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Abstract— An entanglement control strategy is presented for
two-qubit quantum systems against Markovian noises. This
proposal is realized by a tunable coupling between qubits
which is induced by varying the parameters of an intermediate
squeezed field. Its applications to the independent and collective
amplitude damping decoherence channels and their mixture
show that entanglement can be efficiently enhanced.

1. INTRODUCTION

Quantum entanglement [1], [2], [3] is a unique quantum
phenomenon in which the states of multiple quantum ob-
jects are correlated and the operations on one object will
disturb the rest ones. Quantum entanglement is critical to
the realization of high-speed quantum computation and high-
security quantum communication. However, in reality, the
quantum systems exposed in environments [4] may suffer
from decoherence effects that may lead to the deterioration
of quantum entanglement [5]. Hence, the active protection of
quantum entanglement against decoherence effects becomes
important.

In existing entanglement-protection strategies, a collec-
tive decoherence channel (e.g., a common heat bath) for
all subsystems [6], [7] is often assumed. In this special
case, a subspace of quantum states, called decoherence-free
subspace, that is unaffected by decoherence can be found to
storage entangled states. However, in more general cases,
the entanglement would tend to disappear, especially via
independent decoherence channels [8] (i.e., each subsys-
tem is coupled to independent modes in the environment).
Even worse, a combination of independent decoherence
channels and collective decoherence channels may destroy
the decoherence-free subspace and lead to the failure of
entanglement-protection. This paper shows that in such cases
entanglement can be partially protected at least for two-
qubit systems by coupling the two qubits with an auxiliary
manipulatable squeezed field. Here, “qubit” refers to the
simplest unit of quantum information which is physically
implemented by a two-level quantum-mechanical system.
The paper is organized as follows: Section II introduces the
model and derives the effective two-qubit Hamiltonian by
tracing out the degrees of freedom of the auxiliary field in
the dispersive regime. Section III proposes the entanglement
control under three kinds of decoherence channels, and more
general cases are discussed in Section IV. Conclusions and
perspectives are drawn in Section V.
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II. MODEL FORMULATION

This paper discusses a system of two (identical) qubits
that are indirectly interacted with each other through an
intermediate single-mode squeezed field, e.g., a pair of two-
state atoms in a single-mode optical cavity [9], [10] or two
superconducting qubits both coupled to a one-dimensional
transmission line resonator [11]. Under the rotating-wave
approximation, the total Hamiltonian of the two qubits and
the single-mode field can be expressed as:
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where the Planck constant 7 has been assumed to be 1. The
first term in H is the free Hamiltonian of the field with @,
being the oscillating frequency. a and a' are the annihilation
and creation operators of the field mode. The second term in
H denotes the free Hamiltonian of the two qubits, where @,
is determined by the energy gap between the two eigen states
of a single qubit and oy is the z-axis Pauli matrix of the qubit
Jj. The third term in H represents the interaction between the
two qubits and the field with the coupling strength g € R.
04 = Oyj = ioy; denote the ladder operators of the qubit j.
The last term in H represents the squeezed effects of the
field, where the effective amplitude &, the frequency Q, and
the initial phase Qo of the squeezed field are all tunable
parameters in our strategy. Such a controllable squeezed
field could be realized in optical cavities (see, e.g., [12] and
[13]), and our recent work shows that it is also realizable in
superconducting circuits (see Sec. V of Ref. [14]).

Under the dispersive-detuning condition: A = @, —
o, |&| > |g|, the Hamiltonian H can be diagonalized by
the following unitary transformation [14], [15]:
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In fact, expanding the exponential terms to the first two
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orders of g/A, we can obtain:

UHU" ~ a)ca+a+ ge—i(9f+¢o)a’r2 + ﬁei(9'+¢0>a2
2 [&,
+ {—” +
= 2

2
+ZK g T+gA§> i) 5, +hc:|

+Ug (e_l(QH—%) 041042+ ei(Qt+¢O)0'_1 6_2)
+Ur (04102 +0_1042),

where

g2

- 4g2 2g2
wa:wa"‘Tv 251 :Fé’ H2:X7

4 , . 4g°
' (éeil(gt+¢0)a'2+h.c.)+%a’ra} sz

2

and &.c. means Hermitian conjugate. The Hamiltonian can be
reduced by adiabatically eliminating the degrees of freedom

of the field mode:
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Here, we have omitted all the single-qubit terms induced by
the interaction between qubits and the field mode due to the

fact that:
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under the dispersive-detuning condition A > g and ®, >
& (from experimental parameters in optical cavities and
superconducting circuits). In the interaction picture, Hj” can

be further expressed as:
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when the frequency Q is set to be 2®,.
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According to Eq. (2), one can continuously tune the
coupling strength p; by varying the amplitude & of the inter-
mediate squeezed field. Thus, in the following discussions,

U1 and ¢o are taken as control parameters.

III. THREE SPECIAL DECOHERENCE CHANNELS

Besides the single-mode control field, the qubits also

interact with decoherence channels.

The ab initio model

for this open quantum system can be constructed from
the Schrodinger equation of the composition of the two-
qubit system plus their environment. Since the environment
is generally an infinite-dimensional system, it is extremely
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This section will consider three kinds of decoherence
channels, namely, the independent amplitude damping de-
coherence channel, the collective amplitude damping deco-
herence channel and a mixture of them. More general cases
will be discussed in the next section.

A. Independent amplitude damping decoherence channel

The independent amplitude damping decoherence channel
can be expressed as the following master equation:

p=—ilHi".p] +F2@o_,]p, “)
j=1
where [A,B] = AB— BA and the superoperator Z[L]p is
defined as:
P|L)p = LpL' — %L*Lp - % pL'L;

I" > O represents the relaxation rate of each qubit. Such deco-
herence channels can describe two qubits in an environment
when they are spatially so separated that their surrounding
environments are completely independent. For the example
of two atoms in an optical cavity, decoherence channels on
two atoms can be taken as independent channels when the
distance between two atoms is far larger than the resonant
wavelength of a single atom [9].
In this work, we will use the concurrence C(p):

C(P) 72'272'372'470}3 (5)

to measure the quantum entanglement between two
qubits [17], where A;’s are the square roots of the eigen-
values, in decreasing order, of the matrix:

A (p)

= max{Ay

= P(O',VIG)'Z)p*(O'yIGyZ)-

*

in the above equation is the complex conjugate of p.
The concurrence of an uncontrolled system always de-
creases to zero when coupled to independent amplitude
damping decoherence channels [8]. This fact can be shown
from the solution p(t) of Eq. (4) for H" = 0, which decays
to the two-qubit ground state p% = |00)(00| when t — oo,
where the superscript “u” refers to the “uncontrolled” qubit
system. Since p% = \00) (00| is a separable state, i.e., a
non-entangled state with zero concurrence, the entanglement
between the two qubits is completely lost.

However, the entanglement can be partially protected via
the intermediate squeezed field, because the solution p(¢) of

Eq. (4) tends to a stationary state
2T
4u2 412 -

2
oo 1—
p <4u +F2)” +<

as a convex combination of a maximally-entangled state, i.e.,
an entangled state with maximum concurrence,

p

(©6)

difficult to analyze the composite system. In this regard,

the environmental freedoms are usually averaged out when 1 eil(%i%)

the Born-Markov approximation is satisfied, leaving the P = 1 0 )
dynamics of the two-qubit system represented by the so- 2 0 '
called master equation [16]. e"(‘p"fg) 1
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and a diagonal separable state

Ps = dlag(l 73ﬁaﬁ>ﬁ7ﬂ)7
where

2
gt (i i
8 4ut+172

The corresponding stationary concurrence and fidelity be-
tween the stationary state p. and the maximally-entangled
state p,, are, respectively,

2pi (= )
Clp-) = max{W,O )
uy(C—py) 1
F(p.) = mPos) = — 55—~ + =. 8
(p--) tr(Pmp=o) M +3 ®)

It can be verified from Eq. (8) that the maximum concurrence
and fidelity

5—1 5+3
Conax = fT ~031, Fpax = ‘[; ~0.65 (9)
are achieved when the control parameter ; is tuned to be:
1
=T (10)
RV

which is realizable in a low-decay open quantum system
(e.g., a low-decay atom-optical system [10] or a supercon-
ducting circuit-QED system [11]).

It should be pointed out that, as shown in Eq. (9), the
fidelity between the stationary state p.. and the maximally-
entangled state p, (< 0.65) may not be strong enough to
be applied in quantum information processing. Nonetheless,
the proposed strategy is still effective for entanglement-
protection. Since the maximum fidelity exceeds 0.5, we can
in principle asymptotically obtain the maximally-entangled
states by the entanglement-purification strategies [18], i.e.,
to purify the given quantum state by quantum measurements
and unitary operations to increase the proportion of the
maximally-entangled state.

B. Collective amplitude damping decoherence channel

The master equation for collective amplitude damping
decoherence channel is as follows:

p = —i[H5",p] +T2[S p, (11)

where the collective lowering operator
S_=o0_1+0_7,

and ' > 0 denotes the collective damping rate. Such a
decoherence channel can be used to describe the case in
which the two qubits are strongly coupled to each other. For
the example of two atoms in an optical cavity, a collective
decoherence channel can be obtained when the distance
between the two atoms is far shorter than the resonant wave
length of a single atom [9], i.e., when the two atoms are so
close and strongly coupled to each other that they see almost
the same environment.
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In absence of controls, i.e., Hjﬁ‘ =0 in Eq. (11), the
stationary state of the two-qubit system
pee=(1=2)pm+2Apo (12)

is a convex combination of the maximally-entangled state

0

1

and the two-qubit ground state py = |00)(00|. The weight
A €[0,1] is determined by the initial density matrix p(f9):

r=u|(Gouoe) o]+ Ftspi + 3.

where

23 ﬁ 1

The concurrence of pZ is C(p%)=1—A.
In presence of controls, the stationary state of Eq. (11) is
the following convex combination
PMZQﬁm'i'PPm‘f'(l_q—P)ﬁsa (14)

of two maximally-entangled states p, and p,, defined in
Egs. (7) and (13), and a diagonal separable state

ps = diag (51 +Bs, %—Bz, % —Bzﬁz—&) ,

where

b= AT? b= AT +2u7)
T2y P a2 43ud)
The weights ¢ and p in Eq. (14) are, respectively,
7. T?2-3u? 2T A
=1— A+ "%, =—7.
1 6" 23 T rmia?

When the control parameter ;, which is used to adjust the
stationary entanglement, is in the range:

A—V—-9A24+221 —12 B A+V—-9A24+224 —12
6—5A I 6—5A ’

the stationary concurrence under control exceeds that of the
uncontrolled system, i.e.,
(T2 +2u? +2Tup)A

o) ="z !

>C(pt) =12

Note that the above interval of the control parameter u;
is non-empty only when A € [%—%\/ﬁ,l]. Otherwise,
our strategy cannot improve the stationary entanglement.
Calculations also show that when A € [% — %\/ﬁ, 1} the
controlled stationary concurrence C(p.) is maximally valued
when

T (15)
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and the corresponding maximum value is

Cinax = (16)

The above analysis shows that the stationary state of the
uncontrolled system may stay entangled under the collective
amplitude damping decoherence channel. This is the starting
point of some existing dissipation-induced entanglement-
protection strategies (see, e.g., [6], [7]). The analysis also
exhibits evident enhancement of the stationary entanglement
by our strategy when A is large enough. The resulting
controlled stationary entangled state (14) is indeed a mixture
of two maximally-entangled states p,, and p,,, where Py,
is induced by the collective decoherence channel and p,,
comes from our strategy. When p,, is less dominant in the
uncontrolled stationary state, i.e., the parameter A is large,
the tradeoff between p, and p,, may increase the final
entanglement. In the opposite situation, such a tradeoff may
not increase the final entanglement and our strategy does not
work.

C. Mixed amplitude damping decoherence channel

The analysis in subsection III-B shows that the dissipation-
induced strategy may outperform our strategy for a perfect
collective decoherence channel. However, in laboratory the
decoherence channel is impossible to be perfectly collective.
For the example of two atoms in an optical cavity, a
perfect collective amplitude damping decoherence channel is
available only when the distance between the two atoms is
far shorter than the resonant wavelength of a single atom,
which is actually impossible in reality. The present atom
trapping and cooling techniques can only hold two atoms
approximately at the distance of the same order of the
resonant wavelength of the atom (see, e.g., Ref. [9]). Thus,
the resulting decoherence channel is between an independent
amplitude damping decoherence channel and a collective
amplitude damping decoherence channel, as shown in the
following master equation:

2
il p] + Y T (o jlp

i=1

1
+T12 <G—1PG+2 - 5{@20717/?})

p

1
+T2 <0'—2PG+1 - E{G+1G—27P}> , A7)

where 0 < T'jp <T.

It can be verified that the stationary state of the uncon-
trolled system (i.e., ijf = 0) is the separable two-qubit
ground state p% = |00)(00|, implying that entanglement will
be completely lost in absence of control. The stationary
behavior of this kind of mixed decoherence channels is just
the same as the independent decoherence channel. Further,
when we set the parameter y; as in Eq. (10), we can obtain
the same maximum concurrence and fidelity in Eq. (9).
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IV. GENERALIZED DECOHERENCE CHANNELS

Considering the case that the system undergoes simulta-
neously the relaxation and dephasing decoherence channels,
we can obtain the following master equation:

p = —ilH5",p]+ Z(p), (18)

>

I, J=X.y

1

<Aij |:Gi1P0'j1 - E{(O'jlcil)yp}]
1

+Cij GiZPGjZ_E{O'jZO'iZ:p}
1

+B;j {Gilpﬁjz - E{szﬁmp}}

k [ ] |
+Bj; | 0ppoin = 5{0u0p,p} )
+Azz[f7zlpczl - P] +sz[0-12p (fz2 - P]
+BZZ

1
0;1p 0 — E{Gz26z17p}

02Pp0z1 — %{Gzl 612713}
and {A,B} = AB+ BA.

In order to simplify the discussions, we introduce the
so-called coherence vector picture (see, e.g., [19], [20],
[21]). Let the inner product (X,Y) = tr(XTY) and define the
following matrix basis for all two-qubit matrices:

+B;

1 ) Y y 1 1
{Slaxa, @y, Q)y, D33, 3, 3641, 501,
1 1 1 1 1
30x2,30y2, 30x1072, 50710x2, 5 0y10z2,
1 Z z 1
jo-zlcﬂv 914792372611(&2}7 (19)
X Y X Y Z Z .
where Qf,, Q,, O35, 5, Q5 Q5 are defined as:
1 —i
V2 V2
r 0 Q. — 0
14 = 0 ) g = 0 )
1 i
% Vi 0
0 0
1 =i
X V2 y V2
23 — 1 ’ S223 - i 3
V2 V2
0
1
V2
0 1
z z V2
Q14 = 0 ) Q23 = =1
_1 V2
2 0

Under this matrix basis, the system density matrix can be
expanded as:

1 15
p= ZI4><4 + Y, miQ;,

i=1

where Q;, i=1,---,15, are the traceless matrices in Eq. (19)
and m; = tr(€;p).
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Let m = (my,--- ,m5)". The master equation (18) can be
rewritten as:

= 8y cos poO1m+ 8 sin pgOrm + 8Up Ozm+ Dm + g,

where O1, O,, O3 are the adjoint representation matrices (see
Ref. [19]) of the non-local Hamiltonians:

Hj = 4(0x10 — 0y10y2),

H) = ;(0410y2 + 041 012),

H; = 1(0:100 4 0,10y),

A= =

and “Dm+ g” is the coherence vector representation of the
Lindblad term .Z(p) in Eq. (18) with D <0 and g a constant
vector.

Further, let

_ X Yy X Yy \T
mP = (ml47m14am237m23) )
— Z Z T
m' (m14, mss, mzz) 5 (20
e _ T
m - (m)c07 my()y mOJﬁ mO}' bl mxm mZ/V’ m}'Z7 mZ)’) bl
where

m%, = w(Q%p), mby = w(QB.p), o0, B =x,y,2,
myp = tr [(%GOCIO-B2> p] s O!,ﬁ = O,X,y,L
and 0p; = x>, j = 1,2 is the 2 x 2 identity matrix acting on

the qubit j. Then, corresponding to m”, m", m®, the matrices
D, g, O; can be expressed as the following block forms:

prp ppn 0
D=1| pmw pm ce=1| ¢ |,
D# 0
0o o
0;= _O?T 0 ,i1=1,2,3.
0
If we define
0 0 1 -1
1 1 0
1 1 1.0 O 1
Ql = = 7Q2 = = 1 -1 0 )
S T V2\o o
the matrix blocks in D, g, O; can be calculated as:
R R R
T R A
rp — 91 2z 2 “xy Ly
D 2Q] _ C)l},e _ Ai\l}e d3 -2 Bzze Ql )
—Afy —Cyy —2BX  dy
Bgf B};? —BY¢
_ -BY —B™ —B
DM = 20, ! Blnxlx _ n BR)? 0,
S
_er}r} Byl;l Bxxe
_BIm BIm _Blm BIm
W xx yx xy
By By By By
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ds 0 0
DM =—-20;" 0 ds 0 0>,
—2C 241" ds+ds
s oo
gWZZle C}c[yn ao?: 0 0 0
0 0 0 0
1 00 0 0 0
0 00 0 0 0
n__ n__
2=1oo00|'% 0o 0o ol
000 0 -1 0

where MR® (M™) is the real (imaginary) part of the complex
coefficient M, and

A=Ay +C +Ap +Cpp, dy = Ay +Cyy + A+ C,
d3 = Ayy "‘ny +Azz +CZZ7 d4 = Axx +Cxx +Azz +C217

ds = ARe + AR, dg = CRe 4 CRe.

Here, the matrix blocks D?, Of do not affect the stationary
state of Eq. (18), so we omit them.

With the above preparations, we can present our main
results:

Proposition 1: Let v = (vi,v2,v3,v4)7, & = (&1,&,&)T
be the solution of the linear equation:

0
)=( - )-e

( It

where
0} =81y cos ¢oO + 81y sin g0 +8u, 07,

Drp
- (o) +o

n
D" +0]]
pnn

v

$

then the controlled stationary state

P = A 207 +V3)P1m + /2003 +VE)Pom
+ (1 - \/2(\)% +v3)— \/2(\% —l—vi)) Ps

is a linear combination of two maximally entangled states

1 e i
0 v
Pim = 5 0 , ¢ = arctan (f) ,
elh 1
and
0 0
1 1 e
Pam =5 i 1 , ¢ = arctan v )
0 0
and a diagonal separable state
% (1 & &G 1 & &
= d LI - A B
Ps ‘ag<4+ﬁ+2’4+ﬁ 2
La &1 a6
4 V2 24 2 2)
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The corresponding stationary concurrence is:

C(p) = max{Gy,G»,0},
where
1 2
G] = 2(V%+V%)* <§+€3) *2512,
1 2
G, = 2(v§+vﬁ)— (5—53) —2522.

Proposition 1 is a generalization of the results obtained
in subsections III-A and III-B. Actually, for the independent
amplitude damping decoherence channel, we have:

VI A _our
VI= e singp, v, = P cos ¢,
vy=v4 =0,
— f I’
61 - 07 &2 fé:i 8[.1 +21—Q7

while, for the collective amplitude damping decoherence
channel, we have:

_ V2w _ V2T
VIS 1oy sin@yp, v = 432 cos ¢,
1 7
v3:,%( 75)'+I‘2+3 21),\/4:0,
_ _ /o - Auf
5] = 07 52 1—~2+3’u ) §3 1"2+3u12 .

V. CONCLUSIONS

In summary, we propose a two-qubit entanglement control
strategy to protect entanglement against Markovian noises.
In this strategy, an auxiliary controllable squeezed field is
introduced to couple the two qubits. By varying the control
parameters, e.g., the amplitude, the frequency and the initial
phase, of this squeezed field, one can tune the coupling be-
tween the two qubits to control the stationary entanglement.
Under special conditions, our entanglement control strategy
exhibits evident enhancement of the stationary entanglement
compared with the uncontrolled systems.

Although the proposed strategy can remarkably recover
entanglement from decoherence, the resulting stationary en-
tanglement may still be insufficient in quantum information
processing (see, for example, the stationary entanglement
in subsection III-A is below 0.31). Additional entanglement
purification processes are required to increase the stationary
entanglement, which may tremendously complexify the total
experimental systems. More efficient strategies are still to be
pursued in future studies.
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