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P-SPR-D Control for Affine Nonlinear System and Robot Manipulators

—Stability analysis based on K-Y-P Property and LaSalle’s Invariance Principle—

Kiyotaka Shimizu

Abstract— This paper is concerned with P-SPR-D control
of affine nonlinear system and robot manipulators which are
passive systems. P-SPR-D control consists of proportional(P)
action + strict positive real(SPR) action + derivative(D) action.
Such control can asymptotically stabilize the affine nonlinear
system being of multi input and multi output. Stability analysis
of the P-SPR-D control is made, based on the passivity theory
and LaSalle’s invariance principle. The L»-gain disturbance at-
tenuation problem is also investigated. Further a set-point servo
problem (set-point tracking control) for the robot manipulator
is also solved by the P-SPR-D control. The effectiveness of the
proposed method is demonstrated by the simulation results for
a two-link manipulator.

I. INTRODUCTION

This paper investigates a PID-like control scheme for
affine nonlinear system and robot manipulators. In regard to
stabilizing control of affine nonlinear system there exist many
studies as passivity theory[4, 5, 10, 11], exact linearization[6],
back stepping method|[7, 11], passivity based design of cas-
caded system[12], nonlinear H> control[10] etc. But PID
control has not been used so much except for the Lagrangian
systems like robot manipulators.

We study stability analysis of P-SPR-D control imitating
PID control for the affine nonlinear systems, based on
the passivity theory and LaSalle’s invariance principle!®!.
(SPR is a short for strict positive real.) When the P-SPR.
D controller is applied to a plant possessing the Kalman-
Yakubovich-Popov (K-Y-P) property[*®11] we can prove
that the closed-loop system becomes asymptotically stable
by the P-SPR-D control, applying the passivity theory and
LaSalle’s theorem. The P-SPR-D control for Lagrangean
system is seen in Ref.[13]. Passivity of PID controllers is
investigated in Ref.[9] to some extent.

Section 2 makes a study of regulation problem for the
affine nonlinear system in general. Section 3 is devoted
to a set-point servo problem of robot manipulator system.
In regard to robot manipulators, there exist many papers
including Arimoto et al.[1,2] which applied PID control. So
the feature of our paper is to apply the P-SPR-D control
instead of the PID control. SPR stabilization of mechanical
systems is discussed in the book[9] also. Section 4 inves-
tigates Lo disturbance attenuation problem (y-dissipativity)
under the existince of disturbances. The Lo disturbance
attenuation by PID control, in case of robot manipulators,
was analyzed in Ref.[3] as H°° design problem. Applying
the P-SPR-D control, however, it is easy to solve the problem.
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Simulation results is presented in Section 5 to demonstrate
the effectiveness of the P-SPR-D control.

II. P-SPR-D CONTROL OF AFFINE NONLINEAR SYSTEM

Let us consider an affine nonlinear system

& = f(z) +G(z)u (1)
y = h(z) )

where * € R",u € R™,y € R™ are the state vector, the
control input and the measurable output. We assume that
system (1),(2) is stabilizable.

Consider PID control for the regulation problem

t
w=—Kpy—K; / ydt - Kpiy 3)
0

Where KP e }%’H’LXTYL7 K[ E RWI/X’IYL7 KD e RTYLXTYI, are
gain matrices corresponding to proportional, integral and
derivative actions, respectively.

Introducing here a new state equation (an integlator)

E=—y )
the PID control (3) is expressed as
u=—-Kpy+ K;§ - Kpy Q)

Below we propose P-SPR-D control for asymptotical sta-
bilization of affine nonlinear system, applying the passivity
theory and LaSalle’s invariance principle!8.

First the following is well known[6:11],

[Theorem 1] Assume that system (1),(2) is passive and

zero state detectable! . Then the output feedback control
u=-K PrPY

asymptotically stabilizes an equilibrium point . = 0, where
Kp € R™*™ is a positive definite matrix.

Now consider the cascaded system of subsystem 3, and
subsystem . :

Sc:€=D&-y, D<O ©)
&= f(z) +G(x)u @)
y = h(z) ®)

where ¥, represents the controlled object (1),(2). We con-
sider here the strict positive real (SPR) system (6) instead of
the integrator (4). Then the following theorem holds.

'Nonlinear system (1),(2) is zero state detectable , ife(t) —» 0ast — oo
when u(t) = 0,y(t) =0 Vt >0
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[Theorem 2] Suppose that the cascaded system (6)~(8)
of subsystem X, and subsystem Y. satisfies :

Assumption (a) Subsystem X, is passive.

Assumption (b) Subsystem 3. is asymptotically stable
as y = O that is, there exists a positive definite function

U = —fTst > (0 such that

U(€) =¢"KsDE <0 ©)
Then if the system X, is zero state detectable with respect
to the output y, the P-SPR-D control

u = —Kpy+ Ks€&— Kpy (10)

asymptotically stabilizes the closed-loop system of cascaded
system of ¥, and ¥, at the equilibrium point (z,&,) =
(0,0), provided that Kp, Kg are positive definite matrices
and K p is semi-positive definite one.

(Proof) From Assumption (a), letting the semi-positive
definite storage function of ¥, as W(x) > 0, W(0) =
the so-called K-Y-P property

We(x)f(x) <0
W (z)G(x) = yT

(1)
12)

holds!*51% For the overall system consider a Lyapunov
function candidate (semi-positive definite function)

Viw,&) = W)+UE)+ 5y Koy

1 1
W (x) + 5£TKS£ + §yTKDy >0 (13)

and take a time derivative of V' (x, £) along (6),(7),(10) and
use (9),(11),(12) to get

V(z,§)
=Wg(x)& + ¢ Ksé +y" Kpy
=Wz (2){f(x)+ G(z)u} + &£ Ks(DE —y) +y" Kpy
= Wg(z)f(z) + We(z)G(z)(—Kpy + Ks§ — Kpy)
+¢"Ks (D€ —y)+y"Kpy
=Wx(z)f(z) +y" (-Kpy + Ks&€ — Kpy)
+&"KsDE — €"Ksy +y " Kpy
< —y"Kpy+ ¢ KsDE<0

xr

(14)

Here V(w,{) is semi-negative definite. Accordingly, Lya-
punov’s stability theorem cannot be applied, as V(x, &) is
semi-positive definite and V (z, £) is semi-negative definite.
So we apply LaSalle’s invariance principle!®! to prove that
the overall system is asymptotically stable at the equilibrium
(2,€) = (0,0).

Now let Q. = {(x,&)|V(x,€) < ¢} and suppose that {2,
is bounded and V (x,£&) < 0 in €, (c is a positive number
such that V(a, £) < 0). Here define Q1 as a set of all points
of Q. satisfying V(x,£) = 0 and put

Op = {(;c,g) | V(z,€) =0, (z,€) € Q}

ThTA16.5

Since K p > 0, KgD < 0 from the condition of the
theorem, V(x,€) = 0 holds from (14) only when & =
0, y = 0, that is,

Qp ={(x,€) | £€=0, y=0, (x,£) € Q.}

But, when £ =0, y = 0, one has w = 0 from (10). Thus it
follows that

Qp = {($,€)|€:O, w:f(w)a y =0, (5075) EQC} (15)

The subsystem X, is zero state detectable from the condition
of the theorem. Therefore, * = f(x), y = h(zx) = 0
implies that «(t) — 0 as ¢ — oo in Qg by the definition
of zero state detectability. Consequently, (x,&) satisfying
V(xz,€) = 0 consists of only a point (z,&) = (0,0).
Namely, letting 2, be the largest invariance set in Q g, Qs
consists of only the equilibrium point (z.,&.) = (0,0).
Thus, by LaSalle’s invariance principle, all trajectories in
Q. converge to y; as ¢ — oo, that is, converge to the
equilibrium (x.,&,) = (0,0). QED

We call the PID type control (10) with (6) P-SPR-D
control.

As is well known from Theorem 1, if the system is passive
and zero state detectable, one can stabilize it by u = — K py.
Hence the reason why we use the P-SPR-D control (10) is
to improve control performance. It is noticed that there is
a lot of freedom in regard to the best choice of parameter
matrices Kp, Kg, Kp.

By the way, static state feedback control law may be
obtained by the passivity based design('**2! of the cascaded
system also. Generally speaking, however, the control law
using a storage function is complex. Besides, an advantage
of the P-SPR-D control is of output feedback of simple
structure.

III. P-SPR-D CONTROL OF ROBOT MANIPULATORS

In this section we consider an application to a set-point
problem of robot manipulators. An equation of motion of
the manipulator with n degree of freedom can be obtained
by the Euler-Lagrange formulation . Let g be the position of
each link of manipulator, 7 the input torque, 5(1TM (q)q the

kinetic energy, U(q) the potential energy. The system then
can be represented as

M)+ Ghi(@)a+Sta.d)a+gl@) =7 (6

where M(q) denotes the inertia matrix which is positive

definite and bounded, g(q) = 2 U,(q)7T is the gradient of the
gravity potential energy and S(q, q) denotes

Sta. )= {M(«;)q - | et Mt }

which is a skew-symmetric matrix. Letting x; =
an T2 = q € an T = (wlva)T’

q <
and denoting the
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output by y = 2 € R", and the control input by 7 € R",
the state space representation of (16) becomes as follows.

@1 = @y (17a)

2 = ~Mla) " { 3@ 0)en + S(ar,aa)an + glan) |
+ M(z)"'r

£ fol@r,@2) + Ga(z)T (17h)

y =1 (18)

Now taking a storage function equal to the kinetic energy
+ the potential energy

W(z) = %wQ M (@1)ms + Ulas) —

we calculate its time derivative with use of
symmetricity of S(x,x2) to obtain

0 1 .
a—wl {5%5]\4(5{11)1}2} T
J (1
+ge { g Mee o+
0x2

1
= §$2TM(581)902 + x5 {——

U(xy) 19

skew-

W(x) =
0a:1 1
(wl)wg — S(a:l, wg)wg
—g(x) + 7Y+ g(x)Txs <yT'r (20)

Therefore, the robot manipulator is passive with respect
to the input 7 and the output y = x5. Thus, the so-called
K-Y-P property holds :

le (w);cQ + Wﬁcz (w)-fQ (wh 582) <0
Wa, (2)Ga(z1) = y"

21a)
(21b)

Next let us consider a set-point servo problem (a set-point
tracking control) with the desired set-point (x7, 0). For that
we consider the following system which consists of the robot
manipulator (17),(18) and the strict positive real element
(23).

1 = T2 (22&)
1 .
2 = ~M(a) " { @) + S a0)ae + gln) |
+ M(ch)_lT
2 fo(@1, 2) + Golm1)T (22b)
E=Dé+ (xf —x) —x9, D<O (23)
Y = T3 24)

And set up a feedback compensator (P-SPR-D control with
respect to xp) :

T=Kp(z] — 1) + Ks€ — Kpxo + g(x7)

where Kp, Kg, Kp are all positive definite diagonal
matrices. Here g(x7}), gravity force compensation at the
desired value 7, corresponds to the so-called manual reset
quantity of PID controller.

[Theorem 3] The closed-loop system (22)~(25) of the
robot manipulator with the P-SPR-D control is asymptotically

(25)
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stable at the equilibrium (7,0, 0), provided that positive
definite diagonal matrices Kp, Kg, Kp and negative defi-
nite D are appropriately chosen.

(Proof) At the equilibrium of system (22),(23),(25) hold
the following relations.

0=z
0=—g(x1)+ T
0= Dg, + (z] — T1c)

Thus it follows that (1. = =], 2. = 0, £, = 0) is an
equilibrium point, provided that 7. = g(x7).
Now let us consider a Lyapunov function candidate

V(x, &) = W(x)+g(x})? (zF — )
1 KP—F K (a)* —;131)
- * T ¢T L . 1 26
_ _ Kp—K K
where Kp— K >0, Kg— K > 0and _r _
K Kg— K

is a positive definite matrix. The first term in the right-
hand side of (26) is a semi-positive definite function. Since
the second term plus the third one is a quadrtic function
T —x
of ( 1 1)
£

definite matrix, it has the minimum. Accordingly,
a function bounded below.

Next calculate its time derivative along (22),(23),(25) with
use of the K-Y-P property (21) to get

V(x,§)
=Wz, (x)z2 + Wa, (x) f2(21, 22)
+ W, (2)Go(x1)T — g(z7) x2

Kp—-K K —&

+ [(-’L‘T —z1)T ST}[ PFT K —F} [ gj ]
<y'r—gx}) x +

. ~|Kp—K K
[(wl_wl)T£ }[ FT KS—F‘|

] whose quadratic term is with the positive

V(x, &) is

X T2
D¢ + (x5 — 1) — @2
=z} (Kp(x} — x1) + Ks€ — Kpzy + g(x7)) — g(x}) @2

+ [(xy —@1)T €7] x
—(Kp K)scg + KD¢ + K(xf — 1) — Ko
By + (Ks — K)Dé + (Ks — K)(x} — 1) o
—(KS — K)ZCQ
= x5 (Kp(x} — o) + Ks€ — Kpy)

+ [(f — x)” ﬂ[ ( KFS ~K) (KSF—DF)D} {(wi ¢ " }

—(z} —x1) " Kpxo — ¢ Ksz»

=—x; KDZCQ + [( — :1:1)T fT] |:(

o [(wT _€w1) }

K KD ]
Ks-K) (Ks — K)D

27

4334



47th IEEE CDC, Cancun, Mexico, Dec. 9-11, 2008

Here we try to make
{ K KD }
(Ks — K) (Ks — K)D
be negative definite. For that purpose, set K < 0, Kg—K =
(KD)T and D < —1I such that we have Kg = (I +D)K >
0. Then the above matrix becomes
K KD
wor %]

Since the (1,1) element and the (2,2) element are K <
0, KD? < 0, respectively, we can choose K < 0 and D < 0
such that the above matrix becomes negative definite.

Consequently, V(x,£) becomes semi-negative definite,
and it follows that the P-SPR-D control is stable in the sense
of Lyapunov, but it is unknown if asymptotically stable. So
we apply LaSalle’s invariance principle.

Let Q. = {(z,€) | V(z,€) < ¢} and suppose €2 is
bounded and V (x, £) < 0 in Q. (c is a positive number such
that V(z, &) < 0). Here define Q5 as a set of all points of
Q. satisfying V(a, &) = 0 and put

QE - {(wvg) | V(w,f) = 07 (wvg) € QC}

From (27) (z, &) satisfying V (x, &) = 0 is given as x5 =
0, 7 —x; =0, £ =0. So we have

Qg = {(wa£)|w1 = wiva = 0;5 =0, (113,6) € Qc} (29)

Accordingly, we know from (22),(23),(25) that (x, £) in
Qg consists of only the equilibrium point (1, Z2¢,&,) =
(x71,0,0) with 7. = g(a7). Thus the largest invariance set
Qs in Qg consists of the equilibrium point (1., T2, &,) =
(z%,0,0). Therefore, by LaSalle’s invariance principle all
trajectories in 2. converges to s as ¢t — oo. Thus
(z7,0,0) is aymptotically stable. QED

[Remark 1] Since the robot manipulator is not zero state
detectable, one cannot apply Theorem 2 to attain asymptoti-
cal stabilization to the origin. In order to stabilize the origin
(z1,x2) = (0,0), one must apply Theorem 3 letting ] = 0.

Local asymptotical stability of PID control for robot ma-
nipulators was first proved by Arimoto[1, 2]. For comparison
with P-SPR-D control, its proof based on the K-Y-P property
is given in Appendix.

(28)

IV. L>; GAIN DISTURBANCE ATTENUATION PROBLEM

In this section we study Lo disturbance attenuation prob-
lem under the existence of disturbance w. Consider the
following cascaded system.

Se:€=DE—y (30)
5= f(z)+Gle)u+ J(xz)w (31)
y = h(z) (32)

where w € R! is the disturbance vector.

Lo disturbance attenuation problem is defined to obtain
the P-SPR-D control such that the closed-loop system sat-
isfies the following condition under the given disturbance
attenuation level v > 0.

ThTA16.5

P1. When w = 0, the closed-loop system is asymptoti-
cally stable at the equilibrium (x, &) = (0, 0).

p2. When x(0) = 0, the following inequality holds for
arbitrarily given 7' > 0.

/0 ly(t)|2dt <~ / TOIR

It is noticed that P2 is equivallent to having Lo gain below
v when x(0) = 0, that is, ||y||2 < 72||w]|2. It implies that
for all w € L5[0,T] and for the supply rate s(y,w) =
+{7*wTw — yTy}, the following ~-dissipation inequality
holds!'%].

V(@6 < 50w’ - yy) (33)

The following theorem solves the L, diturbance attenua-
tion problem.
[Theorem 4] Suppose the cascaded system (30),(31),(32)
satisfies Assumptions (a) and (b) in Theorem 2. Further
W (z) and J(x) satisfy the matching condition

We(x)J(x) =y" M(x)" (34)

where M(x) € R'™™™ denotes the function matrix and
M(x)T M(z) = I,,,. In addition assume Kp > %(1—%)1,%.
Then by the P-SPR-D control (10) the closed-loop system
satisfies P2, that is, it possesses Lo gain less than v (i.e.,
~-dissipation inequality holds.)

Furthermore, if subsystem X, is zero state detectable with
respect to the output y, then by the P-SPR-D control (10)
the closed-loop system satisfies P1 so that (x, &) = (0, 0) is
asymptotically stable.

(Proof) To prove that the ~-dissipation inequality holds,
make the following calculation for a storage function
(13)(semi-positive definite function).

V(z,¢) + %{yTy — 7w’ w}
=W(z)+U&) +y" Kpy + %{yTy — 7w’ w}
= W (z){f(z) + G(z)u + J(z)w}
+¢"Ks(D€—y) +y" Kpy + %{yTy —7yw"w}
= Wz (z)f(z) + Wz (z)G(z)(—Kpy + Ks§ — Kpy)
+Wa(x)J(@)w + £ KsDE - €' K§y +y" Kpy

1
+5{y"y = wlw}

Here using Assumptions (a), (b) and the matching condition
(34),

<y"{-Kpy+ Ks¢ — Kpy} +y" M(z)"w— ¢ Ksy
T
+yTKpy + §{yTy - Yww}

1(1
=—y"'Kpy +y"M(z)"w - 5 {—yTM(a:)T - 'wa}

v
LM (=) T oyTy 4 Sy M (@) M (@)
SM(@)y —yw e+ o'y + 55y M(@) M(@)y
1 1

— EwTM(w)y — inM(w)T'w
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x(t)

mlgall

A

Fig.1. 2-Link Manipulator

Fig.2. P-SPR-D Control

=yl {K —1(1+i)1 } _1 lM(m) — yw '

{%M(w)y - vw} (35) Nk

Here using Kp > 1(1+ 7—12)Im

x(t)

1

<-3 {%M(w)y - vw}T {%M(w)y - vw} <0 (36

Consequently, y-dissipation inequality (33) holds, and so it
follows that we have Ly gain below ~. o3 4 6 % 10 12 12 16 s 20

When w = 0, P1 has been already concluded by Theorem ‘
2. Q.E.D

Fig.3. Ordinary PID Control
V. SIMULATION 25

Let us apply the P-SPR-D control of robot manipulator
studied in Section 3 to a 2-link manipulator depicted in

Fig.1. Here generalized coordinates ¢, g2 are relative joint 3 ‘ ij

angles, and 1 = q1 denotes perpendicular angle (angle

X(t)

from vertical line) of link 1 and x12 = go relative angle of
link 2 from link 1, 71 and 7o denote torque of each link
acting clockwise. L1, La, m1, mo, 11, Io denote the length,
the mass and the inertia moment of each link, respectively.

A numerical example of 2-link manipulator is given as sl
follows. v
J.:H 21 Fig.4. Ordinary PID+m0 Control
Ti2 | Z22
o1 || far(®i,m2) + Gori(x1)T1 + Goi2(x1) 72
Too Joa(z1, T2) + Gao1 (1) 71 + Gaza (1) T2 Can e A 105 Cansten) s 1 L eosory
where ann(®1) = qo 212(%1) = T2 12),
A —1 . A 1
fgl(ﬁcl, wg) = w [1.05{(—6%‘21.1322 — 3%‘%2) S X192 G221 = det M (—1 — 36081‘12)7
+5x91 — 117.6sinwqy — 14.7sin(z11 + 712)} Gz A (21.2 + 6cosi1z)
—(1+ 3cos a:lg)(3a:§1 sin x1o + 5x99 — 14.7sin(x11 + J)lg))} det M
Fan(z1, @) A where det M = 21.26 + 0.3 cosz12 — 9(cos 112)?.
1 Further, g(x1) is also given as

det M [(=1 = 3cosai2){(~6z21222 — 322,)sin 1o
+5x91 — 117.6sinwq1 — 14.7sin(z11 + z12)}
+(21.2 + 6 cos 1) (323, sin 12 + 5o

—14.7sin(z11 + 212))]

gl(azl) o —117.6 sina:n — 14.7Sin($11 + 3312)
gg(wl) o —14.78111(1)11 + J)lg)

Applying Theorem 3, let us solve a set-point servo prob-
lem with =z = (1.5, 1)T. We set the SPR element
as (23) and take an initial state as (z1(0),x2(0)) =
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(0,0). The simulation results is shown in Fig.2, when

-2 0 40 0
b= 0o -2’ Ks = 0 40 :| , Kp =
180 0 60 0 .
[ 0 180 } » Kp = [ 0 60 ] It is observed that the

convergence speed is very quick.

Furthermore, as mentioned in Remark 1, the regulation
problem (asymptotical stabilization to the origin) could be
solved with very good performance by setting =7 = O.
(Figure is omitted for page limitation.)

Meanwhile, the P-SPR-D control with D=0, i.e.,

ézwf—wl
T=Kp(x] —x1) + Ks€& — Kpxo

becomes ordinary PID control. It is observed that though the
convergence was attained by the ordinary PID control (see
Fig.3), its performance is inferior to Fig.2. Of course the con-
trol performance changes dependent on Kp, Kg, Kp, D.
Howeyver, it was seen that the P-SPR-D control attained al-
ways much better performance than the ordinary PID control.
Furthermore, Fig.4 shows the simulation results for a control
law in which the so-called manual reset quantity mgy =
g(x7) is added to the ordinary PID control. Comparing these
three cases, we can say that the P-SPR-D control is the best in
regard to both response speed and overshoot. This indicates
that the P- SPR- D control possesses a possivility of a new
and effective control scheme.

Note that nothing has been mentioned on the controller
parameter adjustment. Of course the control performance de-
pends on the parameter values. The values of Kp, Kg, Kp
used in the simulation is the almost optimum values which
was obtained by trial and error for the usual PID controller
under the condition of diagonal matrices, and the same values
are used also for the P- SPR- D control. Although there is a
room of argument and improvement as a robot control, the
parameter adjustment is left as a future topic.

VI. CONCLUSION

Based on the passivity theory and LaSalle’s invariance
principle, we investigaed on the regulation problem by the P
- SPR- D control and the Lo disturbance attenuation problem
for the affine nonlinear system. Further we studied the
setpoint servo problem for the robot manipulator.

The P- SPR- D control is a new general control scheme
and the use of SPR element as a part of the controller
possesses an advantage from a passivity based design point of
view. Although a number of adjustable parameters increases
compared to PID, it implies also to increase a freedom for
the design. The optimum parameter adjustment is left as a
future topic.

Implementation of the P- SPR- D control is not difficult
with a digital processor.
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VII. APPENDIX A ORDINARY PID CONTROL

Consider the robot manipulator (17),(18). the robot ma-
nipulator is passive with respect to input T and output y,
and hence K-Y-P property (21) holds.

Let us consider a set-point servo problem with the desired
set-point (7}, 0). We connect an ordinary PID controller

(37
(38)

w = (x] — 1)
T=Kp(x] —x1) + Kjw— Kpxsy

where Kp, K, Kp are the positive-definite diagonal ma-
trices.

Below we prove the asymptotical stability, applying
LaSalle’s invariance principle.

Since an equilibrium of the
(17),(37),(38) satisfies

closed-loop system

0= a2
0= *g(wle) + KP(wT — wle) + Krw,

0= (x} — 1) (39)

(L1 = @3, 2. =0, w, =W = K;lg(sc’{)) becomes the
equilibrium point.
Now consider a Lyapunov function candidate

V(z,w) =W(z)+g(x)" (] — 21)

1 * *
+§(901 —x1) " Kp(x} — 1)

et — @) Kr(w — ) + Sa(w — )" K (w )
—a(x} —x) T M (1) 22 (40)
where W (x) = §w2TM(w1)w2 +U(x1) - U(=]), a>0

We can prove that V' (z,w) is a function bounded below in
the neighborhood of (x*,0,w).
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Take its time derivative along (17),(18),(37),(38), using the
K-Y-P property (21), to obtain
V(xz, w)
= Wz, (z)x2 + Wa, (2){ f2(z1, 22) + Ga2(z1)7}
—g(@}) @2 + (2} — 1) Kp(—2)
—2 Kr(w —w) + (x} — x1) Krw

+a(w — 'w)TKIw + ax; M (x))xs — alx] — :1:1) M(scl):cg

—a(x} — x1)TM(x) 2
<y'r—g(x}) ® — (2] — 1) Kpxy — 2] K;(w — @)
(i —2)  Ki(e] — 1) + a(w — @) K (2] — 1)
taxl M(xz1)xs — ot — a1) T M ()20
—a(@; — 1)  M(x1){f(@1, 22) + Ga(m1)7}
x; (Kp(x} — 1) + Kjw — Kpxs) — g(27) o
—(x} —x1)" Kpxy — 22 K(w — W)
+(x} —x) ' K2} — 1) + a(w —w) K (x
+axy M(x

1)z 2
—a(w) —x)" { M (x1)@2 + S(@1, x2)@2 + g(@1)}
)"

1— 1)

—a(zt —x) M (x))x,

—a(z] —x1 (Kp(alr:1 —x1) + Kjw — Kpaxs)
= —xl(Kp — aM(x1))x,
—(@7 — )" (aKp — Kp)(z] — z1)
—ag(@}) (z] — 1) — (@] — 1) M(@1)z2
talw; —20) (G (@1)22 + 5@, w2)e; +gla)}
+a(zt —x) T Kpaxy
= —xl(Kp — aM(x1))xs
—(z] —z1)" (aKp — Kp)(z] — z1)
+a(g(zr) — g(=7)" (2} —21)
to(zy —21)" Q(x1, 2; Kp)xo

where Q(x1,x2; Kp) = —%M(ml) +S(x1,22) + Kp
Here assume for 5 > 1

(x] — )" Kp(x] — 1) > Blg(z1) — g(@1))" (2] — 21),

then we have

V(x, w)
< —a:QT(KD —aM(x1))xs
—(x} —x1)" (aKp — K1)(2] — 1)

+%(mf — :cl)TKp(a:

+a(x] — @1)" Q(m1, 23 Kp)as
= —x3 (Kp — aM(1))z,

1—x1)

(i —x)] [ A Ay | [zf -2
_ [ . T =0 @
o 1
where Ay = (o — B)Kp —Ki, Ay = —504Q(w1,332;KD)

1
Az = _§QQ(w17w2;KD)Ta Ay =Kp —aM(z1)

ThTA16.5

By supposing that x2 exists in the neighborhood of x5 = 0,
spectral radius of Q(x1, x2; Kp) can be considered whithin
a certain value. When x, exists within that bounds, by taking
o suffisiently small and K > 0 appropriatly small for the
given (3, we can make the matrix

(= §)Kp— K1 —50Q(z1,2; Kp)
—3aQ(x1,w2; Kp)T  Kp — aM(x1)

and Kp—aM (x1) be positive definite by choosing Kp > 0
and Kp > 0 large enough. In other words, if Kp > 0 and
Kp > 0 are large enough and K > 0 is small, there exists
« such that the above matrix and Kp — oM (x1) become
positive definite for the given .

Let Q. = {(z,w) | V(x,w) < ¢} and suppose €. is
bounded and V(x,w) < 0 in Q. (c is a positive number
such that V(a:,w) < 0). Here define Qg as a set of all
points of Q. satisfying V (z,w) = 0 and put

Qp = {(z,w) | V(z,w) =0, (z,w) e Q.} (42)

From (41),(17),(18) and (38) (x, w) satisfying V(w, w) =
0 is given as ] —x; = 0, 2 = 0, w = w, namely,
a point (x1,x2,w) = (x},0,w). Accordingly, we know
from (17),(37),(38) that (x,w) in Qg consists of only
the equilibrium point (€1, 2., w.) = (xF,0,Ww) when
T = K;w = g(x7). Thus, the largest invariance set 2,
in Qg consists of only the equilibrium point (zF,0,w).
Therefore, by LaSalle’s invariance principle all trajectories
in . converges to Qyy, i.e. to (x},0,w) as t — oo. Thus
x = (x7,0) is aymptotically stable. QED
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