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Abstract— In this paper a successive approximation approach
for MIMO linear parameter varying (LPV) systems with affine
parameter dependence is proposed. This new approach is based
on an algorithm previously introduced by the authors, which
elaborates on a convergent sequence of linear deterministic-
stochastic state-space approximations. In the previous algorithm
the bilinear term between the time varying parameter vector
and the state vector is allowed to behave as a white noise process
when the scheduling parameter is a white noise sequence.
However, this is a strong limitation in practice since, most
often than not, the scheduling parameter is imposed by the
process itself and it is typically a non white noise signal.
In this paper, the bilinear term is analysed for non white
noise scheduling sequences. It is concluded that its behaviour
depends on the input sequence itself and it ranges from acting
as an independent colored noise source, mostly removed by
the identification algorithm, down to a highly input correlated
signal that may be incorrectly assumed as being part of the
system subspace. Based on the premise that the algorithm
performance can be improved by the noise energy reduction,
the bilinear term is expressed as a function of past inputs,
scheduling parameters, outputs, and states, and the linear terms
are included in a new extended input.

I. INTRODUCTION

The increasing importance of LPV systems in control
system design motivated, by the end of the last decade,
the emergence of a new identification problem. With vasts
applications ([3], [9]), LPV system identification research is
still an area of research in its infancy. There are several ap-
proaches to this problem such as methods based on subspace
techniques ([12], [13], [14], [2], [15]), basis functions ([10],
[11]), stochastic framework based methods ([5], [6]), Linear
Matrix Inequalities based optimization ([8]), parameter esti-
mation based gradient searches ([4]) and simple Least Means
Square approaches ([1]). Recently the authors proposed an
iterative algorithm based on a convergent sequence of linear
deterministic-stochastic state-space approximations ([5], [6]).
The authors proved that it works with general inputs and zero
mean white noise scheduling sequences. Here the proposed
algorithm is adapted for general scheduling sequences.

The paper is organized as follows. In section 2 preliminary
results are given. In section 3 the original algorithm is briefly
described. The new algorithm is formulated in sections 4 and
5. In section 6 we present some numerical simulations and
in section 7 we draw some conclusions.
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II. A PRELIMINARY RESULT

In this section we state a result that is the basis for the
algorithm in [5], [6].

Lemma 1: 1If p(t) is a zero mean white noise sequence
and z(t) is a zero mean quasi-stationary signal independent
of p(t), then 2(t) = p(t) ®x(t), where the operator ® stands
for the Kronecker product, is a second order zero mean white
noise sequence
Proof: z(t) is a zero mean second order white noise process
if E{z(t)} =0and E {2(t)z(t — 1)} = 0.

The zero mean condition follows from both the indepen-
dence and the zero mean of p(t) and z(t). Since, from the
Kronecker product properties

E {z(t)z(t — T)T}
lE {[p
E {[p(t
the whiteness of z(t) arises from the independence of p(t)
and z(t), and from both the zero mean and the whiteness of

p(t).
O

O "t —7)@a"(t -
Tt—7n]ezt)@a"(t—7

III. LPV SYSTEMS WITH ZERO MEAN WHITE NOISE
SCHEDULING SEQUENCES

In this paper we consider LPV systems with affine param-
eter dependence described by

z(t+1) = Aox(t) + Ap[p(t) ® z(t)] (0
+Bou(t) + B, [p(t) @ u(t)] + q(t)
y(t) = Cox(t) + Cp[p(t) ® x(t)]
+Dou(t) + Dy [p(t) @ u(t)] +r(t),
where z(t) € R™, u(t) € R™, p(t) € R®, y(t) € R,
Ag € R™", By € R™™, Cy € R™™, Dy € R™™ and
A, [ A1 A, Ag | e R™" )
B, = [ B B B, | e R™™
C, = [O1 G Cs ] e R
D, = [ Dy D, D, ] e R,

with A; € R™", B; € R™™, C; € R™" and D; €
R>™, i =1, ..., s. u(t) and p(t) are independent zero
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mean quasi-stationary signals and ¢(t) and r(t) are zero
mean white noise sequences independent of both u(t) and
p(t). If we define

_ u(t)
ugo(t) - |: ()®u()]
By, = [ By B, |
D, = [ Dy D, ]
we may write the system of equations as
z(t+1) = Aox(t) + Bgyug,(t) + (3)
+4, [p(t) @ ()] +q(t)
y(t) = Cox(t) + Dyoug,(t) + @
+Cp [p(t) @ 2(1)] + (1),

In [5] an LPV identification algorithm is proposed that
estimates an innovation model of the form

z(t+1) = Aox(t) + Bgoug,(t) +
A, [p(t) @ z(t)] + Ke(t)
y(t) = Cox(t) + Dgougo (t) +

Cp p(t) @ 2(1)] + e(t)

from a record of input-output data. It is an iterative
process where, in the first iteration, the bilinear signals
A, (p(t) @ z(t)) and Cp (p(t) ® z(t)) are seen as process
and measurement noises, respectively. As a result, the pro-
cess is modeled as a linear time invariant (LTI) system and
is identified by a deterministic-stochastic subspace identi-
fication algorithm. The state sequence is estimated by a
stationary Kalman filter which is then used to estimate the
bilinear signal p(t) ® xz(¢). In the next iteration the LPV
system is described by the LTI model

w(t+1) = Apx(t) + Baul(t) + ¢ (#) (5)
y(t) = Coz(t) + Cou)eV () +rV(t)  (6)

where
ul) = {ptugﬁ%)()} @)
@) = A4 p0eiO0]+a)  ®
D = G pmeiOm] i ©

and
B. = [ By, A4, ] (10)
D. = [ By Cp | (11)

Here #(°)(t) and Z(%)(t) denote the state and state error
estimate, while ¢(t) and r(¢) stand for the process and mea-
surement noises, respectively. This model is also estimated
by the previously referred deterministic-stochastic subspace
identification algorithm, and the process is repeated until
convergence. If p(t) is a zero mean white noise sequence in-
dependent of u(t) then, from lemma 1, the signals p(t) ®x(¢)
and p(t) ® 29 (t), i = 0,1,... are second order zero mean
white noise sequences. Under this condition the algorithm
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converges if, for all iterations, the estimated models fulfil
the stationary condition [5]

)ik Z Z AV @AV | <1

j=1k=1

p | AP @AY + (R,

12)

where p(M) is the matrix spectral radius of M and (R));x
is the jk*" entry of the matrix

N—-1
_ L T
Ry = lim — tz_; u(t)u’ (t)

IV. LPV SYSTEMS WITH GENERAL SCHEDULING
SEQUENCES

Unfortunately we do not have the freedom to choose the
scheduling sequence p(t). Most of the times it is imposed by
the process itself and is typically a non white noise signal.
When this happens the term p(t) ® x(¢) is not white noise
anymore. As a result, the initial linear model is disturbed
by colored noise correlated with both wug,(t) and x(t).
Therefore, the algorithm identifies a biased model during
the first iteration. In the worst case scenario, some noise
components can surpass some state components in the SVD
(Singular Value Decomposition) step of the subspace identi-
fication algorithm, preventing convergence. To see when this
happens, let us decompose the sate vector in the following
way

x(t) = 21 (t) + 22(t) + x3(t)
where
ni(t+1) = Agi(t)+ Bou< )+ Ay [plt) @ 21 (1)
za(t + Aom2(t) + By [p(t) @ u(t)] +
Ap[p(t) ® Iz( )]
z3(t+1) = Aoxs(t) + Ay [p(t) ® z3(1)] + g(t).

Since u(t) is independent of both p(t) and x3(¢), then

]E{Ut [ )®I3()}} = Omxsn
E{[p(t ] [p ( )®$3( )}} = Osmxsn
and from the Kronecker product properties
E{u@®) p" () @2"(t)]} = (13)
E {[ut)p”" ()] @21 ()} + E{[ut)p” ()] ® 23 ()}
E {[p(t) @ u(®)] [p" (1) @ " ()]} = (14)
E{[p(t)p" )] [u(t)z] (t)]} +
E{[p(t)p" ()] [u(t)z3 ()]}

Now, we can state the following lemma.

Lemma 2: If w(t) is a zero mean white noise se-
quence and if x(¢) is a stationary signal, then the bi-
linear signal p(t) ® z(t) is uncorrelated with ug (t) =

[WT(t) pT(t)@uT(t) |
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Proof: If u(t) is a zero mean white noise sequence indepen-
dent of p(t), then it is also independent of both z(t) and
xa(t). Consequently,

E{[ ]®x1(t)} = Omxsn
E {[p(t tH O]} = Oomxon
E{[ ]®x2(t)} = Omxsn
E{[p(t tﬂhﬁﬁ%@ﬂ = O,

and from (13) and (14) it follows that

IE {ugo (t) [pT(t) ® xT(t)] } = 0(5+1)m><sn
and this completes the proof.
0.
From this lemma, we can see that for a zero mean white
noise input sequence, the signal p(¢) ® xz(t) behaves like
an independent colored noise source. The projection onto
the input and past output space performed by the subspace
identification algorithm will remove most of this noise,
retaining only its components that are correlated with z(t).
Hence, it is not likely that this noise surpasses the state
components, but it will introduce a bias into the Ay matrix
estimate. If w(¢) is a non white noise sequence, a non zero
correlation appears between p(t) ® xz(t) and wg,(t). This
correlation will increase the amount of noise and cannot
be removed by the subspace identification algorithm. If this
is too high, the algorithm may not be able to distinguish
the state vector from the noise and it will not succeed in
estimating a useful model. From this we can see that zero
mean white noise sequences are the optimal input signals for
this algorithm, while periodic sequences are the worst. This
is not a severe limitation in practice because most of the
times we have the freedom to choose u(t). However, there
are still frequent occasions where this freedom does not exist.
In the sequel we propose a change to the first iteration of
the algorithm that reduces the colored noise thus improving
the overall algorithm performance.
Let us write the bilinear term as

p(t) ® x(t) p(t) @ [Apz(t — 1) + Bgougy (t — 1)+
Ay pt—1) @zt —1)]+q(t—1)].

If we now define

. qu(t)
ug, (t) |: P(t) ® gy (t— 1) :| (15)
_ (t)

0 = [y ] (1o
a(t) = [In A] {p(t) gg()t_m } (17)
ri(t) = [ Iy D, ] {p(f) ég()t—l) } (18)

and

Ay = A (LoA) (L,oA)] (19
B.q1 = [Bgo Ap(Is®Bgo)] (20)
Cp, = G Li®A) (L®4) ] @D
Dy, = [ Dy, Cp(I;@By,) ], (22)
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we can rewrite the system equations as
w(t+1) = Aox(t) + Bgug, (1) + (23)
Ap, [p1(t) @ z(t = D] + qu(t)
y(t) = Cox(t) + Dy ug, (t) + (24)

Dy, [p1(t) @ z(t = 1)] +r1(1)

Although these equations seem similar to (3)-(4) there is a
fundamental difference consisting on the fact that ¢;(¢) and
r1(t) are dependent of x(t) (via p(t) and ¢(t — 1)). The
correlation between z(t) and ¢y (t) is given by

E {z(t)q{ (t)} E {Az(t - 1)q{ (t)} +
IE { By g, (t T} +
E{A4,[pt-1)@zt—-1)]q (1)} +
E {q(t — 1)q/ ()}

The first three terms are zero because ¢(t) and ¢(t — 1) are
independent of x(t — 1), u(t — 1) and p(¢ — 1). On the other

hand
Sty |

E {q (t-1) ‘h }
q(t)q" (t
" {[ [p(t) @ q(t — 1
because ¢(t — 1) is independent of both ¢(¢) and p(t)
and these are zero mean signals. As a result x(t) is un-
correlated with ¢;(t). If we identify the LPV system by
the model (23)-(24) (considering A, [p1(t) ® (t — 1)] and
Cp, [p1(t) ® z(t — 1)] as noise), the estimated model will
only exhibit a bias due to the colored noise terms propor-
tional to p (t) ®z(t—1). However we will get a better model
than the one identified from (3)-(4) because the colored noise
is smaller. If we keep developing this noise term until a lag
d we will arrive at the following model

:| = Onxn

z(t+1) = Apx(t) + By, ug,(t) + (25)
Apy [pa(t) @ z(t — d)] + qa(t)
y(t) = Cox(t) + Dg,ug,(t) + (26)
Cpy [pa(t) @ 2(t — d)] + ra(t)
where, for k=1, ..., d,
gy, (1)
g (1) [pmuw%um@—k>} @7
_ Pr—1(t)
pk(t) = |: pk—l(t) ®p(t _ k) :| (28)
t
ae(t) =[ In AMA]{pkxﬁégé m} &
re(t) :[ Ie Dpiy ] { Pk—l(rgcég(;()t k) } (30)
and
APA: = Apk71 [ (Islc—l ®A0) (ISk—l ®AP) ] (31)
By, = [ Bgoow Apey (Isus ® By,) | (32)
Opk = Cpk—l [ (Isk—1 ®AO) (Isk—l ®AP) } (33)
Dy, = [ Dyooy Cpy (I, ® Byy) | (34)
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with s being the py(t) dimension. If both Ay and A,
have a spectral radius less than unity, then the noise term
pa @ x(t — d) vanishes for a sufficiently high lag. Although
the similarities with a linear model, we can never obtain
unbiased estimates of it because g¢4(t) and 74(t) are non
white noise sequences anymore. Hopefully, the terms that
make them colored noise sequences are attenuated by the
powers of A,. As a result we can expect a small bias. The
development of the noise term is an attractive approach but it
is limited in practice by the curse of dimensionality problem.
In fact, the matrices dimensions grow exponentially with the
lag d. Typically we can only go up to a lag of 1 or 2.
Consequently, the estimated model will be affected by the
amount of the colored noise term and it must be refined
by the iterative process of the previous section. In the first
iteration the system is identified by the model

p(t+1) = Aox(t) + Byug,(t) + () (35
y(t) = Cox(t) + Dyug,(t) +rV @) (36)
where
dO) = Ay, pa(t) @ z(t —d)] +qa(t) (37
rP(t) = Dy, [palt) @ x(t —d)] +ra(t)  (38)

V. SUCCESSIVE APPROXIMATIONS

The identification algorithm estimates the parameters of a
state estimator of (35)-(36) given by

$O+1) = A O(t) + By,ug,(t) (39)
+KO [y(t) — Co# (t) = Dy, (1))

If p(t) is a zero mean white noise sequence, the noise terms
qa(t) and 74(t) are second-order zero mean white noise
sequences, and this is a Kalman filter of z(¢) in the sense that
K© minimizes the state error covariances, assuming that
qa(t) and r4(t) are unknown signals. For general scheduling
sequences, this optimally is lost due to the non-whiteness
of both ¢4(t) and r4(t). However, if the pairs (Ao, Bo)
and (Cy, Ap) are stabilizable and detectable, respectively,
the state estimator can produce reasonable estimates of x(t),
that can in turn be used to approximate the bilinear signal
p(t) ® z(t). In the sequel, for the sake of convenience, we
will refer to this and other state estimators as Kalman filters.
Let us now write the system equations (3)-(4) as

z(t+1) = Aol’( ) + Bgoug, (t) +q(t)
[ (t) ® 20 t)} [p ) @ 7O )}
y(t) = Cox( )+ quuqu( +7(t)

o 0500+ b

x(t) — 2O (t) is the state estimate error also

ERI0)

where 70 (t) =
given by

><t>—
( ) - ngufld(t)]

POt 4+1) = Az O (t) +

+qy
K© [y(t) — Coi
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Since we know 2(%)(t), we can consider p(t) ® (%) (t) as an
additional input and the unknown terms A, [p(t) ® (%) (¢)]
and C,, [p(t) ® 2(9)(t)] as process and measurement noises,
respectively. This will lead us to the LTI model (5)-(11)
which will be identified in the next iteration. At iteration
1, the algorithm identifies the LTI system

(t+1) = Apx(t) + Baul(t) + ¢ (1) (40)
y(t) = Cox(t) + Ceu()e® () +r(t) (1)

where
W) = { " gggﬁn(t)} “2)
W) = A4, [pei Vo] +ar @)
rO0) = G pestIm] s @

and 20~ (t) and 20~V (t) are the Kalman filter state and
error estimates of the previous iteration. The algorithm can
be summarized in the following steps:

Algorithm 1: Successive Approximations.

o Inputs
— Input-output data record: w(t), p(t) and y(t), t =
1, ..., N.
— wu, p and y dimensions: m, s and /.
— System order: n
— Subspace algorithm prediction horizon: j
— number of past data lags: d
o Step 1: Initialization
- Build ugy, (¢) using (27) for k=1, ....d.
— Identify the state-space LTI model (35)-(36) with
a deterministic-stochastic subspace identification
algorithm.
- seti=1
o Step 2: Successive Approximations
Repeat (a)-(d) until convergence
(a)  Estimate the Kalman filter estimates &(*~1)(t)
for t =1,..., N using the Kalman filter identi-
fied in the previous iteration
(b)  Compute

Ugqo (t)

p(t) ® 20 D(t)
fort=1, ..., n.

(c) Identify the state-space LTI model (40)-(41)
with a deterministic-stochastic subspace iden-
tification algorithm.

(d  seti=i+1

o Step 3: Parameter extraction
- By = Bc(:;,1:m), B, = B.(:;m+1: m+ms),
Do =D.(:,1:m), D, = D.(:,m+1: m+ ms)
Ap = B.(;,m+ms+1:m+ms+ns), Cp, = Be(:
,m+ms+1 : m+ms+ns), (Ag and Cy are directly
given by the subspace identification algorithm).



47th IEEE CDC, Cancun, Mexico, Dec. 9-11, 2008

The convergence of this algorithm is closely related
to the stationarity of the state sequence. If

|E {=(t)z"(t)}]], < C, (45)

where C' is a positive finite constant, does not hold, the
algorithm does not converge. This is a stability condition
for LPV system that depends on the autocorrelation of the
scheduling sequence p(t). When p(t) is a zero mean white
noise sequence, this condition is equivalent to (12) (see [6],
[7] for a detailed analysis). It turns out to be more restrictive
when p(t) is a general sequence because the state covariance
becomes dependent on the high order cumulants of p(t).
Since the LPV system stability is ensured when the spectral
radius of Ao + p1(t)A1 + - -+ + ps(¢)As is within the unit
circle for every t. Thus

max [A[Ag +p1(t) A1 + -+ ps (D) As]| < 1 (46)

is a sufficient condition for convergence. However, this is too
strong a condition because the stationarity of x(¢) allows the
LPV system to become temporally unstable.

The algorithm can enter a state of limitless convergence, al-
ternating between stable and unstable models, forming thus a
precision barrier. To handle this situation the algorithm limits
the number of iterations. When this number is exceeded it
picks the model with the smallest prediction error variance.

VI. NUMERICAL EXAMPLE

In order to test the algorithm three sets of 100 Monte-
Carlo simulations were performed using the following LPV

system
0 0
A = [ —0.1 } { 04276 —0.51 } ’
1 1.073
Bo = [050] By {1075]
Co = [0443 0.06 |,C,=[0
D = 0.5, » = 0.

We performed these simulations in an attempt to approximate
the algorithm worst scenario. Hence, we used the sinusoidal
scheduling sequence p(t) = 0.5sin (12&) t) and the input
signal u(t) = p(t) +w(t) where w(t) is a white noise binary

sequence with an amplitude of 0.5 (see Figure 1). This way,

M
100 200 300 400 500

time

u(t)

Fig. 1. Input signal.

we ensured a significant correlation between u(t) and p(t).
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We used a record data length of 500 in each simulation.
The first set was without noise and the others were with
output white noise with SNR values of 30 dB and 20 dB.
The corresponding output noise standard deviations were
0.021 and 0.066, respectively. In the noiseless simulations the
algorithm always converged to the true model with a number
of iterations between 7 and 14 (see the iterations histogram
in Figure 2). This was not the case for experiments with

noiseless experiments
50
45L
40 ¢
35¢
30
25t
20t
15t
10}
51
0

Frequency

7 8 9 10 11 12 13 14
Number of iterations

Fig. 2. Histogram of the number of iteration in the noiseless simulations
experiments.

noise. From the histograms depicted in Figures 3 and 4 for
the experiments with SNRs of 30 dB and 20 dB, respectively,

25 SNR=30 dB

Frequency
O

5 ALL_I__LI‘”‘_L___AL
0

0 10 20 30 40 50 60 70 80 90 100
Number of iterations

Fig. 3. Histogram of the number of iteration in the SNR=30 dB
experiments.

we can see that the algorithm reached the upper limit number
of 100 iterations in about 27 % of the 30 dB and 60 %
of the 20 dB SNR experiments. Figures 5 and 6 show the
percentage prediction error histograms. We can see that in
more than 90 % of the experiments the error remained close
to its theoretical value which is about 3 % and 10 % for the
experiments with SNR= 30 dB and SNR= 20 dB, in that
order. This is an evidence that the algorithm at least weekly
converged in almost cases. This may be confirmed by the Ag
and A, eigenvalues scatter plots, where it is evident that, in
most cases, the algorithm produced acceptable estimates, in
particular for the Ay matrix. We also tried several lag values
but there was no significant differences. Thus, in order to
improve the convergence we have to improve the accuracy of
the estimated models in the different iterations by removing
the correlation between the noise and the state vector. This
will be a topic of future research work.
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60,

D
()

SNR=20 dB

Frequency
- N W A
oo o O

oul..-__ -
10 20 30 40 50 60 70 80 90 100

Number of iterations

Fig. 4. Histogram of the number of iteration in the SNR=20 dB
experiments.
80
70 . . .
= identification data
60 = validation data
>
o
=}
5}
=
oy
=
s
2 3 4 5 6 7 8 9 10 11
Percentual error (%)
Fig. 5. percentage prediction errors histogram in the SNR=30 dB
experiments.

VII. CONCLUSIONS

In this paper we analyzed the performance of an LPV
system identification algorithm for general scheduling se-
quences. This algorithm was designed for zero mean white
noise sequences. It is concluded that its behaviour depends
on the input sequence itself and it ranges from acting as an
independent colored noise source, mostly removed by the
identification algorithm, down to a highly input correlated
signal that may be incorrectly assumed as being part of the
system subspace. Based on the premise that the algorithm
performance can be improved by the noise energy reduction,
the bilinear term was expressed as a function of past inputs,
scheduling parameters, and states, and the linear terms were
included in a new extended input. The algorithm was tested
with Monte Carlo simulations that mimicked the worst case
scenario. The results show that these changes did not bring
any significant improvement to the algorithm’s performance.
But they also show that it is a viable alternative for LPV
systems identification. In future research work we will try to
remove the correlation between the noise and the state vector
in order to improve the algorithm’s convergence properties.
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