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Stability and Robust Stability of Integral Delay Systems

Daniel Melchor-Aguilar, Vladimir Kharitonov and Rogelio Lozano

Abstract—1In this paper we consider a special class of
integral delay systems arising in several stability problems
of time-delay systems. For these integral systems we derive
stability and robust stability conditions in terms of Lyapunov-
Krasovskii functionals. More explicitly, after providing the
stability conditions we compute quadratic functionals and apply
them to derive exponential estimates for solutions, and robust
stability conditions for perturbed integral delay systems.
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I. INTRODUCTION

Recently, in [3] and [5] it has been shown that some
system transformations, commonly used to obtain delay-
dependent stability conditions for time-delay systems, intro-
duce additional dynamics. Additional dynamics are responsi-
ble for the lack of equivalence in the stability property of the
original and the transformed systems, i.e., the original system
may be stable while the transformed one is not. It has been
shown in [6] that the additional dynamics are described by a
special integral delay system. Stability of the integral system
is a necessary condition for the stability of the transformed
system [6].

Similar integral systems describe the internal dynamics
of the controllers used for finite spectrum assignment of
time-delay systems [7]. It has been demonstrated in [2], [8]
and [10] that the internal stability of such controllers is an
essential condition for their successful implementation.

Integral delay systems also appear in the stability analysis
of the difference operator of some neutral type functional
differential equations. Stability of the difference operator is a
necessary condition for stability of the neutral type functional
differential equation, see [4] for details.

These three different sources of stability problems associ-
ated with time-delay systems motivate us to look for stability
and robust stability conditions of a special class of integral
delay systems. To the best of our knowledge, no attempt
has been made to derive such conditions for integral delay
systems in terms of Lyapunov-Krasovskii functionals.

We present such stability conditions, and give a statement
guaranteeing the existence of Lyapunov-Krasovskii func-
tionals for the integral delay systems, which leads to a
procedure for finding the functionals. Finally, we show how
the functionals can be used to derive exponential estimates
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for solutions, and robust stability conditions for perturbed
systems.

The paper is organized as follows: In section II, we
shortly describe how the additional dynamics appear in time-
delay systems. We discuss the internal stability problem of
controllers used for finite spectrum assignment of time-delay
systems, and the stability problem of difference operators in
neutral functional differential equations. We also introduce
the class of integral delay systems that will be studied in
the paper. Section III presents some preliminary results. The
existence, uniqueness and stability of solutions are briefly
discussed. The Cauchy formula for solutions of integral
delay systems is also presented. In section IV, Lyapunov-
Krasovskii stability conditions for integral delay systems are
given. A converse result, providing a constructive procedure
for computing Lyapunov-Krasovskii functionals of a given
exponentially stable integral delay system, is presented in
section V. Functionals are used to derive exponential esti-
mates for the solutions in section VI. In section VII, we
show how functionals can be used for the robust stability
analysis of perturbed systems. Concluding remarks end the

paper.
II. MOTIVATION OF THE INTEGRAL SYSTEMS

We first briefly describe how additional dynamics appear
in the stability analysis of time-delay systems.
Let us consider a time-delay system of the form

#(t) = Agx(t) + Ava(t — h) + [°, G(O)z(t + 0)dd, (1)

where Ay, A1 are n x n real constant matrices, delay h > 0,
and G(0) is a continuous matrix function defined for 6 €
[—h,0].

In order to obtain delay-dependent stability conditions for
(1) one usually applies a special transformation to the system,
see [9]. The aim of the transformation is to present the
system in a form more suitable for the stability analysis.
The transformation replaces in (1) the delay terms x(¢t — h)
and x(t + 0) by the Newton-Leibnitz formula

w(t) — [0, @t + €)de,
w(t) — [y a(t+€)de,

and substitutes the derivative under the integral by the right-
hand side of (1). As a result, the transformed system can be
written in the form, see [6],

{ §(t) = Aoy (t)+Ary(t — h)+ [, G(O)y(t + 6)dO+=(t)

z(t—h) =
z(t+6) =
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The second equation of the above system

o) = [, (Ar+ [1,6()de) =(t +0)do (3)

describes the additional dynamics introduced by the trans-
formation. Stability of the dynamics is a necessary condition
for stability of (2).

We now address the problem of finite spectrum assignment
for time-delay systems. Consider the linear system with
delayed input

z(t) = Ax(t) + Bu(t — h), @)

where h > 0, z(t) € R™ and u(t) € R™ represent the state
and control vectors, and A, B are real constant matrices of
appropriate dimensions. The control law

u(t)=C {eAhx(t) + fghe_AeBu(t +60)do %)

assigns a finite spectrum to the closed-loop system (4)-(5)
which coincides with the spectrum of the matrix (A + BC),
see [7]. Recently, in [2], [8] and [10] it has been shown that
if the integral at the right-hand side of (5) is approximated
by a finite sum, then the closed-loop system may become
unstable if the controller (5) is not internally stable. So, the
practical implementation of the control law (5) demands its
internal stability. The internal dynamics of (5) are described
by the integral system

= [°,Ce 4 Bz(t + 6)dd. (6)

Now consider a neutral functional differential equation of the
form
d

dt [Dl"t] Lz, (7
where
Dz, = — [°, M(8)a(t + 0)df, and
Loy = Aox(t) + Ava(t —h)+ [°, N(0)x(t + 0)df.

Here M (#) and N(6) are continuous real matrix functions

defined for @ € [—h,0]. Stability of the difference operator

Dz, is a necessary condition for stability of (7), see [4].
Operator Dz is stable if and only if the integral system

= [° M(0)z(t + 6)d6 (8)

is stable. Comparing systems (3), (6) and (8) one can
conclude that all of them are of the form

= [° F(0)=(t + 6)do,

where F(0) = A; + f_hG(g)dg for the case of (3), F(#) =
Ce=49 B for the case of (6), while for (8) F(0) = M ().
Therefore, the stability and robust stability of (9) turns
out to be an interesting issue arising in several problems
associated with time-delay systems.
We will assume that in (9), h is a positive constant and
F(0) is a continuously differentiable real matrix function
n [—h,0], where a right-hand side continuous derivative
—h and a left-hand side continuous derivative at 0 are
assumed to exist. This differentiability assumption holds for

t=>0, €
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the cases of additional dynamics and internal dynamics of
control laws with distributed delay, while for the case of
difference operator Dx;, it imposes certain restrictions on
matrix M (6).

Throughout this paper we will use the Euclidean norm
for vectors and the induced norm for matrices, both denoted
by ||-||. We denote by AT the transpose of A, I stands
for the identity matrix, Apin(A4) and Apax(A) denote the
smallest and largest eigenvalues of a symmetric matrix A,
respectively.

III. PRELIMINARIES
A. Solutions

In order to define a particular solution of (9) an initial
vector function ¢(6), 6 € [—h,0) should be given. We
assume that ¢ belongs to the space of piecewise continuous
vector functions C°([—h,0),R™), equipped with the uniform
norm |||, = supge(_p,0) lle(0)]l-

For a given initial function ¢ € C°([—h,0),R"), let
z(t,),t > 0, be a solution of (9) satisfying z(t,¢) =
©(t),t € [—h,0). This solution is continuously differen-
tiable for ¢ € [0, 00), at ¢ = 0 the right-hand side derivative
is assumed, and it suffers a jump discontinuity

Az(0,¢) = 2(0, ) — 2( = [, F(0)¢(8)d6 — p(—0).
Let us consider the time-delay system
y(t) = F(0)y(t)—F(—h j F(0)y(t+6)db,t > 0.
(10)
For a given initial function ¢ € C°([—h,0),R™), define the
function
- w0 ) 9 € [ h 0)

Denote by y(t,p),t > 0, the solution of (10) with initial
function @. Existence and uniqueness of z(¢, ¢), as well as
some other properties of the solution, can be easily derived
from the following statement.
Lemma 1: y(t,9) = z(t, ).
Proof: Function y(t, @) satisfies

y(t, @) = F(O)y(t, ¢) = F(=h)y(t -
—[° F(O)y(t +6,3)dd, t > 0.

Then, integrating the equality from O to ¢ we obtain

y(t, ¢ ) (

h, @)

0) Joy(&: )d¢
—f a0 (f (e ca)ds) o
)

(0) fyy(€, @)de — F(=h) [*, y(€, p)de

(0) fyy 5 )de + F(—h) [1,"y(€, p)de
+J‘E,l [y(t +0.%) — y(0, )] db

= [° F(6 t+0,<pd0 [, F(0)@(6)de,
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which means that y(¢, ) satisfies (9). Assume now that
z(t go) t > 0, satisfies (9). Observe first that for ¢ > 0

f F0)z(t+6,¢ d@—ft W& —1)z(E, )dE.
It follows that
Z(t,(p) = F(O)Z(t#) _F( h’) (t—h,(p)
—JL W F (&, p)dg
= F(O)Z(taw)—F( h)z(t — h, )
—f F(0)z(t +0,¢)do,

which implies that z(¢, ) satisfies (10). By definition func-
tion () coincides with (0) for 0 € [fh O) and

2(0,¢) = y(0,9) = = [ F £)de.

|

Definition 1: System (9) is said to be exponentially stable

if there exist & > 0 and p > 0 such that every solution of
(9) satisfies the inequality

Iz(t, o)l < pellell, e, ¢ > 0. (11
Remark 1: System (10) is not exponentially stable. In-
deed, any constant vector is a solution of (10).
B. Cauchy formula
In this subsection, we present the Cauchy formula for solu-
tions of (9). This formula will play an important role in the
construction of quadratic Lyapunov-Krasovskii functionals
for (9). Let K (t) be the fundamental matrix of (10). Matrix
K (t) is the solution of the matrix equation
Ki(t) = Ki(t)F(0) — K1(t — h)F(—h)
—[° K1 (t + ) F(8)do,t > 0,
with initial condition K (¢t) = 0, ¢ € [—h,0) and K1(0) = I,
see [1]. Then, the solution y(t, ) of (10) can be written as

y(t, ) = K1 ()@(0) — [2, Ki(t — b — 0)F (~h) $(0)do
1% ( f,hm (t+€—0) F(€)de) p(0)do,t > 0. (12)
The spectrum of (9) consists of all roots of the characteristic
equation det g[ — fEhF(O)esedﬂ) =0

Lemma 2: Suppose that the spectrum of (9) does not
contain the point s = 0, then matrix K (¢) can be written as

Ky (t) = K(t) + Ko, (13)

—1
where Ky = (I — fEhF (9) dG) , and K (t) is the solution

of the matrix equation
= [C, K (t+0)F (0)do, t >0,

with initial condition K (¢) = — Ky, t € [—h,0).

Proof: Note first that if s = 0 does not belong to the
spectrum of (9) then matrix [ — f F (0) d is non-singular,
so matrix K is well defined. Observe now that matrix K7 (¢)
satisfies the equality

Ky (t f Ki(t+0)F

(14)

(6)d6 + 1, t > 0.
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Introducing (13) into the above we obtain (14). The initial
condition for matrix K (t) follows directly from (13). ]
From (14) it follows that in spite of the fact that matrix
K1 (t) does not admit a strictly decreasing exponential upper
bound, matrix K (¢) may do it.
Lemma 3: 1If s = 0 does not belong to the spectrum of
(9), then z(t, p),t > 0, can be written as follows

2(t, ) = f F(0) (0)do (15)
—f_hK (t—h-— 9) (=h) p(6)do
-1°, fohK (t+€—0) F () dg) (60)db.
Proof: From (12) and (13) we get, for ¢t > 0,
2(tp) = K (1) [2,F (6) (0)d0

— 2, K(t —h— 0)F (~h) p(0)d6
[ (J2AK (4 €= 0) F (§) dg) (6)d0
+Ko [, [F(0) = F (=)= [, £ () de] p(0)do

Since the expression in the square brackets above is equal
to zero, it follows that the Cauchy formula (15) holds. ®
Matrix K () is known as the fundamental matrix of (9).

IV. A LYAPUNOV TYPE THEOREM

In this section we give exponential stability conditions for
system (9).

For any t > 0 we denote the restriction of the so-
lution z(t,) on the interval [t — h,t) by z:(¢) =
{z(t+0,¢),0 € [-h,0)}. When the initial function ¢ is
irrelevant we simply write z(¢) and z; instead of z(¢, ¢) and
zt(¢). A simple inspection shows that for ¢ € [0, h), z:(¢)
belongs to C°([—h,0),R™), and for ¢ > h, z(y) belongs to
the space of continuous vector functions C([—h,0), R™).

Theorem 4. System (9) is exponentially stable if there
exists a functional v : C%([—h,0),R") — R such that the
following conditions hold:

D o), @0 < v(g)

some 0 < ay < as;

2) Lo(zlp) < —BJ°, I2(t+0,0)|2db, t > 0, for

some 3 > 0.
Proof> Given any ¢ € C°([—h,0),R") it follows
from the theorem conditions that for 2a = Ba; ' > 0 the
following inequality holds:

< as %), ()] db, for

2 oze(9)) + 200(2e(9)) <0,

t>0.
dt -
Thus, on one hand it follows that
v(ze(p)) < e ()
< aze™ 2! 7 [l(0)]* do

< hase™ 2 |||} ¢ > 0.
On the other hand, one gets

0 2
(m)°, 12t + 0, )] d6)
m*h [, |2t + 0, 9)| db,

IN

I=(t, 9)II”

IN

t>0,
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where
I F@O)]-

m = 1max

0e[—h,0]

We therefore have the following exponential upper bound:

lz(t, o)l < pllell, e, t >0,

@ =mh, /%.
aq

V. A CONVERSE THEOREM

where

In this section we present a converse statement to theorem
4. More precisely, for an exponentially stable system (9) we
construct a quadratic functional satisfying the conditions of
the theorem.

Given positive definite matrices Wy and W7, let us define
on C°([—h,0),R") the following functional:

w(p) = T (=) Wop(—h) + [°, &7 (0)W1(8)db.

Remark 2: For = Apin(W1) functional w(y) admits
the following lower bound:

B2 @) do < wip). (16)

Let system (9) be exponentially stable. We aim at con-
structing a functional v : C°([—h,0),R") — R, such that
along the solutions of (9) the following equality holds:

d

a'[}(zt) (17)

To this end, for a positive definite matrix W, we first define
a functional vy(p, W) that satisfies

—w(z), t > 0.

d
E’UQ(ZDW) =

The functional is of the form
’UQ(QP,W) = OOOZT(ta(p)WZ(ta<p)dt (18)

Observe that inequality (11) guarantees the existence of the
improper integral at the right-hand side of (18).

Lemma 5: Let system (9) be exponentially stable. Then
the functional v((p) satisfying (17) can be written as

v(p) = vo (@, Wo 4+ hW71)

+J2,9" (€) [Wo + (€ + ) Wil (€) de.
Proof: Let z(t), t > 0, be a solution of (9), then

v(z) = vo (z¢, Wo + hW7)
[0 2T (4 €) [Wo + (E+h)Wi] 2
We then have
d d
dt v(z) = dt’
+dtf p2t (4 &) [Wo + €+ h) W]
= —2T(t) (Wo + hW) 2(t) + 2"
T( — h)Woz(t — h)
— [0, (&) Wiz (t + &) dE

= —w(z).

L (Wz(t), t > 0.

(19)

(t+¢&)d¢.

o (z¢, Wo + hWh)

z(t+&)d¢
(t) Wy + hW7h) 2(t)

ThB07.1

|
We now construct the functional vg(p, W). Substituting
(15) into (18) we obtain

(¢ W) ¢" (0)U(0)(0)
—257(0) thU 0)F(—h)p(0)do
(0)

—27(0)[°, [°, U (€ — O)F(€)p(0)dedo

00
+ [ [T (01)FT (=h)U(01 — 02)F(—h)p(02)d02d0;
“h=h

0 0 T T T 0102
—f_hf_hsﬁ (91)F (_h)KOW f K(g)df X

—h—02

0

h)p (92)d92d91+2_fhfhf:@T

xU(h+ 01 + & — 02)F(£)p(02)ddfdb,

x F(— JFT(=h) x

20 [0, %2 GT(00) FT (~h) KT W x
(1‘“91+§ " )dn) F(€)p(0)ded0zdt,

+f7hf7 hf 91 FT(§1)

xU(01 — & +52 02) F (£2)(02)dEod02dE , db,

_fohf6 hf 91 FT(fl)KoTW X

x (O K n)dn) (&) 0(0)d6,d02d8, do.

0) = fth(ﬁ)ga(H

U(r) = KT ()WK(t+7)dt, T € [~h,h].

Here @( )df, and matrix function

(20)

The exponential stability of (9) guarantees the existence of
the improper integral in (20).

Lemma 6: Let system (9) be exponentially stable. Then
there exist constants 0 < a1 < as, such that functional (19)
satisfies the inequalities

ar [ Ie(O)° 49 < v(p) < azf”, lp(O)|7 do.  21)
For the sake of brevity, we omit here the detailed proof of
this lemma, and only give the explicit bounds for constants
(651 and Q9.
Thus, inequalities (21) hold for 0 < a; < Apin(Wo) and

a2 = huo ((me+ | F(=m)[) +r>+2rm+2||F(~h)]| )
+Amax (Wo +hWh) + (1+ mhemh) h? [| Kol| x
< (|FT (~=h)Eg W IF(=h)]|
+2||FT (—h)Kg W||r + || K5 W || r?),
where uy = max.c(_p,) |U(7)]| and r = 10 N H H df.

We thus obtain the following converse Lyapunov-
Krasovskii theorem for (9).

Theorem 7. Let system (9) be exponentially stable. Then
for any given positive definite matrices Wy and W; there
exist positive constants ay, s and [ such functional (19)
satisfies the conditions of theorem 4.

Proof: Given any positive definite matrices W, and
W1, the exponential stability of (9) implies that functional
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v(p) is defined by (19) and (20). Then, the proof follows

from lemma 6 and remark 2. ]
In order to compute vo(p, W) one has to know matrix

U(r) for 7 € [—h,h]. Expression (20) defines U(7) as an

improper integral. This is not convenient from a practical

point of view. Hence we derive some important properties

of U(7) that will provide an alternative way to compute it.
Lemma 8: Matrix U (1) satisfies

)= [, U(r+60)F(6)ds, rel0,h]. (22)

Proof: Substituting (14) into (20) we obtain (22). H

Lemma 9: Let WT = W, then matrix U(7) satisfies the
symmetry property

U(r) = Kq W [] K(&)d¢+ U (—=7),7 € [0,h].  (23)
Proof: The statement can be easily verified by direct
calculations. u
Corollary 10: Matrix U(0) is symmetric, U (0) = U(0).
Lemma 11: Matrix U (1) satisfies

. . T
12, U(0)F(0)do+ [ fEhU(ﬂ)F(G)dH} — KT (0)WK(0).
(24)

Proof: Let us compute

d

= [KTOWE@®)] = (f K(t+0)F (0)d0>TWK(t)

(f (K (t+0)F (9)d9).

Integrating this equality with respect to ¢ from 0 to co we
obtain (24). [ ]

Lemma 8 defines U(7) as a solution of (22). In order
to compute such a solution one needs to know the corre-
sponding initial condition. The initial condition is not given
explicitly. On the other hand, the symmetry property (23)
along with (24) serve as a replacement of the unknown initial
condition. Indeed, a piecewise linear approximation of matrix
U(r) for T € [—h, h] can be computed from equations (22)-
(24).

Despite the fact that there are still no efficient algorithms
to check the positivity of functionals of the form (19), and
that functionals cannot be directly used for the stability
analysis of (9), they can be directly applied to derive expo-
nential estimates for solutions and robust stability conditions
for perturbed systems. Such applications will be presented
in the next two sections.

+KT ()

VI. EXPONENTIAL ESTIMATES FOR THE SOLUTIONS

In this section, we show how functionals (19) can be used
to obtain exponential estimates for the solutions of a given
exponentially stable integral delay system (9).

Given positive definite matrices W, and W7, based on
lemma 6 and remark 2 we compute positive constants o, ao
and (3. Then the functional v(p) defined by (19) and (20)
satisfies conditions 1 and 2 of theorem 4. From this theorem

[65) —a
lo(t @)l < by [22 gl ™, £ 20,

where a = 2%2, for all solutions z(t,p),p €

CO([_h7 O)v R")a of (9)

ThB07.1

Now we illustrate the result by an example. Let us consider
the following integral delay system:

=G[°, 2(t+0)d
System (25) is a particular case of (9), where F'(6) = G.

Let h =1 and
-1 1
G:( ! 4)_

As all eigenvalues of GG lie in the open domain I" whose
boundary in the complex plane is described by

ar — {2[;"_517%“% ‘ we (—27r,27r)},

system (25) is exponentially stable, see [5].
In this case functional (19) looks as

o) = (G 00)a0) " U(0) ([, o(0)d0)
~2(Gf°00)d0) [°,U(~h—7)Gp(r)dr
+ [ 2T (00)GTU (01 — 02)Gp(02)db:1d0
+1%,07 (8) [Wo + (6 + h)y Wi ¢ (8) d
_fohfthOT 01)GT KIW x
x (7175 K (0)d0) Gip(62) 010,

(25)

(26)

Let us assume that Wy = W; = I. A piecewise linear
approximation of matrix U(7) is given on Fig. 1. From the
computed values of U(7) on [—1, 1] we get ug = 0.1752.

From remark 2 we have that for 5 = 1, inequality (16)
holds. Simple calculations derived from lemma 6 show that
for g = 2.7611 x 103 and o = 1, inequalities (21) hold.

So, solutions of (25) satisfy the following exponential
estimate:

2t o)l < pllolly e, £ =0, @7

where
pA 24543 and o ~ 1.8 x 1072,

VII. ROBUST STABILITY CONDITIONS

In this section we show how functionals (19) can be used
to obtain robust stability conditions for perturbed integral
systems by investigating the robust stability of the exponen-
tially stable integral delay system (25) introduced in section
VI. Thus, let us assume that the nominal system (25) is
exponentially stable and consider the perturbed system

y(t) = [2, (G + Aly(t +0)db. (28)
where A is an unknown matrix satisfying
lal < p. (29)

Our goal is to find an upper bound on p such that the
perturbed system (28) remains exponentially stable for all
perturbations A satisfying (29).

To derive such upper bound we will use functional (26)
computed for the nominal system (25).
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The time derivative of (26) along solutions of (28) is

%“(yt) = —w(y) + 0" (y)Wn(y) (30)

207 (o) [°, [GT (UT (7) = U(=7 — h) + K{ WEKo7)
+U(=h)G —U(0)G + K W] Gy(t + 6)de,
where .
n(ye) = A, y(t +0)do.
The following inequalities can be easily derived:
20" (o) [°, [G7 (UT(7) = U(=7 — h) + KL WEKo7)
+U(—h)G —U(0)G + K§ W] Gy(t + 0)do
< 2 [2)1G)Puo + | GT KW KoG| ht
+[|[U(-n)G -U )G+ KIW]G|] pf°, Iyt +6)]* a8,

0
" )Wnye) < ho® (W1 2, ly(t +60)]° de.
As a consequence, we get the following upper bound:

dv
B0e) < aofyn) + (ap? + ) [, It + 7).

where a = h ||W]|| and
b= 20 [20G)uo + || GTEWKG||
+||[U(=h)G = U(0)G + Kg W] G||] .

Then the perturbed system (28) remains exponentially stable
for all perturbations A satisfying (29) if p is such that the
following inequality holds:

Amin (W1) — (ap? + bp) > 0. (31)

As in section VI, let us take Wy = W; = I. From the
computed values of U(7), see Fig. 1, we get

—0.1451  —0.0653
ui= (—0.0590 0.0026 )

0.0752 —0.0513
vo) = (—0.0524 o.1412>

and ug = 0.1752. Direct calculations from (31) show that
the perturbed system (28) remains exponentially stable for
all perturbations A satisfying (29) if

p < 0.0362.

VIII. CONCLUSIONS

In this paper, we studied the exponential stability of
integral delay systems which appear in several stability
problems of time-delay systems. Lyapunov type necessary
and sufficient conditions for the exponential stability are
given. A constructive procedure for computing quadratic
Lyapunov-Krasovskii functionals for a given exponentially
stable system is provided. It is shown that the functionals
depend on matrix function U (7) which satisfies a matrix inte-
gral delay equation. Some important properties of this matrix
function that allow its computation are explicitly given. The
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Fig. 1. Components of a piecewise linear approximation of matrix U (7)

proposed functionals are used to obtain exponential estimates
of the system solutions as well as robust stability conditions
for perturbed systems.
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