conditions, some basic results
concerning the quadratic Lyapunov Krasovskii functionals
of complete type are recalled in Section III. In Section IV
we show how the functionals of complete type are used for
the robust stability analysis of the neutral type time delay
equations. The main result of the contribution is illustrated
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with two examples in Section V. Some concluding remarks
end the contribution.

II. PROBLEM STATEMENT

Consider the nominal neutral type time delay equation
with multiple delays

m

Zaj (t—jh) =Y _ba(t—jh), t=0 (1)
7=0

where a; € R and b; € R = 0,...,m, are real
coefficients, ag = 1, and h > 0 is the basic delay. The
initial condition is

CC(@, (p) = @(9)3 0 € [_mh7 O]

where ¢ € C([—mh,0] — R). x:(p) stands for the
restriction of x(t, ) to the interval [t — mh,t]. The state
x; is defined by z,(0) = x(t + ) for 6 € [—mh,0].

Consider now the neutral type time delay equation with
uncertain coefficients

D (aj + Aa))i(t — jh) =D (b + Ay )y(t — jh)  (2)
j=0 j=0
where the uncertain values A,; € R and Ay, € R, j =
0,...,m, are such that
Aao_oa |Aaj|§6a]., j:1727"'5m5 (3)
|Ab]‘|§5b]‘7 j:Oalv"'ama
where d,, and dy, are positive numbers.

Problem I: Determine the values of d,,; and d,; for which
the neutral equation with uncertain coefficients (2) remains
exponentially stable provided that the nominal system (1) is
exponentially stable.

III. PREVIOUS RESULTS

We summarize here the main useful results exposed in
[8] on Lyapunov Krasovskii functionals of complete type
for exponentially stable neutral type time delay equations of
the form (1). These functionals are such that their derivative
along the solutions of the system is more substantial than a
quadratic form of the state, allowing to prove that they admit
a quadratic lower bound. It appears that they depend on the
Lyapunov function denoted u(-) associated to the system.

The functional with prescribed derivative

d
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and pj;, 5 =0,1,..., m, are given

positive constants is

m,and vj, j = 1,2,...,

[i (s + jhv; }vo(:zrt)—i-

Jj=0

+§j

Jj=1_ —jh

+ (jh+0) yj} 2t +0)d,  (5)
where vo(x¢) is defined as

vo () = u(0) {2 aj:v(t—jh)F-2 [2 aj:v(t—jh)] x

X Z / {u(zh +0)b; + W@i] x(t + 0)do+
=1"n

i=1
o m £ 00
—i—ZZl/ /:17 (t+671) {b u((j—i)h+601—062)b;+
j=ti=1 L7,
12,24 = %h; b 92)@} 2(t + 02)dfdb —
1
i (kDR
— Z x(t 4 61)a; x
k=11=1 7,
o )h(92 ((i —j)h — 01 + 63)
X / 96,90, a;x(t + 02)dbr+
ZIn

927591+(k7l)h

+Ad((i—j+k—1)h)a;z(t+01 + (k—l)h)} dell :

Under the assumption that system (1) is exponentially
stable, the functional (5) has the following quadratic bounds,
see [8]

[ Y asel-im)]” £ v(e) < arlel?,

for some positive constants «; and «y. Here |¢|mn =

sup  |p(0)].
0e[—mh,0]
The definition and computation of the Lyapunov function

u(+) associated to equation (1) is addressed in [4]. It is shown
to be the solution of the dynamic equation

> agul(t—jh) = bjult — jh),
j=0 §=0

(1), satisfy the symmetry condition

t>0,

where /(1) = Ly
w(=7) =u(r), T=>0,
and the algebraic condition

>SS agbiu((j - i)h) = ~1/2.

§=0 i=0
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The problem of its computation is reduced to the computa-
tion of solutions of an auxiliary two-point boundary problem
for a special delay free system equations.

The jump size of the first derivative of the Lyapunov
function u(7) can be computed as follows

u'(1 )z—elPSel, 1=0,1,2,...,
Au'(—1h) = =T (ST) Pey, 1=1,2,...,

T

where el =1 0 0 |, matrix S is

—ap —az —Um—-1 —Qm
1 0 0 0
g_| 0 1 0 0 |
0 0 1 0

and matrix P is the solution of the matrix equation S* PS —
P = —Wq with Wy = 616?, see [8].

IV. MAIN RESULT

In this section, functionals of complete type (5) are used
for the robust stability analysis of perturbed neutral type time
delay equations. The nominal system (1) is assumed to be
stable. We derive the values d,; and 0y, for which equation
(2) remains exponentially stable for all perturbation values
Ag; and Ay, satisfying (3).

To obtain such bounds, we use the following modification
of the functional (5) computed for the nominal equation (1)

o) = [ S0+ ) o)+

+Z/ |1 + G+ O v |+ 0)a0,  (©)

where

m

w0 (91) = u(0) [ij Ayt jh)] T

J=0

+2 [i(aj + Aq, )y(t — jh)} X

Jj=0
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m 0 .

«3 / [u(ih—i—@)bi + W
i=1_"n

0O 0

_i_iil//y t+6p) [bu( —1)h+01—02)b;+

Jj=li=1 _ih=

az} y(t + 0)do+

du((j —i)h + 01 — 02)

+2a; bi:| y(t + 92)d92d91 —
t —|— 91)%

u((i — j)h — 01 +02)
90,00,

a;y(t + 02)dla+
O2#01+(k—1)h
+ AU ((i—j +Ek=1)h)ay(t + 61 + (k—l)h)} d91] .

Remark 1: Notice that this modified functional depends
on the values A,;, j = 1,2,...,m, of the perturbed
equation.

The time derivative of the functional (6) along the trajec-
tories of equation (2) is
%v(yt) = —w(y,) + Q[Z(uk + khl/k)] X

k=0

X [Z Ay, y(t — jh)} {U(O) Z(ai—l—Aai)y(t—ih)—i—
+§: /[u(ih—i—@)bi —i—u’(ih—i—@)ai]y(t—i-b‘)d@}—i-

=1
m

+2{Z(uk+khuk } LéA t—]h}

k=0
0) Z a;y(t —ih)—
i=0

X {EAU/
2

=IO w1 - i)h)y(t — ih)—

1=1 l=1i

m

3

i=1

u'(ih + 0)by(t + 0)do—

'\..o

>

—1i
m 0

x|

—ih
0e(—ih,0), 0#lh, I=—i,—i+1,...,0

u' (ih + 0)a;y(t + G)dG] ,

where w(+) is the functional defined in (4).

The functional (5) admits upper and lower quadratic
bounds. According to the Lyapunov-Krasovskii Theorem for
neutral type time delay systems [2] to claim stability, the time
derivative must not only be negative, but must be a quadratic
form with negative sign. Therefore it is necessary to find
an upper estimate for the first derivative of the modified
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functional in such a manner the derivative of the modified
functional remains negative definite in order to determine
under which conditions the uncertain equation (2) remains
exponentially stable. To do so, we introduce the following
quantities

a= max lak|, b= max |b,
e e ]
uz = sup |u"(7)], and @)
T€(—mh,mh),7#kh
Uy = max | Au'(kh)|.
k=—m,...,0,..., m

Now, by standard majorizations, we make an upper esti-
mation of each term:

Ayt yh>(<>§:<az+A ><—z’h>)}

1=0

g EMS
HMS
\Ms

b, (|ai| + 6a,) [y2(t—jh) + y2(t—ih)]
a1|+5al)) i y2(t—jhyr

) 8 a8 e

(;

| \
/\

SO

m m 0
23 Ay y(t—jh) ( > f (ih+0)b
j=0 =1—ih

+u'(ih+0)a;|y(t+ 9)d9>

m

< (buy +aus) Z

> (
= (bu1 + aug) [m(n;Jrl)h 205
J:

3

5bjf0[

0i=1 —ih

t—jh)+y*(t+6)] do

+ (i 5bi> 3 fh y2(t + o)do};

Jj=1—j

(0) 3" syt - z'h))

i=0

< L1AU(0)] 32 3 b, lail [2(t—h)+y2(t—ih)]

23" Aajya—jh)(f: $ <<l—z'>h>y<t—z’h>)
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2 ZOAajy(t_jh <Z
J:

=1

0
J W (ih+0) zy(t+9)d9>
ih

[y2(t — jh) + y*(t + 0)] db

= b’u,g |:m(m+1) h Z 6ajy2(t — jh)+

J

m 0

Zf t+9d6‘}
J=1—jh

7=0
X ( i Jq u’(ih + 0)a;y(t + 9)d9> ‘
i=1 Zih

k2
0e(—ih o), 041h, lf—i,—i+1,...,0

< aus Z Z_: da; _fh [yQ(t —jih) + 3 (t + 9)] do

= au |:m(m+1 h Z 6(1]

2(t—jh)+

+<26ai>§j f (t+0) d@}

As a result, we obtain the following upper bound for the
derivative

dv(y:)
dt

i=0 i=0

'LLO m m
< M[M u1<5boz(|az|+5al)+25bl>
1
—§<5b0(bu1+auQ) (m+1)h+]Ad/(0 |Z5a>]y -
—zm:M B, 1Zm: (Jas] + 6a;)
- M pars 0 aT

(buy + auz)m(m + 1)h> -

,_.
| —

+2
m 1 m
—6aj <u1 ;61,7 + §|Au/(0)| ; |ai|—|—
m m 1
+uy Z <Z |al|> + §(bu2 + aug)m(m + 1)h> —
i=1 \l=i
)l Zéth) -
=0

- 1
—|a,] <u126bi+§|Au/(O
(t—gjh)—

=0

—Z Jai] <u425a>

=

m 0 m
—Z /M [ —(bur + auz)z Op, —

=0

m

—(bug + au;;)z Sa;| Y2

i=1

(t + 6)df,

where M = )~ (u + khvy).
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Our main result stated below follows immediately from
the previous inequality.

Theorem 1: Let the nominal equation (1) be exponentially
stable. Given p;, j = 0,1,...,m and v, j = 1,2,...,m,
positive constants, the uncertain equation (2) remains ex-
ponentially stable for all perturbations satisfying (3) if the
values Aa,j—12 ,m and Abj,jzo,l,...,m,
satisfy the following 1nequa11t1es

(&0 5 (laa] + 6a,) + zab)

=0

° #0 > U
Opy (buy + auz)m(m + 1)h + |Au/(0)] Z 6%) ,
i=1

For 7 =1,2,...,m,
% > 5bj<u1;J(|ai|+5az) %(bul—i—auQ) (m+1)f> +

+
[ ]

+ 0a <U1 3 b, + 5| Au'(0)] X Jas| +
i=0 =0

m

+ uy in: <Z |al|) + 2 (bug + aug)m(m + 1)h> +
i=1

=1
T lay) (ulz5bi+é|m'<o>| zaai>+z al @zaa) ,
i=0 =3 i=1
e Forj=12..m, !

> (buy + aus) Z O, + (bug + aus) Z Oays
=0

where a, b, u1, uz and us are defined i 1n (7), and Av/ (0) is
the jump size at the point 7 = 0.

Remark 2: The uncertain parameters Ay, j=0,1,...,m,
may be time varying or may even depend on y(t — jh),
7 =20,1,...,m. The only assumption one does really need
is that the parameters are continuous with respect to these
arguments and that they satisfy (3) for all values of the
arguments.

V. EXAMPLES

To illustrate the effectiveness of our main result, two
numerical examples are presented.

Example 1: Scalar neutral type time delay equations arise
in the study of electrical networks such as the classical
transmission line presented in [1]. The system consists of
a long electrical cable of length [, one end of which is
connected to a power source F with resistance R, while
the other end is connected to an oscillating circuit formed
by a condenser C'; and a nonlinear element, the volt-ampere
characteristic of which is ¢ = g(v), see Figure 1. Let L
and C' denote the linear inductance and capacitance of the
cable, respectively. This system is described by the following
nonlinear neutral type time delay equation reported in [1],
[2] and [5]:

. . 21 1 K 21
x(t)—Kx(t—;):—@ t) @x(t—;)—
~gla(t) - Ka(t ~ 2) ®

Here s = (LC)~ /2, 2 = (L/C)Y/? and K = (2 —
are dimensionless quantities.

In this note, we consider the linear part of equation (8)
as the nominal equation. Selecting [ = 0.1006, L = 0.2,

R)(z+R)
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RH g(V) —G

Fig. 1. Transmission line network

C = 0.1, R = 0.12 and C; = 0.1 we obtain the scalar
neutral type time delay equation

i(t) — 0.8436:(t — 0.0285) = —7.0711z(t)—
—5.9649z(t — 0.0285).

As shown in [2] this equation is exponentially stable.

We model the nonlinear dynamics of (8) as parameter
uncertainty: we consider the linear neutral type time delay
equation with uncertain coefficients

(1) + (—0.8436 4 04, )2 (t — 0.0285) =
(=7.0711 4 6y, )2 (t) + (—5.9649 + &, )z (t — 0.0285).
©)

Here we assume that

|0a,| <6, |04, <6, and |6,] <.

For the choice po = 0.4, 1 = 1.8, and v; = 1, the functions
u(7), v'(7) and u”(7) are respectively sketched on Figures
2, 3 and 4.
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Fig. 2. Function u(r)
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Fig. 3. Function v’/ (7)
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Fig. 4. Function v’ (1)

One can readily compute the values a = 0.8436, b =
7.0711, up = 0.2452, ug = 1.734, uz = 12.26, and
uy = 3.4682. Then, it follows from Theorem 1 that the
perturbed equation (9) remains stable for all perturbations
if 6 <0.0154.

Example 2: Now, let us consider the following scalar
neutral equation describing dynamics in mechanical systems
under measurements in contact with rigid environment, see
[71

&(t) — ci(t — ) = —dx(t — 12), (10)

where ¢, d are reals, such that |c| < 1, and d > 0.

The scalar equation (10) with |¢|] < 1 and d > 0 is
exponentially stable for any delay value 73 € Ry and any
T2 € [0,72], where T2 < 1;‘6‘, see [6].

We consider the nominal equation

i(t) 4+ 0.2&(t — 0.5) = —a(t — 0.5),

and we consider the neutral type time delay equation with
uncertain coefficients

Z(t) + (0.2 4 0y )2 (t — 0.5) = (=1 4+ b4, )z(t — 0.5).
(11
Here, we assume that

[6c,] <0’y and [64,] < 0.
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For the choice pg = 0.4, u1 = 1.8, and v; = 1, the
functions u(7), «'(7) and " (7) are respectively sketched
on Figures 5, 6 and 7.

0.7
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0.35 -
-0.5 0 0.5

Fig. 5. Function u(7)
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Fig. 6. Function v/ (1)

Fig. 7.

Function v’ (7)

One can readily compute the values a = 0.2, b =1, u; =
0.6986, us = 0.8027, ug = 0.7277, and uy = 1.0417. Then,
it follows from Theorem 1 that the perturbed equation (11)
remains stable for all perturbations if ¢’ < 0.1214.

ThB07.2

VI. CONCLUSIONS

The robust stability of a class of neutral type time delay
equations with multiple delays and bounded uncertain coef-
ficients is analyzed. It is shown how Lyapunov-Krasovskii
functionals of complete type are used to derive sufficient
conditions that depend on the Lyapunov function of the
nominal equation. The main result is illustrated by a classical
example of transmission line networks and by an example
with delay in force feedback.
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