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Adaptive Nonlinear Regulation for Uncertain Minimum Phase Systems
with Unknown Exosystem

Riccardo Marino and Patrizio Tomei

Abstract— The theory of regulation aims at zero output
regulation error under the assumption that the order of
the exosystem, which generates the disturbance and the
output reference signals, or at least its upper bound is
known; this is a crucial assumption since the regulator
which achieves exact regulation should incorporate a
possibly adaptive internal model which includes the
exosystem. We design an adaptive internal model to
characterize the output regulation error obtained on
the basis of the features of the ideal unknown input
reference signal capable of exactly zeroing the regulation
error. We show that if the designed adaptive internal
model can generate the ideal zeroing reference input,
then the regulation error tends to zero while if the
adaptive internal model cannot generate the ideal zeroing
reference input, then the regulation error exponentially
tends to a residual which decreases with the number of
unmodeled terms in the ideal reference input.

I. INTRODUCTION

The theory of regulation aims at zero output regulation
error under the assumption that the order of the exosystem,
which generates the disturbance and the output reference
signals, or at least its upper bound is known; this is a crucial
assumption since the regulator which achieves exact regula-
tion should incorporate a possibly adaptive internal model
which includes the exosystem. The theory of regulators
started with linear systems with known linear exosystems
[1], [2] and was then extended to nonlinear systems with
known nonlinear exosystems [3] to explore and establish
the necessary and sufficient conditions under which the
regulator problem is exactly solvable. Adaptive regulators
were then proposed for linear and nonlinear systems with
unknown exosystems with known order [4], [5]; in the case
of sinusoidal disturbances this assumption amounts to know
the maximum number of allowed sinusoids. However in the
presence of unknown disturbances the maximum number
of sinusoidal components may be very large and possibly
infinite in the case of periodic disturbances. In a recent
paper [6] the assumption of known order for the uncertain
linear exosystem was removed in the context of regulation
of uncertain minimum phase linear systems allowing for
unmodeled exosystem dynamics: exponential convergence of
the output error into a region which decreases with the order
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of the unmodeled system dynamics is obtained; when the
regulator can exactly model all of the exosystem excited
frequencies the regulation error tends exponentially to zero
while asymptotic regulation is achieved when the regulator
overmodels the actual exosystem.

The goal of this paper is to explore the extension of these
techniques to a class of nonlinear systems with uncertain
output dependent nonlinearities, for which the assumption of
knowing the maximum number of sinusoids to be generated
by the internal model is certainly more critical, since the non-
linearities may generate many higher order harmonics to be
compensated by the controller even from a single sinusoidal
disturbance. For this reason, very often the nonlinear regu-
lation problem is solved under the ’immersion’ assumption
[71, [8], [9], [10] that the dynamical system generating all
possible feedforward inputs which can ensure an identically
zero regulation error be immersed into a linear observable
system or more general systems of predefined structure [11],
[12]. We do not require the immersion assumption since we
design an adaptive internal model to characterize the output
regulation error obtained on the basis of the features of
the ideal unknown input reference signal capable of exactly
zeroing the regulation error. We basically show that if the
designed adaptive internal model can generate the ideal
zeroing reference input, then the regulation error tends to
zero while if the adaptive internal model cannot generate
the ideal zeroing reference input, then the regulation error
exponentially tends to a residual which decreases with the
number of unmodeled terms in the ideal reference input.

I1. MAIN RESULT

Consider the following class of uncertain nonlinear sys-
tems in output feedback form of relative degree p, with
1<p<n,

z = Ax+o(y,w)+bu, zeR", uwelk
v = Rw), weQ,CR
e = Cux—qw) (1)

in which: ¢(-, ) is an unknown smooth vector field such that
Yy1,y2 € R, Yw € R”

o(y1, w) — @(y2, w)|| <

with ¢ a known function; b = [0,...,1,b,11,...,b,]T is a
known vector such that the polynomial s " +b,15" "~ 1+
-+« + by, is Hurwitz; w(t) is the vector, generated by an
unknown exosystem, containing both the references to be
tracked by the output C.z(t) and the disturbance to be

(Y1, y2,w)|y1 — y2| (2)
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rejected, which belongs to the known region (2,,; the output
tracking error e(t) is the only measurement available for
feedback; A. and C. are in the observer canonical form given
by

010 0
00 1 0
Ac = | 10
000 - 1
000 -+ 0
Cc = [10 0] .

Assume that there exists a (unknown) bounded solution
(xr = T'(w), u, = y(w)) to the regulator equations

T, = Az, + ¢(y7“a w) + bu,
Yr = chr
Cexyr —qw) = 0. 3)

Defining the regulation error £ = = — x,, from (1) and (3)
we have

i = At + ¢(y,w) — ¢(yr, w) + blu — uy)
w = R(w)
e = C.. “

Problem 2.1: Let u,(t) be an estimate of u,(¢) given by
a biased linear combination of m distinct sinusoids, i.e.

Req, 7 € R*™ 7(0) = o

n =
Up = 11 (5
[0 1 0 -~ 0]
-6 0 1 0
_ 0 0 0 0 B

in which R, = and 0;, 1 <i <

-6, 0 0 --- 1

0 0 0 0

m, are positive reals satisfying [/, (s> + @?) = s*™ +
Z;T;Ol 5%0,,_; with @;, 1 < i < m distinct positive reals
such that ©; < wpr, 1 <4 < m, wys being a known positive
real. Define

e =  min {sup|ur<t> - ur<t>}
0<w, <wm t>0

1<i<m

770 c R2m+1

= sup |ur(t) - ﬂr(t” (6)
t>0

with 4,(t) generated by

n Ren, m(0) =mno
U, = m @)
T 0 10 07
0, 0 1 0
0 0 0 0
in which R, = , with [T, (s? +
—6,, 0 0 1
0 0 0 0
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w?) = s2m + Z?;Bl 820y Let [[12, (s> +w3y) = s*™+
Z?:Ol s%gx _, and denote by ry = /mmaxi<;<m{0;},
so that 0 = [01,...,0,,]7 € Qg, a closed ball centered at
the origin with known radius rg. Find an adaptive control
algorithm

= fg(a,e,é), oceR"

o
é = f9(07é76)7 éeRm
u = fu(eaéao) ®)

such that all signals in the closed loop system (4), (8) are
bounded, ||A(t)|| < r¢ + €, with ¢, an arbitrary positive
real, and: (i) if u,(t) is a sufficiently rich signal of order
2m (see [13]), then |e(t)| < aje™ 2 + agepr, Vit > 0 with
a;, 1 < i < 3 suitable positive reals; (ii) if u,(t) is not
a sufficiently rich signal of order 2m, then for every t >
0 le(t)] < ase™" + agerr + azsup, ¢ [|0(7)]| with a;,
4 <4 < 7 suitable positive reals. Moreover if €p; = 0, then
lim;_, o e(t) = 0.

Theorem 2.1: There exists an adaptive control law which
globally solves Problem 2.1 for system (4).
Proof. Define €(t) = u,(t) — @, (t) = u,(t) — n1(t). There
exists a change of coordinates ¢ € Rn+2m+1

¢ = 10|
which maps (4), (7) into
A+ [0)(u — €) + > 0[] (u — €)
+T1(0)(p(y, w) — d(yr, w))
CeC
with (b[i] € R*?m+1 0 <4 < m)
[T 0 -+ 0]
[00 " 0 - 0]

T

", } =T1(0)F + Tx(0)n ®

¢ =

(10)

(& =

bm] = [0 0o b o0]".
Define the filtered transformation (I; denotes the (j x j)
identity matrix)

& = D&+ 0 Lyjom |Blilu, & eRM™
pi = [1 0 0]&, 1<i<m
0 ,
z = (- m , zeRntImtl 11
¢ [ Zi:1§i9i ] (v
—dy 1 ... 0
in which D = : : is a Hurwitz
—dpiom 0 - 1
—dpiomir 0 <o 0

matrix. From (10) and (11), we obtain

i = Acz+b0)u+ di O;pi
LTL0)((y, w) — Sy w)) + B(0)

C.z (12)
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with d =
Dy Oibli

].
the observe

[1 dQ,... n+2m+l} and 1_3(9) = b[O] +
First, we consider the case p = 1. Introduce

Po= Az +b[0lutdd i —

i=1

kole — Co2) (13)

with error dynamics
o= Az+du"o
+T1(0)[6(y, w) — Sy, w)] + €b(0)  (14)

with A = A, +k,C,, 6 = 6 —0 and =1, ptm)*. The
vector k, is chosen so that the triple (A,d,C.) is strictly
positive real, i.e. such that the matrix A is Hurwitz and
n + 2m of its n + 2m + 1 eigenvalues coincide with the
eigenvalues of the matrix D. Define the linear change of
coordinates

Z1 = 21
Zi = zi— bz, 2<i<n
zi = 2z, n+l1<i1<n+2m+1. (15)
From (12) and (15), we have
?;“1 = 22 —|—b221 —|—U+,UJT9—|—€61
+T11[8(y, w) — (yr, w)] (16)
. —by 10 --- 0 _
z2 22
g o e 00 ]
" -b, 0 0 --- 0 "
12
b3 b2 d2 o b2
+21 : +uto
b'fL - b2bn—1 d. —b
7brnb2 n n
T — b1y
+ [¢(ya w) - ¢(y7“7 ’UJ)]
n - bnTll
62 — bgi)l
+€
b, — byby
22
= F| | +hAa+u"0f
Zn
+T(O)[b(y, w) — oy, w)] +b(0) (AT

in which T7; denotes the j-th row of matrix T7. With
reference to (11), we note that p;(f) may be equivalently
generated by the following filters with proper initial condi-
tions

[ = D& — M, [¢(l/7ui) — ¢(yr, w)]
F.Li[l] = [10 0 ]&1]
2] = D&RI+[0 Tnjpom |bli](m +e)
pil2) = [1 0 0]&[2], 1<i<m (18)
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by means of the relations

G+&P2 = &
If u,-(t) = n1(t) + €(t) is a sufficiently rich signal of order
2m, pl2] = [p1[2],..., mm[2]]T is a persistently exciting
vector (see [13]). This fact implies that (see [14]) the solution
of the matrix differential equation

Q = —-Q+u2u"[2], Q0)=e Trk,I

with T}, and k, positive reals satisfying

~MiE, 1<i<m. (19

(20)

t+T)p
/ pl21(pt 21(r)dr > kI, Vt>0 (21)
t
is such that

sup |ul2)()]2T > Q(t) > kye ™I, Wt > 0.
t>0

Moreover, recalling (2), we can write (Ve € R, Yw € )
¢y w) = oy, w)ll < Gy, yr,w)lel
< oumle)lel
in which ¢/ (e) is a known smooth function. Let
—2y — ke — "0 — hipar(e)e — had2 (e)e
Proj(u(Z1 + 21), 6)

(22)

u =

0 = (23)

in which Proj(-,
as (see [15])

Proj(, 0)
Proj(,0) =

-) is the smooth projection operator defined

= o, ifp(0) <0
¢, if p,(0) > 0 and (grad p,(9), p) <0

5 ) 4T

Proj(p.0) = |I- pr(0)grad pr(6)grad p,(0)" |
lgrad pr ()]

if p.() > 0 and (grad p,(6),

A~ a2 _ .2 . ..
with p,.(0) = e”ﬂze 77,96 and €, an arbitrary positive real. If

[6(0)]| < 7y then, V& > 0: (al) ||0()] < ro + € (a2)
Proj(¢, 6) is Lipschitz contlnuous; (a3) ||Proj(2, )| < lloll;
(a4) 6T Proj(y, 0) > 67 . Consider the function

%*sz + %eQ
The symmetric positive definite matrix P is obtained by
solving the matrix equations

ATP+PA = —¢4"
pPd = CF

@) >0

1 o~
vV o= +§9T¢9. (24)

— 6ol
(25)
with respect to P, ¢ and the positive real a. Such a solution

exists since the triple (A, d, C.) is real strictly positive (see
[16]). If hqy and ho are chosen so that

hl > ||T11(9)||, Vo € Qg
1
hy > IPIPITOI Y0 (26)
it follows that
2
Vo< —c, Ve, [ 2 ] 27)
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2
< V(0)exp(—cy,t) + S sup
Cu, 7€[0,t)

V(t)

€(7)

i)
so that Z(t) and e(t) are bounded, since €(t) and 6(t) are
bounded. From (18) it follows that &;[1] are bounded and,
consequently, f;[1], p:[2], fu:[1] and fi;[2] are bounded and
property (ii) of Problem 2.1 is proved. From (17) it follows
that z;, 2 < ¢ < n, are bounded, so that (23) implies that
u(t) is bounded. Now, consider system (4) and apply the
change of coordinates

Xi = Tit1—bi171, 1<i<n—1 (28)

which maps (4) into (x = [X1,--->Xn-1]7)

¢ = x1+be+ d1(y,w) — d1(yr, w) +u— u,

B2(y, w) — d2(yr, )

Fx+efi+ :

by, w) — Gn(yr, w)
ba(d1(y, w) — ¢1(yr, w))

— : 29)

—bn (91 (y, w) = P1(yr, w))

so that since F' is Hurwitz and e(t), y.(t), w(t) are bounded,
it follows that x(t) and, consequently from (28), Z(t) are
bounded. Now, consider the function
W = V+p|Qf—ul2ell” +p1 Y _ & [11P&[1]30)
i=1

with P, solution of
D'P,+P,D = —I (31)

and p, p; suitable positive reals yet to be defined. If £ > 0
and

cp > 2
po= T suplluf2](®)|10()]”
1 t>0
p < minfa(t).az(t)) (32)
with
ar(t) = 2
! e (1QNMIl + 21N
1 1
t = — 1k =+ -
wlt) = (DRt B, P,
as(t) = erler — DIQUIel + 1202 + 2]
(k+ 14 hidar + hoday + || Tual| )
we have

W) < —co,W(t)+ cu,€? (33)

for suitable positive reals c,,, and c,,. By integrating (33),
we obtain

W) < W) exp(—cu.t) + 2 sup {e2(7)}(34)

Cwq T€[0,t)

WeB03.1

which proves property (i) of Problem 2.1. Now, consider
the case p > 1 and let system (1) be written as (b =
0,...,1,bp41,---,b,]7)

AT + oy, w) + bu
= R(w)
= C.T—qw), weN, CR"

o & 8-

(35)

Assume that there exists a solution (z, = I'(w), u, = y(w))
to the regulator equations

fr = Az, + ¢(yr7 ’LU) + l_)ur
Yr = Cci"r'
CeZp—qlw) = 0. (36)
Consider the filtered transformation
—A1 1 0o --- 0 0
0 X 1 - 0 0
$ = . . . ©w+ D lu
0 0 0 —Ap—1 1
P
v o= F, wi=%i— Y biljle; 1, 2<i<n (37
=2

where \; > 0, 1 < i < p — 1 and the vectors b[j] are
recursively obtained by

bl = b
blj—1] = Acb[j]+ Aj-1blj],p=j > 2
b1] = b=[1,by,..., b, (38)

with b;, 2 <1 < n, solutions of

ST bgs™ T by = (8" TP by s TP

p—1
+oot b)) [T (s + M) (39)
i=1
From (35) and (37), we have
T = Acx+ o(y,w)+ by
0 = R(w)
e = Coux—qw). (40)

By virtue of (36) there exists a solution (x, = I'(w), @1, =
~v(w)) to the regulator equations

i"r - Ac‘rr + ¢(il/r7 ’LU) + b@lr
Yr = chr
Cexy — Q(w) = 0. (41)
Indeed, let o1, be obtained by (¢, = [@r1,- .., @rp—1]")
—A1 1 0o --- 0 0
) 0 X 1 - 0 0
Pr = : : : : er T :
0 0 0 —Ap—1 Uy
P1r = Pr1 . (42)
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Defining @, = [7,1,..., 7,7 with

mrl; Tri = Tps — E b

and recalling (36) and (42), we obtain (41). The regulator
error equations become

Tr1 = @07‘3 1,2<]<7’L

i = A+ d(y,w) — dyr,w) + b1 — p1r)
e = C.x
W = R(w). @3)

If we consider ¢; as the control input, system (43) is in the
form (4) and, therefore, we can follow the same steps of the
relative-degree-one case (using ¢ in place of u in the filters
(11)) to obtain the ideal control

o} —%y — ke — puT'0 — hygpre — hodd e
QOT (6, 22; Hy 9)

>l

o= At400)pr +d Y b — k(e — Co?)
=1
éi = sz + [ 0 In+2’rn ] b[z]@l
pi = [1.0 - 0] (44)

in which 6 is yet to be defined. Defining ¢©1 = 1 — ],
we obtain for the error equations (1, = 1m1 + €, with 71
generated by the exosystem (7))

Ho= ZH+p 0+ Tu0)[dy,w) — ¢y, w)]
+eb1 (0) + @1 — ke — hipare — hadise
:52 22
= F + fizn +ut0fs
Zn Zn
+T(0)[6(y, w) — P(yr, w)] 4 €b(6)  (45)
L Opy . 07 4
= —)\ A — P
P1 191 + @2 9 € B2, Z2
dpy . 07 5
S, -2 (46)
o h- o6
If p =2, then we define 2 = u as
07 - dpy . 8901 en
= A 2 0
U 14,01—|—8A 22+3/¢ 89 -‘rae[
« 0 B
o1+t — hy % 1 — ¢M<Pﬂ
0 = Proj(ule+ ) — M(%g?h, 9) 47)
and consider the function
L Lo 1o Lag
Vi = 5 Pz+26 +2cp1+29 0
1
= V+ 5@% (48)

WeB03.1
regulation errar control input
0.6 2
04 1
£ 0.2 R
0 v -1
|

0.2 -2

0 a0 100 150 1] a0 100 150

estimateof theta, estimateof theta,

5 3
4 2
2 1
0 0
-2 1

0 50 100 150 ] 50 100 150

3 =3
Fig. 1. Error, input and parameters estimates

in which P satisfies (25). The time derivative of (48),
recalling (26) and property (a4) of Proj, is such that

Vi < —azTz— ke + e[ZTPb(0) + eby(6)]
+ep1 — M @7 — 1 66% (22
+T11(0)((y, w) — ¢(yr, w)) + €1 (6)]

2 ~2
MP1

997 o 2 97 o
(G = ()
+[10]1* — (101> (49)
from which, since é(t) is bounded, for sufficiently large hg
and h4 and suitable k, A\; it follows that z, e, o1 are bounded,
so that u(t) is bounded from (18), while z, ..., Z, are
bounded from (45). Consequently, from (44), 7 is bounded
and, in turn, ¢, is bounded. From (47), u(t) is bounded. The
boundedness of Z(t) in (35) may be proved as in the case
p = 1 by considering the transformation (28). Moreover,
(48) and (49) imply property (ii) in Problem 2.1. By using

the function

Wy = Vi+p|Q0 — p2]

H2 +p1 ZE’L

it is possible to prove that for a suitable choice of p and p;

P2€z

Wit) < Wi(0)exp(—cu,,) + —2= sup €X(r)
Cwiq T€[0,L)

for proper c,,, > 0 and c¢,,, > 0, which proves (i) in

Problem 2.1. The previous arguments can be iterated to prove

the same result for any relative degree. O
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I1I. EXAMPLE

Consider the second order system

Ty = X2+ wlx% +u
9'32 = u
e = X1+ wy (50)
in which:
wi(t) = sin(2t) + 0.2sin(4t), t <50 s
! - sin(2t), t>50s
_ sin(¢), t <100 s
wa(t) = { 0, £>100 s
The unknown input reference u, is obtained by x1, = —wo,
Zop = —zop + Wo — wiw3, 22,(0) = 2270, Up = —tUp —

Zor + Wo — wlwg . We assume that the estinate 4, of u,. is
generated by an exosystem of dimension 5 (i.e. we assume
that m = 4 in (7)). Following the design outlined in Section
II, the resulting control is given by

: T

& = D&G+[0 Is | (Bzg1+ Eaiga)u
Hi = gila fieRGa 1:172

P o= A+ (B + E)u+du”o

—ko(e — 21), 2 €R7
—29 — ke — "0 — hipare — hadise

u =
6 = gProj(u(zi +e),0) (51
with E; the i-th column of the (7 x 7) identity matrix,
—dy 1 - 0
g a positive adaptation gain, D = : oo,
—d7 0 --- 0
1
do
d=1 . |, ém =win(le| +2wanr) and wips, wan the
dr

known admissible largest values for wj (t) and ws(t). Even
though g = 1 in the proof of Theorem 2.1, it is obvious
the extension to any positive value of g. Some numerical
simulations have been carried out for system (50) controlled
by (51). The parameters of the controller have been chosen
as: k = 5, g = 1000, d = [1,12,58,144,193,132,36]7,
ko, = [13,70,202,337,325,168,36]7. All initial conditions
of the system and of the controller have been set to zero.
The results are illustrated in Figs. 1 and 2. In Fig. 1 are
reported the time histories of the output regulation error e(t),
the control input u(t) and the estimates of the parameters
01 (t) and 6y(t), while Fig. 2 represents the state variables
[21(t), x2(t)], the disturbance w1 (t) and the output reference
— W2 (t)
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