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Controllability properties of discrete-spectrum Schrodinger equations

Thomas Chambrion, Paolo Mason, Mario Sigalotti, and Ugo Boscain

Abstract— We state an approximate controllability result for
the bilinear Schrodinger equation in the case in which the
uncontrolled Hamiltonian has discrete non-resonant spectrum.
This result applies both to bounded or unbounded domains
and to the case in which the control potential is bounded or
unbounded. In addition we get some controllability properties
for the density matrix. Finally we show, by means of specific
examples, how these results can be applied.

I. INTRODUCTION

In this paper we study the controllability of the bilinear
Schrodinger equation. Its importance is due to applications to
modern technologies such as Nuclear Magnetic Resonance,
laser spectroscopy, and quantum information science (see for
instance [1], [2], [3], [4]).

Many controllability results are available when the state
space is finite dimensional, e.g., for spin systems or for
molecular dynamics when one neglects interactions with
highly excited levels (see for instance [5], [6]). When the
state space is infinite-dimensional the controllability problem
appears to be much more intricate.

We consider the controllability problem for the following
bilinear system representing the Schrddinger equation driven
by one external field

dy

iS50 = (Ho + u(t)H) b (1) 1)
Here the wave function 1) evolves in an infinite-dimensional
Hilbert space, Hy is a self-adjoint operator called drift
Hamiltonian (i.e. the Hamiltonian responsible for the evo-
lution when the external field is not active), u(t) is a scalar
control function, and H; is a self-adjoint operator describing
the interrelation between the system and the external field.

The reference case is the one in which the Hilbert space
is L2(Q) where Q is either R? or a bounded domain of R,
and equation (1) reads

o

ia(t, ) = (—A+V(x) +ult)W(z))Y(t, ), 2)

where A is the Laplacian (with Dirichlet boundary condition
in the case in which € is bounded) and V' and W are suitably
regular functions defined on 2. However the setting of the

T. Chambrion is with Institut Elie Cartan, UMR 7502 Nancy-
Universit¢/CNRS/INRIA, BP 239, 54506 Vandceuvre-les-Nancy, France,
Thomas.Chambrion@iecn.u-nancy. fr.

P. Mason is with I.A.C-C.N.R., Viale del Policlinico 137, 00161 Rome,
Italy, p.mason@iac.cnr.it.

M. Sigalotti is Institut Elie Cartan, UMR 7502 INRIA/Nancy-
Universit¢/CNRS, BP 239, 54506 Vandceuvre-lés-Nancy, France,
mario.sigalotti@inria.fr.

U. Boscain is with SISSA, via Beirut 2-4, 34014 Trieste, Italy and Le2i,
CNRS, Université de Bourgogne, BP 47870, 21078 Dijon Cedex, France,
boscain@sissa.it.

978-1-4244-3124-3/08/$25.00 ©2008 IEEE

paper covers more general cases (for instance ) can be
a Riemannian manifold and A the corresponding Laplace-
Beltrami operator).

Besides the fact that one cannot expect exact controlla-
bility on the whole Hilbert sphere (see [7], [8]) and some
negative result (in particular [9], [10]) only few approximate
controllability results are available and concern mainly spe-
cial situations. It should be mentioned, however, that several
results on efficient steering of the Schrodinger equation with-
out any controllability assumptions are available, e.g. [11],
[12], [13]. (For optimal control results for finite dimensional
quantum systems see, for instance, [14], [15], [16], [17].)

In [18], [19] Beauchard and Coron study the controllability
of a quantum particle in a 1D potential well with W (z) = z.
Their results are highly nontrivial and are based on Coron’s
return method (see [20]) and Nash—Moser’s theorem. In
particular, they prove that the system is exactly controllable
in the unit sphere of the Sobolev space H’ (implying in
particular approximate controllability in L?). One of the most
interesting corollaries of this result is exact controllability
between eigenstates.

A different result is given in [21], where adiabatic methods
are used to prove approximate controllability for systems
having conical eigenvalue crossings in the space of controls.

Another controllability result has been proved by Mir-
rahimi in [22] using Strichartz estimates and concerns ap-
proximate controllability for a certain class of systems such
that Q@ = R? and whose drift Hamiltonian has mixed
spectrum (discrete and continuous).

The aim of the present paper is to state a general ap-
proximate controllability result for a large class of systems
for which the drift Hamiltonian Hy has discrete spectrum
satisfying a non-resonance condition, while H; couples
each pair of distinct eigenstates of Hy. The proof of this
controllability result relies on finite-dimensional techniques
applied to the Galerkin approximations and it is presented in
[23].

A feature of our method is that the infinite-dimensional
system inherits, in a suitable sense, controllability results
for the group of unitary transformations from those of the
Galerkin approximations. This permits to extract controlla-
bility properties for the density matrix. Let us stress that, as
it happens in finite dimension, controllability properties for
the density matrix cannot in general be deduced from those
of the wave function (see for instance [24]).

The paper is organized as follows. In Section II we present
the general functional analysis setting and we state our main
result (Theorem 2.4) for the control system (1).We also show
how this result applies to the Schrédinger equation (2) when

4540



47th IEEE CDC, Cancun, Mexico, Dec. 9-11, 2008

Q) is both bounded or unbounded. In Section III we give
a sketch of the proof of the main result. In Section IV we
extend Theorem 2.4 to the controlled evolution of the density
matrix (Theorem 4.2). Finally in Section V we show how
Theorem 2.4 and Theorem 4.2 can be applied to specific
cases, namely the harmonic oscillator and the 3D potential
well, for suitable controlled potentials. In particular, we show
how to get controllability results even in cases in which V'
does not satisfy the required non-resonance hypothesis, using
perturbation arguments.

II. MATHEMATICAL FRAMEWORK AND STATEMENT OF
THE MAIN RESULT

Hereafter N denotes the set of strictly positive integers.
Definition 2.1 below provides the abstract mathematical
framework that will be used to formulate the controllability
results later applied to the Schrodinger equation (2).

Definition 2.1: Let 52 be a complex Hilbert space and
U be a subset of R. Let A, B be two, possibly unbounded,
operators on .7 with values in .7 and denote by D(A) and
D(B) their domains. The control system (A, B,U) is the
formal controlled equation

dip

(0 = () +u(t) By (1),

We say that (A, B,U) is a skew-adjoint discrete-spectrum
control system if the following conditions are satisfied: (H1)
A and B are skew-adjoint, (H2) there exists an orthonormal
basis (¢, )nen of # made of eigenvectors of A, (H3) ¢,, €
D(B) for every n € N.

In order to give a meaning to the evolution equation
(3), at least when u is constant, we should ensure that
the sum A 4+ uB is well defined. The standard notion of
sum of operators seen as quadratic forms (see [25]) is not
always applicable under the sole hypotheses (H1), (H2),
(H3). An adapted definition of A 4+ uB can nevertheless be
given as follows: hypothesis (H3) guarantees that the sum
A+ uB is well defined on V' = span{¢,, | n € N}. Any
skew-Hermitian operator C' : V — J# admits a unique
skew-adjoint extension £(C). We identify A + uB with
E(Aly +uBly).

Let us notice that when A + uB is well defined as
sum of quadratic forms and is skew-adjoint then the two
definitions of sum coincide. This happens in particular for
the Schrodinger equation (2) in most physically significant
situations.

A crucial consequence of what precedes is that for every
u € U the skew-adjoint operator A+u B generates a group of
unitary transformations e*(A+4B) . # — . In particular,
the unit sphere S of J# satisfies e!(4T45)(S) = S for every
u € U and every t > 0.

Due to the dependence of the domain D(A + uB) on u,
the solutions of (3) cannot in general be defined in classical
(strong, mild or weak) sense. Let us mention that, in some
relevant cases in which the spectrum of A has a nontrivial
continuous component the solution can be defined as in [26],
[27] by means of Strichartz estimates.

ut) eU.  (3)
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We will say that the solution of (3) with initial condition
1o € J and corresponding to the piecewise constant control
w: [0,T] — U is the curve t — 1 (t) defined by

W(t) =et=Zin (At B), Atua Bt (A+unB) (0,

. . @
where Z{;ll t<t<SJ_ tand u(r) =u, if )t <
T < YJ_,ti. Notice that such a ¢(-) satisfies, for every
n € N and almost every ¢ € [0, 7], the differential equation

G (t), 60) = — (1), (A + u(D)B)GA) . ()

Remark 2.2: The notion of solution introduced above
makes sense in very degenerate situations and can be en-
hanced when B is bounded. Indeed, well-known results
assert that in this case if u € L*([0,T],U) then there exists
a unique weak (and mild) solution ¢ € C([0, T}, %) which
coincides with the curve (4) when u is piecewise constant.
Moreover, if 19 € D(A) and u € C1([0,T],U) then ¥ is
differentiable and it is a strong solution of (3). (See [7] and
references therein.)

Definition 2.3: Let (A, B,U) be a skew-adjoint discrete-
spectrum control system. We say that (A, B,U) is approxi-
mately controllable if for every 1,11 € S and every € > 0
there exist Kk € N, t1,...,tx > 0 and uy,...,ur € U such
that

.oet2(

[ipy — e ATk oo ht(Ad B ()| < e

Let, for every n € N, i), denote the eigenvalue of A
corresponding to ¢, (A, € R). Our general result is the
following.

Theorem 2.4: Let 6 > 0 and (A, B,(0,0)) be a skew-
adjoint discrete-spectrum control system. If the elements of
the sequence (A,+1 — An)nen are Q-linearly independent
and if (B, ¢nt1) # 0 for every n € N, then (A4, B, (0,0))
is approximately controllable.

Recall that the elements of the sequence (A1 — A\p)neN
are said to be Q-linearly independent if for every N € N and
(q1,---,qn) € QVN~{0} one has -0 g, (A1 —An) # 0.

Under suitable assumptions on the domain 2 and on the
potentials V, W it turns out that the Schrodinger equation (2)
falls into the previous abstract setting (see for instance [28,
Theorem 1.2.2] and [29, Theorems XIII.69 and XIII.70]).

In particular we have the following result.

Corollary 2.5: Let € be an open subset of R, V, W be
two real-valued functions defined on €2, and U be a subset
of R. Assume either that (i) 2 is bounded, V, W belong to
L>=(,R) or that (ii) 2 = R4, V, W belong to L. _(R%,R),
the growth of W at infinity is at most exponential and,
for every v € U, limjg—yoo(V(z) + ulW(z)) = 400
and inf, cre(V(z) + uW(x)) > —oo. Denote by (A;)renN
the sequence of eigenvalues of —A + V' and by (dx)renN
an orthonormal basis of L?(Q2,C) of corresponding real-
valued eigenfunctions. Assume, in addition to (i) or (ii),
that U contains the interval (0, ) for some § > 0, that the
elements of (Ag+1 — Ak)ken are Q-linearly independent,
and that [, W(z)@r 41 dx # 0 for every k € N. Then the
controlled Schrédinger equation (2) associated with Q, V, W
and U is approximately controllable.
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III. SCHEME OF THE PROOF

In this section we briefly outline the main steps leading
to the proof of Theorem 2.4 (details can be found in [23]).

First step. First remark that, if u # 0, e!(AtuB)
et((1/w)A+B) Theorem 2.4 is therefore equivalent to the
following property: if the terms (A,11 — Ap)nen are Q-
linearly independent and if (B¢, dn11) # 0 for every
n € N, then for every J,e > 0 and every v,y € S there
exist k € N, t1,...,tr > 0 and wuq,...,u; > J such that

[y — et B oo (A B (g < e (6)

In other words, the system for which the roles of A and B
as drift and controlled field are inverted, namely,

dip

- (1) = u(t)Ap(t) + By(?),
is approximately controllable provided that the control set
U contains a half-line. The notion of solution of (7) corre-
sponding to a piecewise constant control function is defined
as in (4).

Second step. Let, for every j, k € N, bjr = (Bo;, dx)
and a;; = (A¢;, dr) = iX;0;,. Define, for every n € N,
the two complex-valued n x . matrices A" = (k) 1<j,k<n
and B = (bjk)lgj’kgn. These two matrices give rise to the
Galerkin approximations of (7). To these finite-dimensional
systems we can apply the following controllability result.

Proposition 3.1: Let A = (a;k)} j—1. B = (Bjr)} -, be
two skew-symmetric n X n matrices and assume that 2 is
diagonal and ‘B is connected (i.e. for every pair of indices
j,k €{1,...,n} there exists a finite sequence rq,...,7r; €
{1,...,n} such that B;, Br,ry - - Br,_1r Brike # 0). Assume
moreover that |a;; — agk| # | — mm] if {4, k} # {I, m}.
Then the control system (%) : & = ulx + B is controllable
in S,, with piecewise constant controls with values in U C
R, provided that U contains at least two points.

Third step. Given u : [0,7] — R let us represent the
matrix M(t) = e ?WAY BMWIv@A™ " yhere y(t) =
fot u(7)dr, in block form as follows

u(t) € U, @)

M(t) = ( M(an,n)(t) M(an,an)(t) ) , (8

where the superscripts indicate the dimensions of each block.

Claim 3.2: There exists a sequence of piecewise constant
control functions uy, : [0, 7] — (J, o) such that the sequence
of matrix-valued curves

t Mi(t) = e A BN A

where v (t) = fot ug (7)dr, converges uniformly w.r.t. ¢ to

v M(nm) (t> 0n>< (N—n)
B M) = ( Ow—myn MOV =)(1)

in the integral sense fot My, (7)dr F=5° fot M(7)dr.

Fourth step. Let us fix two states g, 11 € . Our aim is
to approximately steer the system between 1y and ;. Let
€ > 0. Let II,, be the projection on the space generated by
the first n eigenvectors of A. Then, if we take n large enough

ThB04.3

and we apply Proposition 3.1 and Claim 3.2 with a suitable
N it is possible to prove the following.
Claim 3.3: For k large enough,

ITL, (e~ AT — (e P Ayn)| < 9)

where u(-) is a control connecting IL,(1g) to IL, (1) in
the Galerkin approximation, v(t) = fot w(T)dr, vi(t) =
j;f ur(7)dr and ¥ (-) is the trajectory associated to ug(-)
starting from ).

Fifth step. The last step of the proof consists in showing
that it is possible to get rid of the differences of phase in an
arbitrary short time so that

IITL, (V*(T)) — L, (11)|| < e.

Finally the proof of Theorem 2.4 can be completed showing
that the “queues” [|¢1 —IL,(¢1)]| and [[*(T) —1IL, (v*(T)) |
can be made arbitrary small by choosing a suitably large n
and a suitably small e.

IV. CONTROLLABILITY FOR DENSITY MATRICES

A. Physical motivations

A density matrix (sometimes called density operator) is a
non-negative, self-adjoint operator of trace class [29, Vol. I]
on a Hilbert space. The trace of a density matrix is normal-
ized to one. As a consequence of the definition a density
matrix is a compact operator (hence with discrete spectrum)
and can always be written as a weighted sum of projectors,

p= ZPjQPj(P;,

j=1

(10)

where P; € [0,1], 32, P; = 1, and ;] is the orthogonal
projector on the space spanned by ¢; with ©%(-) = (¢;, ).
Here {¢,}en is a set of normalized vectors not necessarily
orthogonal.

The density matrix is used to describe the evolution of sys-
tems whose initial wave function is not known precisely, but
only with a certain probability, or when one is dealing with
an ensemble of identical systems that cannot be prepared
precisely in the same state. More precisely (10) describes a
system whose state is known to be ¢; with probability P;,
jeN.

The time evolution of the density matrix is determined by
the evolutions of the states ¢;, namely

p(t) = U(t)p(0)U" ()

where U(t) is the operator of temporal evolution (the resol-
vent) and U*(¢) its adjoint. Notice that the spectrum of p(t)
is constant along the motion.

Y

B. Statement of the result

Fix 6 > 0 and let (A, B, (0, d)) be a skew-adjoint discrete-
spectrum control system on a Hilbert space /7, (¢;)jen an
orthonormal basis of 7 (not necessarily of eigenvectors of
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A), {P;};en a sequence of non-negative numbers such that
>2i=1 P; =1, and denote by p the density matrix

o0
p=>_ Pipje;".
=1

Definition 4.1: Two density matrices py and p; are said to

be unitarily equivalent if there exists a unitary transformation
U of 47 such that p; = UpyU*.
Obviously the controllability question for the evolution of the
density matrix makes sense only for pairs (po, p1) of initial
and final density matrices that are unitarily equivalent. Notice
that this is a quite strong assumption, since it implies that
the eigenvalues of py and p; are the same. Controllability
results in the case of density matrices that are not unitarily
equivalent have been obtained in the case of open systems
(i.e. systems evolving under a suitable nonunitary evolution)
in the finite-dimensional case. See for instance [30].

For density matrices the following generalization of The-
orem 2.4, proved in [23], holds.

Theorem 4.2: Let pg and p; be two unitarily equivalent
density matrices. Then, under the hypotheses of Theorem
2.4, for every € > 0 there exists a piecewise constant control
steering the density matrix from pg e-approximately to p; i.e.
there exist k € N, ¢1,...,tx > 0 and uq,...,u; € (0,0)
such that setting V = et+(AtusB) o ..o eh1(A+tuiB) ope has
lor — VpoV*|| < &, where || - || denotes the operator norm
on J.

Remark 4.3: As Corollary 2.5 is a particularization of
Theorem 2.4 to the controlled Schrédinger equation, the hy-
potheses of Corollary 2.5 imply e-approximate controllability
of the corresponding density matrix.

V. EXAMPLES
A. Perturbation of the spectrum

The scope of Section V is to show how the general
controllability results obtained in the previous sections can be
applied in specific cases. In particular, we want to show how
the conditions on the spectrum of the Schrodinger operator
appearing in the hypotheses of Corollary 2.5 can be checked
in practice.

Throughout this section we assume that one of the
hypotheses (i) or (ii) of Corollary 2.5 holds true. Thus,
(A, B,U) is a well-defined controlled Schrodinger equation,
where A = —i(—A+ V) and B = —iW.

The study of the examples below is based on the simple
idea that, even if the hypotheses of Corollary 2.5 are not
satisfied by the operators A and B, one can anyway ensure
that they hold true for A, = —i(—A + V + pWW) and
B, = —iW for some p in the interior of U. This is
enough to conclude that the system ¢ = Ay + uBi,
u € U, is approximately controllable, since the replacement
of (A, B) by (A,, B,,) corresponds to a reparameterization
of U that sends w into a new control u — u € U —
and V into V 4 pW. Although the spectrum of A, is
not in general explicitly computable, we can nevertheless
deduce some crucial properties about it by applying standard
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perturbation arguments. Theorem 5.1 recalls, in a simplified
version suitable for our purposes, some classical perturbation
results describing the dependence on p of the spectrum of
—A+V + uW. (See [31, Chapter VII, Remark 4.22], [32,
611.10, Theorem 1] and also [33].)

Theorem 5.1: Let U be an open interval containing zero.
Assume either that (i) €2 is bounded, V, W belong to L>°(2)
or that (ii) Q = R?, V belongs to Llloc(Rd), W belongs to
L (RY), limyjy— 400 V(z) = +00 and inf,cga V(z) >
—oo. In both cases (i) and (ii) assume that each eigenvalue
of the Schrodinger operator —A + V' is simple. Denote by
(Ak)ken the sequence of eigenvalues of —A + V and by
(¢ )ken the corresponding eigenfunctions. Then, for any k
in N, there exist two analytic curves A : U — C and
@, : U — L*(Q2) such that:

. Ak(()) = )\k and (IDk(O) = gf)k;

o forany pin U, (Ar(p))ren is the family of eigenvalues
of A—V +uW counted according to their multiplicities
and (P (1)) ren is an orthonormal basis of correspond-
ing eigenfunctions

o AL(0) = [, W(z)|on( (z)|*dz.

We check below that if the derivatives A} (0) are Q-
linearly independent then for almost every pu € U the
eigenvalues of —A 4+ V + uW are Q-linearly independent.
This fact is used in the following to apply Corollary 2.5
to situations in which the uncontrolled Schrddinger operator
has a resonant spectrum.

Setting b;, = (B¢;, ¢) for any pair of integers j, k € N,
one has

by = [ W(a)o,(a)on(a)da (12)
In particular, A} (0) = [, W(z)|¢k(2)|?dz is equal to byg.

From the anahtlc dependence of the eigenvalues with
respect to it is possible to show the following result.

Proposition 5.2: Let U be an open interval containing
zero and assume that €, V' and W satisfy one of the hy-
potheses (i) or (ii) of Theorem 5.1 and that the eigenvalues of
—A+V are simple. If the elements of the sequence (bix)keN
are Q-linearly independent, then for almost every p in U the
elements of (Ag(u))ken are Q-linearly independent.

The other crucial hypothesis of Corollary 2.5 is that
bj.j+1 # 0 for every j € N. Still by an analyticity argument
one checks that either such hypothesis is always false or it
is true for almost every p € U.

Corollary 5.3: Let U be an open interval containing zero
and assume that €2, V" and W satisfy one of the hypotheses (i)
or (ii) of Theorem 5.1 and that the eigenvalues of —A+V are
simple. Assume moreover that the elements of the sequence
(bkk)ken are Q-linearly independent and that b; ;41 # 0
for every j € N. Then the controlled Schrodinger equation
associated with €, V, W and U is approximately controllable
for every U c U with nonempty interior.

B. 1D harmonic oscillator

In this section we study the Schrodinger equation describ-
ing the evolution of the controlled one-dimensional harmonic
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oscillator,
o 0
22 1,0 = -2 1) 4 (22— u(OW @) (), (1

where v is the wave function depending on the time ¢
and on a space variable x € R = (. Recall that u(-)
is a piecewise-continuous function with values in a subset
U of R. Notice that the potential corresponding to the
uncontrolled Schrédinger operator is V (z) = x2. The control
system (13) has been studied, among others, by Mirrahimi
and Rouchon who proved its non-controllability in the case
where W is the identity function (see [9]).

From classical results we know that the spectrum of —A+
V' is discrete. Its explicit expression is

M =2k+1|k>0},

and therefore Ax41 — A; are Q-linearly dependent. Each A
is a simple eigenvalue whose corresponding eigenfunction is

br(x) = ope” T Hy(x) (14)
where o = 1/4/112!\/7 and Hy(z) = (—1)ker2dfg—le‘””2 is

the k'" Hermite polynomial.
In order to apply Corollary 5.3 we would like first of all
to ensure that the elements

k
bk = (—1)%1%/ W(x)Hk(x)ZL—_ke_‘”zdx, k=0,
" (15)
are Q-linearly independent. Notice that for W(z) = =z
(i.e., the non-controllable case pointed out by Mirrahimi and
Rouchon), since each function qi)i is even, by = f ngi =
0.

The existence of controlled potentials W for which the
elements of (bpx)ren are Q-linearly independent can be
easily inferred from the linear independence of the functions
¢%. The proposition below provides some explicit W with
such a property (and such that the corresponding Schrédinger
equation is controllable). The potentials W will be chosen
in L>°(R) and it turns out that the corresponding solutions
in the sense (4) coincide with mild or strong solutions,
depending on the regularity of the initial condition.

Proposition 5.4: (1) If W is even, then system (13) is not
appgroximately controllable. (2) If W has the form W : z —
et tbrte with a,b,¢c € R such that ¢ < 0 and the two
numbers /1 —a and b are algebraically independent, then
system (13) is approximately controllable, provided that U
has nonempty interior.

Proof: Since each function ¢j has the same parity as
the integer %, then ¢ ¢; has the same parity as the integer
j+ k. If W is even, then (12) shows that for every (j, k)
such that j 4 £ is odd, b;, = 0. It turns out that the spaces
spanned by the sets {¢r | k even} and {¢y | k odd} are
invariant by the dynamics of system (13). In particular, there
is no way to steer system (13) from ¢; to a point e-close to
¢9 if € is smaller than V2. This proves (1).

In order to prove (2) one needs to apply Corollary 5.3
(with U playing the role of U and R the role of U) with W
having the special form W : g s 2" +bo+ec,

ThB04.3

After rather standard computations (see [23] for the de-
tails) it is possible to prove, if j + k is even, that

2
bk = Ujak\/%ec_‘lsi—“ k(D)

where S is a nonzero polynomial with coefficients in
Q(v/1 — a) of degree exactly j + k.

Since b is transcendental over Q(+/1 — a) then bj; # 0
as soon as j and k£ have the same parity. Moreover, the
elements of the sequence (A} (0))r>0 = (brx)r>0 are Q-
linearly independent.

To conclude the proof let us check that each matrix
(bjk)} k—o is connected. Fix j,k € {0,...,n}. We should
prove the existence of a sequence r1,...,r; € {0,...,n}
such that bj,, by ry -+ br, 5,0 7 0. If j and k£ have the
same parity then we are done since b;; # 0. Otherwise, a
simple computation shows that

2

b
be¢  Ta—14
bop=—= #0
VZ(1—a)?
and we can conclude by taking {ry,72} = {0, 1}. |

C. 3D potential well

Consider the Schrodinger equation

19 ) = —Aab(1,2) + ()W (21, ),

where ¢ depends on the time ¢ and on the space variable
x = (x1,29,23) € Q= (0,11) % (0,12) x (0,13) and satisfies
the Dirichlet boundary condition %|sq = 0. Notice that
the potential corresponding to the uncontrolled Schrédinger
operator is V(z) = 0. For every W measurable bounded,
solutions in the sense (4) coincide with mild or strong
solutions, depending on the regularity of the initial condition.
The spectrum of the Schrodinger operator is

K2 k2 k2
{/\kl,kg,kg, = 72 (121 + 722 + l23> | k1, ko, kg > 1}-
1 2 3

(16)

For the sake of simplicity, assume that (I1l5)?, (I1l3)?, and
(Il3)? are Q-linearly independent, so that all the eigenvalues
are simple and the perturbation result appearing in Theo-
rem 5.1 can be applied. (The case of multiple eigenvalues can
be treated similarly, applying a refined perturbation argument
as the one used in [33].)

The normalized eigenfunction corresponding to Ak, k, ks
is given, up to sign, by

Bk ko ks (21, T2, 23) =
B 2% sin (kll’lﬂ') sin (kﬁgﬁ?gﬂ') sin <k3x37r>
Vilsls I Io s )
(17

Proposition 5.5: Let (I112)?, (I113)%, and (I2l3)? be Q-
linearly independent and define W (xz) = e*® with a =
(a1,a2,a3) € R3. Assume that «ay,as,a3 are nonzero
and that (7/aql1)?, (7/asle)?, (7/asl3)? are algebraically
independent. Then the control system (16) is approximately
controllable.
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In order to prove Proposition 5.5 we will need the following

technical result (whose proof can be found in [23]).
Lemma 5.6: Let (3 be a real number transcendental over

a field F with Q C F C R. Then the elements of the family
S eq F-linearly independent.

Proof of Proposition 5.5. Theorem 5.1 and Fubini’s theorem

imply that the eigenvalues A, j, x, (1) of —A+ pW on Q

for the Dirichlet boundary value problem satisfy

;Cl,kg,k‘g (0) =

1
= ORI : .
(st +1) (aghs +1) (2mhs +1)
(18)
where
o 64(erh — 1)(ev2l2 — 1)(esls — 1)7C
(a1liplaasls)? '

Let 8; = 4W2/(a?l?), j = 1,2,3. The Q-linear indepen-
dence of the elements of (A}, ;. ;.. (0))k, ky kseN is obtained
from the expression above thanks to three nested applications
of Lemma 5.6 with F = Q(31,52) and 8 = (03, F = Q(1)
and 0 = (o, and F = Q and § = (;. In order to
complete the proof, let us check that every matrix B(™ is
connected. (The conclusion then follows from Corollary 5.3.)
A straightforward computation shows that for every triples
of positive integers (k1, k2, k3) and (hq, ha, h3) the integral

/Q ea.m¢k17k2,k3 (x)¢h1~,h2,h3 (:r)d:v

is different from zero, i.e., every element of B(™) is nonzero.
O
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