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Stabilization of a Class of Non-holonomic Systems by Means of Switching
Control Laws

Daniele Casagrande, Alessandro Astolfi, and Thomas Parisini

Abstract— This paper deals with the stabilization problem
for nonlinear systems: it provides a sufficient condition for the
existence of a time-varying switching control scheme which
globally asymptotically stabilizes the zero equilibrium. The
sufficient condition is proven to hold for a class of non-
holonomic systems and the corresponding switching control law
is described in detail.

I. INTRODUCTION

In recent years non-holonomic systems have been widely
analyzed since they represent a paradigm for a number of
mechanical systems. As shown by Brockett’s theorem [1],
these systems are not asymptotically stabilizable by means
of smooth (or “mildly” discontinuous [2]) control laws. A
general treatment of the stabilizability problem has been
mainly addressed for non-holonomic systems belonging to
specific classes, i.e. systems in “chained” (or “power”) form
(see, for instance, [3], [4], [5], [6], [7], [8]). For systems not
in these forms (or not feedback-equivalent to these forms)
very general results exist [9], [10], [11], [12], [13], [14],
[15], most of which, however, cannot be easily exploited in
order to design explicit control laws.

The approach followed in the present paper is analogous
to the one proposed in [14]: stability is achieved by the
iterative application of an open-loop control law in a closed-
loop strategy. However, the novelty of this paper consists in
the specification of sufficient conditions for the existence of
a stabilizing control law for a wide class of systems.

We show that a switching control scheme can be designed
according to the value of a function in such a way that
along the trajectories of the closed loop system the function
itself behaves as a strictly decreasing Lyapunov function,
thus providing asymptotic stability to the equilibrium.

The paper is organized as follows. In Section II some def-
initions and notions are introduced which are subsequently
used to prove the main stability theorem. In Section III a
class of n-dimensional non-holonomic systems is described
and the corresponding stabilizing switching control scheme
is presented. Concluding remarks are drawn in Section IV.

This work has been partially supported by the Italian Ministry of
University and Research.

D. Casagrande is with the EEE Dept., Imperial College London, Exhibi-
tion Road, London SW7 2AZ, UK (Email: d.casagrande@ic.ac.uk).

A. Astolfi is with the EEE Dept., Imperial College London, Exhibition
Road, London SW7 2AZ, UK (Email: a.astolfi@ic.ac.uk) and with the DISP,
Universita degli Studi di Roma “Tor Vergata”, via del Politecnico, 1 - 00133
Roma, Italy.

T. Parisini is with the DEEI, Universita degli Studi di Trieste, Via A.
Valerio 10, 34127 Trieste, Italy (Email: parisini@ieee.org).

978-1-4244-3124-3/08/$25.00 ©2008 IEEE

II. A STABILITY THEOREM FOR NONLINEAR SYSTEMS

The paper focuses on switched systems [16] which, in
qualitative terms, can be interpreted as a family of dynamic
systems whose continuous state x € X C R" evolves in time
according to a law depending on the value of the discrete
state ¢ of a finite state automaton (FSA) which can assume
value on a finite set Q of positive integers:

x=f,(x), q¢eQ={1,2... N} (10

In turn, ¢ varies according to some switching law which
is completely determined by a sequence of time-instants
{Tk}rez+> T € RT, and by a sequence of pairs of values
of ¢, {(q » q,':)} ez » Where g and q; denote the values
of ¢ before and after the k-th switching, respectively. Since
q,‘g" =y, foral k € 77, a switching sequence o may be
defined as' o £ (71,q1), ..., (Tk, @), - - ., where gz = ;. If
we denote with S, the set of all possible sequences o, then
the switched system can be denoted by

x =1£,(x), ceS,. 2)

For the sake of simplicity, in what follows we suppose that
for all sequences o the vector field f, is forward complete.
Now, by introducing in a natural way the piecewise-constant
function q(t): q(t) = gy, for all t € [, Tk+1), we can define
the concept of solution for a switched system.

Definition 2.1: Suppose that there exists a x>0 such that?
forall k€Z™, 741—7x > k. For a given switching sequence
o we say that x(¢) is a solution of (2) starting from x if

o x(t) is right-continuous at ¢ = 0, continuous for all

t >0 and lim;_,o+ x(t) = X0,
o forall k € ZT, x(t) is right- and left-differentiable at
71 and differentiable for all ¢ € (75, Tkt 1),

o forall t € 1y, Thy1) X(t) = £y, (x(2)). O

Note that in Definition 2.1 some regularity conditions of
the trajectory of the hybrid state (x,q) are required. The
switching strategy and the vector fields that are considered
in the remainder of the paper are such that these conditions
are guaranteed; thus in all the results it is understood that
the solution is such that Definition 2.1 holds.

In what follows, we consider a switched system character-

ized by a set of N smooth vector fields F' = {fy,...,fx}:
x(t) = £, (x(1),
Tot1 = Tk +or(qe,x(Tk)), 3)
ot1 = 0q(qr: X(Th+1))

"We suppose 79 = 0 and that the initial value qo of ¢ is assigned.
2Note that this requirement implies the absence of Zeno behaviour and
chattering, a constraint that a switched system should fulfill in practice.
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where f;, :R™ —R" is the vector field associated to gz, with
£, € F, and o (qx,x(7%)) = k > 0. Moreover, we assume
f,(0)=0, for all g€ Q; hence, x=0 is an equilibrium point
of the continuous part of the hybrid system (3).

The concept that we want to formalize, already used
in [17], [18], is the following.

It is possible to design a switching strategy based on the
value of a positive definite function V (x) in such a way that
the trajectory of the state of the closed loop tends to zero.

To this aim, not only the first-order time-derivative will be
considered but also the time-derivatives of higher order (see
a previous result in [19]).

A first result can be immediately deducted from Lya-
punov’s theory?. In fact, consider a non-linear system x(t) =
f(x(t),w(t)), such that the origin of the state space is an
equilibrium state associated with zero value of the control
variable: £(0,0)=0. Suppose that wj (x(t)), ..., wi(x(t))
are control laws such that w;(0)=0 for all j = 1,...,N
and define f,, (x(t)) £ f£(x(t), wy, (x(t))). Finally, suppose
that the switching law o originates a closed-loop trajectory
x(t) such that there exists a positive definite and radially
unbounded function V' such that for each pair of time-instants
t] € RT and to € R+, with to > 14,

V(x(t2)) < V(x(t1)) - “)

It is easy to see that in these hypotheses the equilibrium in
x = 0 is Lyapunov stable.

A more interesting result is that, with some additional
hypotheses global asymptotic stability can be achieved, as
stated in the following theorem.

Theorem 2.1: Suppose that there exists a positive integer

M such that* V(t) eCM*1 and forall me {1,2,..., M +1}
there exists L,, such that

d™V (x(t

’—7£$D‘<Lm Vi>0t#n. (5

Moreover, suppose that it is possible to associate to Q* a set
of N continuous negative semidefinite functions from R" to
R, n1,...,mn, such that

Vx#0, 3qe& Q" such that n,(x) <0. (6)
Suppose also that Q* can be partitioned® into M + 1
(disjoint) subsets, Qf, Q3,...,Q},, such that, defining, for
i=1,...,M,

X; 2 {x€R" such that x#0 and 7,(x)=0,Y ¢€ Q;_;},
and, for a given set X C R",

Q% £ {q € Q" such that n,(x) =0, Vxe X},

3For a comparison, see [20], where an interesting result based on the
notion of smooth Lyapunov functions is discussed.

4Given a positive integer M we denote by CM the set of the functions
continuously differentiable up to the order M.

SWe remind that a partition of a set A is a collection of subsets A; of
A such that | J; A; = A and, for i # j, A; N A; = 0.
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the following three conditions hold®.

(Cl) For all x(r;) € R™ and for all p € Qf,
i, | V0] _ | = mlx(n.
(C2) Forall j =1,..., M, for all x(7x) € ﬂ'z:l X; and for

. IV (¢
all p € QF, lim,__+ 40

|,
(C3) o is such that for all X C R"\{0} there exists ex
such that if” infgzex ||x(7%) — X|| < ex then there exists
k > k such that g ¢ Q%. Then the equilibrium in x = 0 is
globally asymptotically stable. 0
Proof. Note that Equation (4) implies that V' has a finite
non-negative limit for ¢ — oco: limy_. V(t) £ Vo > 0.
Hence, by conditions (5), Lemma A.2 yields

=0, Vme{l,2,....,M}. (7)

k—oo |t di™

lim [lim V(L)

Suppose that V., >0 and define the set Y2 {z€R" : V(z)=
Voo }. Now, each 7)q 18, by hypothesis, negative semidefinite;
hence, keeping in mind (6), since {x(7%)}rcz+ is a sequence
which tends to ) and by the continuity of each 7, the only
possibility to fulfill C1 (and C2) and (7) is that discrete state
of the FSA, from a given switching-time instant h onwards,
takes values in Q}. This means that there exists h such that,
for all k > h, q; € Q;,, ie.

JhsuchthatVze )Y VEk>h, ng(z)=0. (8

On the other hand, if {x(7%)}rez+ tends to Y, then
limp, o0 [infxey [|x(72) — X||] = 0. Thus we can apply C3
with X =Y finding that there exists k> h such that g, ¢ Q},
namely that for all z € ) there exists k£ > h such that
7q, (z) <0, which is in contradiction with Equation (8). Then
it must be V=0 which implies asymptotic stability. |

A. The switching algorithm

A switching algorithm leading the state x to 0 can now
be sketched as follows.
Step 0. The initial state is (X, go). The initial time is set to
0. The initial value of k£ is 0.
Step 1. If there exist a control law w(x(t)) such that
lim, ,_+ V(t) < 0 then w(t) = wi(t) for t € [y, Ts1)

otherwise go to step 2.

Step m. If there exist a control law w;(x(¢)) such that
lim,  +92Y(t) < 0 then w(t) = w}(t) for t € [y, Thy1)
otherwise go to step m + 1.

Step M+1. Go back to step 1 with k «— k + 1.

SFor a function F(s(t)) we denote by F(t)],—; the value of F(s(t))
when s(t) varies according to the dynamics associated to the discrete state
q = i. The notation F'(t)| ¢ 4, for A C N, has an analogous meaning.

7Condition (C3) introduces a constraint that o must fulfill to guarantee
that the FSA does not get stuck in a particular discrete state g while the
continuous trajectory x(t) tends to a state X # 0 such that 7g(X) = 0.
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Note that the switching algorithm, differently from the
state-based or logic-based switching rules presented, for
instance, in [21], [22], [23], is time-based.

III. APPLICATION OF THE METHOD TO A CLASS OF
NON-HOLONOMIC SYSTEMS

The previous result can be exploited to control a class
of non-holonomic systems. For p € N, consider the system
constituted by two linear integrators together with, for each
m = 1,...,p, a basis of the subspace of m-dimensional
non-integrable forms, namely

level O Tr=u, Yy =0,
level 1 Z = zv,

)
level p zp = (P~ H 2P 2y, .. ,yfo*l)T v,

where © and v are the input variables. The above equations
describe a class of systems, as p varies, each of which has
an overall order equal to n =2+ i =p(p+1)/2+2.
A. The switching control scheme

We first describe the control structure, then we prove that
equilibrium of the closed-loop is Lyapunov stable and that
the hypotheses of Theorem 2.1 are also fulfilled. Let Q* =
{0,....n -2}, s 2 (z,y,2{,...,2) )T and

»“p
07(q,8) = r, VageQ,

VseR",
where x> 0 is specified in the sequel. Moreover, introduce
the following time-instant®:

Tin(ar, 8(mk)) =

sup {f | =7, V(S(t))

(10)

go,Vte[Tk,f)}—Tk. (11)

4=qk
For a given ¢ € Q*, let A(q, 7;) denote the set of admissible
switchings at 7, i.e. the set of all the discrete states j of the
FSA, j > ¢, for which the quantity (11) is greater than :

Alg, ) £{5 € Q"7 > q : Tuin(j,s(m)) > s}, (12)
and, if A(q, ) # 0, let I(q) = min A(q, 73,). Finally,
. Uq), if Alg,me) # 0,
% (¢.8) = { 0 otherwisi. a3)

To completely determine the switching control scheme,
we need to associate to each discrete state g of the FSA
a control law w}(s(7)) £ (u}(s(7)), v} (s(7))) . We begin
by setting’ v = p+2+pmod2 and, for m = 1,...,p,
vm = min{deN:disevenand d>(p+2)/(m+1)}.
Moreover we define the m x m matrix P,,, as follows!©:

1 ifi=jy,
ePre;=¢ 2 ifj=1landi#1,
0  otherwise.

P,=1,

8Here we suppose that the set defined in the bracketed expression is not
empty and admits a supremum. It will be clear in the sequel that this is
always the case; however, we let TV, (q,s(7)) £ (0 when definition
(11) is meaningless.

9For two integers a and b we denote by a mod b the remainder of the
division of a by b.

10We denote by e; the i-th vector of the canonical basis.
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Let p,,(i,j) £ e;Pe; and p,,(7) £ ¢,P,,. We introduce
the following quantities:

S i (8) 2 Pm()zm) " 1> pm (G, D2y
=1

m

B(s) £y 4+ ) S (s),

j=1

=
wn
N—
Il
=
2
I

!
3
=

>

D IPWICEN

j=m i=1
Qr & {m(m—1)/2+1,....m(m—1)/2+m} ,(14)
So 2 {seR"|z=0,y =0},
SmE{seR" |z =y=|zi]| =... = |lzn| =0},

Finally, for a particular value of ¢ we denote with m(q) the
value of m such that g € Q;*n(q) and we define!!

L(g) £ q—m(q)(m(q) —1)/2,
0(s.a) = 58 (Pm(q)(L(9)Zm(q)) -
H(s,hq) 2 (D) (W)2m(p) ™" x

m(q)

x Z P(q) (h, §)(s,q)
pi(s,q) = —sat(H(s,L(q),q))/Dm(s),
p2(s,q) = (s,q)pi(s,q),

1/}(55 q) £ Sg (A(S)(pl (Sv Q) + B(S)(pQ(Sv Q)) 5
cilg, k) £ @i(s(mi), )v(s(mh),q), i=1,2.

Then, the control law takes the form

—X

wols) = [ — (¥ = o1 Xt Sman(s))

* C1 (Qa k)
w, (s) = , edl,...,n—2}. 16
o= o] ey boae)
Note that ¢1(q, k) and ca(q, k) are to be updated every
time the finite state machine switches to one of the states
1,...,n — 2 according to the specific value s(7) that the
continuous state takes at the switching time—instant 7.

» (15)

B. Stability analysis

Lyapunov stability is proven by showing that the function

ve e Ly LS g
- - — m Zm
v Y

a7)

m=

fulfills Equation (4).

Lemma 3.1: Consider the function in (17). If ¢ = 0 and
the control law (15)-(16) is applied to the system (9) then
Y. .(0,8) = 00, Vs € R™. O

1'We define the sign and saturation functions as:

sg(x)é{ . sat(x)é{sg (@ i

x>0, flz)>1,
z i |z| <1,

otherwise ,
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Proof: The first time derivative of V' is

V(t) = a7 tud + 7! *+Zzszh

i=1 h=1

(18)

By collecting the factor v and substituting the control laws
(15) and (16), Equation (18) becomes

VTR D Sinls)

i=1 h=1

V(t) = —a (19)

and the claim follows by recalling that v is even. [ ]

As a consequence of Lemma 3.1, when ¢ = 0 V' is always
non increasing which implies Lyapunov stability.

To prove global asymptotic stability we show that the
hypotheses of Theorem 2.1 are fulfilled. First, note that
the time-derivatives of any order of V' can be expressed as
polynomials in ¢ the coefficients of which depend on s(t),
¢1 and c¢y; therefore (5) is fulfilled since s(t), ¢; and ¢y are
bounded for all ¢ (by Lyapunov stability and by construction).
To prove that there exists x such that Tiin[qr,s(7%)] > &
for all k € ZT, we need some preliminary results.

Lemma 3.2: 1f s(11) € Sp—1\Sm there exists ¢* € Q,,
such that Tiyin[g*,s(7)] > 0, for the function (17). O

Proof: The general solution of system (9) for constant
inputs u = ¢; and v = ¢y and the initial condition s(7) €
Sm—1\Sm is:

x(t) =cir, y(t) = car
z;(t) = a;r' fori=1,....m—1,
zi(t) = z;(1) + a;rttt, fori=m,...,p.
where r =t — 7 and
1 i i
a; = 1 (0102, . ,0102) (20)

Clearly, all the coordinates of the state evolve in time as
polynomials in the variable r. The time derivative of V' is

V(T) = (clr)v_lcl + (CQT)’Y_ICQ—F
m—1 1
+ 303 (eiliar™ )" i)+
=1 j=1

P i
i—1
D03 (i) (zi(m) +ar™t) GG, @D
i=m j=1

where G(i) = S0, pi(j, h)ci "Lk, Note that (21) is
a polynomial in r and that a common factor r” can be
collected. In fact, due to the choices of + and ~,,, the
following conditions hold:

y=12p+12>2m+1>m,

(i =D +1)+i=vG+1)—1>p+2—1>m.

As a consequence, (21) can be rewritten as

V(r)=r™(bo +bir+ ...+ byrY), (22)
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for some constants by, . . ., by depending on ¢y and c¢5. Then,

the following properties hold. First, the first m order time

derivative of V are zero for r — 07T, that is for ¢t — T]:_ :

S o am
t1—1>r7i+ V() = tl_l)I% Vit)y=...= t1—1>r71-1+ dt—mV( )=

Furthermore, the sign of the (m + 1)-th time-derivative,
calculated for r — 0%, is the sign of bg; in particular, if
we take ¢; and co as in (15) and (16), and by depends on
s and ¢. Considering only the value of ¢ € QF,, we have'?
(from (21))

) dm-l-l V(t)
hm+ apTT

t—T1,

= mlpa(s.0)"™* Y [P i) (7)™ F )| =

=m! b0(57 q) =

=mlei(s,q)™ Y H(s,j.q),
7j=1

where F(j) Sh pm(d, R)O(s(7),q)". We want to
prove that by(s,q) is always strictly negative. For, two
cases have to be taken into account, according to the
sign of Py, (L(¢))Zm(7), and consequently the value of
5(s(7), q). Consider first the case py,(L(q))zm(T) < 0. In
this case d(s(7),q) = 1 and >_;", pm (4, h)d(s(7),q)? =
pm(§)(1,1,1,...)T > 0, where the last inequality comes
from the definition of P,,. Moreover, since ~,, — 1 is odd,
it turns out that H(s,j,q) < 0, for all j = 1,...,m. This
means ¢4 (s, q) > 0 whatever ¢ is, and Z;n:l H(s,j,q) <0
and, in conclusion, by (s, q) < 0.

Suppose, now P (L(q))zm(T) > 0. In this case
5(s(r).q) = —1 and Sr (i h)O(s(r),q) =
pm(j)(—1,1,—1,1,...)7 < 0, where the last inequality
comes, again, from the definition of P,,. Then H (s, j,q) <
0, for every j = 1,...,m. This means ¢;(s(7),q) = 0
whatever ¢ is. Moreover, as P, has full rank, at least for
one ¢* € QF we have p,,(L(¢*))2zm(7) > 0 which means
that H (s, L(q"), q) is strictly negative and, as a consequence,
ZFl H(s,j,q) < 0. If H(s, L(¢*),q) is strictly negative,
then ¢1(s(7), ¢%), is strictly positive. We can conclude that
bo(s,q*) < 0. So there exists at least one value ¢* € Q,,, for
which by (s, ¢*) is negative, which means Tpin[¢*,s] > 0. W

This means that for every value of m = 1,...,p at least
one of the control laws associated to the discrete states in
Q.m, the one associated to ¢*, is such that Ty, [g*, s(7)] > 0,
for s(7) € S;—1\Sm. What we want to prove now is that
there exists a lowerbound T+ > 0 such that T,,in [¢*, s(7)] >
T+, for all s(7). For, we first prove the following lemma.

Lemma 3.3: Let ¢* € Q,, be the value of the discrete
variable for which the coefficient'® by in (22) is negative.
Then for each £ = 1,..., N there exists a positive constant
ag¢ such that —bg/bo < ag. ]

2Note that s € Syt implies, in particular, z = 0 and y = 0 which,
in turn, implies A(s) = B(s) = 0 and ¥(s, q) = 1.
3For sake of clarity we drop the dependency from k, s and gx.
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Proof: From the expression of the first derivative, it
turns out that each b¢ is the sum of a number of term.
If we can prove that the assertion holds for each of these
terms, then the assertion is easily proven for b¢. First note
that, with the given definition of saturation, for every z € R
and every 3 > 1, [sat(x)|? < |z|. Consider, then, the first
coefficient, namely ¢;(¢*)”. Given the expression of ¢1(g*)
and of by(s, ¢*), we have:

01 |Cl|7 1|7 _ et
Sl e S B[S G|
Moreover, H(j) < 0 for all j = 1,...,m, hence

’Z;n:l H(])‘ =7, [H(j)| and we can conclude that

e lsaHE@)
o Dm0 [HG)]
[sat(H (L(q*)))|" "™+
h [H (L(q"))|
where the last two inequalities hold since D,, > 1 and v —
m — 1 > 1. Analogously, it can be proven that —cg/bo < 1.
Consider now, the generic term of the first summation in
(21) for a fixed ¢ < m and a fixed j € {1,...,i}; recalling
the expression of a;, by simple algebra it follows that

(pi(s)air'™) (sz jih)er h“CS“) =
Yi
(=) (+1)+ <Zp i l it h)
1 b)

i+ 1)t

<1

As a consequence, it will be:

@) (Shea s el ")
bo =

i i . Y
_ a5 i
a2 HG)|
i i . |
[sat(H (L(q* )+ |55 pu(G, )0
(Do =T H(L (")

where the last inequality holds since D,, > 1 and ~;(i +
1)—=m—1 > 1 and recalling the definition of P,,,. Then, for
i < m, —=b(+,~1)(i+1)+i/bo is bounded by a positive constant.

Finally, consider the generic term of the second summation
in Equation (21), for a fixed ¢ > m and a fixed j €
{1,...,i}, namely

(pi(f)zi(7) +pi(jair™t) viml <Zpl jR)E L z) .

The first bracketed quantity is, in turn, the sum of different
terms of the form

b((z,u) — (71; 1) (pl(])zz(T))H (pi(j)airi-i-l)%—l—u 7

< 37

~
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where =0, ...
holds:

) (%;1) (Pil)2i(7))" (Shos i G M)
(i + 1)yl ST H ()
(vi = D! [pi(§)zi (1) ‘22:1 pi(J, h)éh‘

D) (i—p)—m—1 :
(e (s, 1)

Now, since we are considering 7 > m and p < v; — 1 it is
always (i+1)(y; —p) —m—1 > 0; the equality holds only if
i =m and u = 7, — 1 but these values imply that the corre-
sponding exponent of r is m, which means that we are taking
into account by(s,¢*); as a consequence, for all be(s,¢*)
with € # 0 it must be either ¢+ > m or p < 7; — 1 which
means (¢ + 1)(y; —p) —m — 1 > 1; this, in turn, due to the
definition of D, yields [p;(j)z; (r)|" < DGV 0e—m=m=1,

,vi—1. For this term the following inequality

Yi—H

Yi—H

~

Moreover, as |11y H(j)| > X7, [H()| > [H(L(g"),
[sat (H (L(g*)))| D0 Z
In conclusion,
b ( ) Yi— M
¢, 1) 1, U i
i (7, < (= D13k
e Zp (j, h (vi—1)

which is a positive constant. Then, for every ¢ = 1,..., N
the existence of a¢ is proven. [ ]

These Lemmas are now used to prove the existence of a

lower bound for 7)Y, (q*,s(7)) independent from s(7).
Theorem 3.4: If the control law applied to system (9) is
as in (15) and (16) and V is as in (17), then for all s(7) €
Spn— 1\Sm, there exist ¢* € Q,, and T'(m) > 0 such that
Y, (q,s(r)) > T(m). O
Proof: Lemma 3.3 guarantees that there exist positive
constants ai,...,an such that bgag > —be. Consider, now,
the function f(r) = —1+ar+...+ayr™. It is easy to see
that f(0) = —1 and that lim,_ . f(r) = +o00; so there
exists at least one r € (0,400) such that f(r) = 0. Let
T(m) £ min{r € (0,+00) | f(r) = 0}. Obviously, f(r) <
0 for all r € (0,7'(m)); by using the inequalities byas > —be¢
and multiplying by —bor™, one obtains r"™(by + b1+ ...+
byr) <0, for all 7 € (0,7(m)), hence the claim. [
Then the switching control scheme is completely specified
by choosing in (10) x = amin,, {T(m)}, with 0 < a < 1.

Finally we show that the functions
2

)) ; (23)

D [
no(s) = —z7 — (y"*_l +) 0D Sinls
q € Qm~(24)

i=1 h=1

m(q)
T]¢I(S) = ¥1 (Sa q)m(q)+1 Z H(Svja q) )
j=1
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fulfill (6) and the conditions (C1), (C2) and (C3) of Theo-
rem 2.1. By the reasoning made in the proof of Lemma 3.2
it is clear that the 7’s are negative semidefinite and that
condition (6) holds.

Now, define M = p, Qf = {0} and, for m = 3,..., M,
Qr = {1} as in Equation (14) and note that X; = Sy\{0}
and that for all j =1,...,p, X; = {s € R"\{0} : z; ; =
0}. Hence (]_; X; = S;j_1. The following two cases are
then in order. For all s(r) € R", limtﬂﬂj [V (t)|g=0] =
no[s(7x)] (see Equations (19) and (23)), hence C1 holds. For
all s(7.) € -y Ay lim, [ ger] =nq(s(7r)) (see
the proof of Lemma 3.2), hence C2 holds.

Finally, we need to show that Condition C3 holds. For,
note that, by construction, if X is not a subset of Ul X,
then Qx = ) and (C3) holds obviously. On the other hand,
if X C A)\Xa, then, for all s € X, n;(s) < 0 and, by
Lemma 3.2 and Theorem 3.4 Tyn(1,8) > Tp forall s € X.
By continuity of V/, there exists ex such that if ||s(7;) —8|| <
ex for some s € X and some k, then Tin(1,s(7%)) > Th.
Hence the switching strategy (13) guarantees that gz = 1.

In general, if X C [J]_; X;\Xj41 then for all s € X
and for all ¢ € QF n,(s) < 0. Again, by Lemmas 3.2 and
Theorem 3.4 Truin(q*,s) > Tp for some ¢* € Q7 and by
continuity of V' there exists ex such that if ||s(73) —§|| < ex
for some § € X and some k, then Thin(q*,s(7x)) > Thb.
Hence the switching strategy (13) guarantees that ¢, = ¢*.
Then condition (C3) holds.

We have then proven the following result.

Theorem 3.5: Consider system (9). Let the control law
be determined according to (15) and (16). Let the discrete
state ¢ of the FSA be updated according to the switching
strategy (13). Then the equilibrium of system (9) is globally
asymptotically stable. 0

IV. CONCLUDING REMARKS

We have designed a “hybrid” control scheme to asymptot-
ically stabilize the equilibrium of a class of non-holonomic
nonlinear systems. The main idea of the proposed tools lies
on the fact that when the first-order time-derivative of the
candidate Lyapunov function is zero, higher-order derivatives
are considered in the design of the switching algorithm. The
proposed switching strategy has been proven to globally
asymptotically stabilize the zero equilibrium by means of
saturated control signals.

APPENDIX

The following lemma is an extension of Barbalat’s lemma
and can easily be proven.

Lemma A.1: Suppose that a function f: R — R is C? in
R\ Xy where Xy = {1, 29, 23...} is such that 2y < 29 <
23 < ... and there exists p > 0 such that, for all kK € ZT,
Zp1 — x = p. If there exists lim, 4o f(2) =1 < 0o and
if there exists L such that |f”(z)| < L, for all = > 0, then
limy o0 |lim, %J =0. O
More in general, the ollowing result holds.

Lemma A.2: Suppose that a function f : R

— R is
CM in R\ X,. If there exists lim, . o f(z) = | <

(0.¢]

TuA10.5

and if for all m € {1,..., M} there exists L,, such that

Z:Ti{ < Ly, for all > 0, then for all m € {1,..., M}
limyoo (Tim, .+ %) = 0. 0
k
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