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State Estimation Algorithms for Markov Chains Observed in Arbitrary Noise

W. P. Malcolm

Abstract—1In this article we compute state estimation
schemes for discrete-time Markov chains observed in arbitrary
observation noise. Here we assume the observation noise dis-
tribution is known in advance. Appealing to a fundamental
L' convergence result in [1] we propose to represent any
practical observation noise model by a convex combination of
Gaussian densities, that is, a mixture function that is itself a
valid probability density function.

To compute our state estimation schemes we use the tech-
niques of reference probability, (see [2]). Here however, our
Gaussian mixtures appear as sums in a product representation
of Radon-Nikodym derivatives. The state estimation schemes we
compute are; an information state recursion (filter), a general
smoothing theorem, an )M -ary detection scheme. A computer
simulation is provided to indicate the performance of our
recursive filter in a non-Gaussian observation noise scenario.

Index Terms— Gaussian-Mixture Distribution, Martingales,
Reference Probability, Filtering, Smoothing, Detection, Viterbi
Algorithms

I. INTRODUCTION

In this work our primary aim is to relax the Gaussian noise
assumption in the observation process model and substitute
a suitably chosen finite Gaussian mixture model. Using this
approach we compute the corresponding filters smoothers,
detection schemes and state-sequence estimation schemes.

The application of a Gaussian mixture approximation in
any setting, naturally raises two important questions, these
are;

1) precisely how accurate is a Gaussian mixture approx-

imation ?

2) how does one fit a Gaussian mixture to a given non-

Gaussian density ?

Question 1 is readily answered by a fundamental Theorem
given by Korevaar in [1], which essentially proves, (roughly
speaking), that any practical probability density can be
approximated arbitrarily closely by a finite Gaussian mixture.
Korevaar’s Theorem effectively provides a compelling case
for Gaussian densities to be used in finite mixture approxi-
mation. Further, the second question has been answered, (in
part), in [3] and [4]. Put briefly, there are several effective
algorithms to determine a suitable parametric mixture.

Our motivation in this work is partly driven by a practical
reality, that is, in many real world scenarios the observation
noise processes are well known to be non-Gaussian. Some
recent examples of this issue in the context of modern
communications are given in the articles: [5], [6], [7] and
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This article is organised as follows. In §I-A we describe
the classes of dynamics we wish to consider, including some
facts about Gaussian mixtures and the extension of reference
probability to Gaussian mixture scenarios. In sections II, III
and IV, we compute, respectively, Filters, Smoothers and
M-ary detection schemes. Finally, in §V, we consider an
example of the filter performance in a non-Gaussian noise
scenario.

A. State Process Dynamics

Our state processes of interest are time-homogeneous
scalar-valued Markov chains evolving in discrete-time. It is
now standard to identify the state spaces of such processes
with a vector-valued canonical basis of indicator functions.
To this end we label our vector-valued Markov chain by
X = {X},0 < k}. The state space of X is taken as the
collection of unit vectors in R", that is,

S=1{eies,...,e,} =
{(1,0,...,0)’,(0,1,0,...,0)’,...,(0,0,...,1)’}. (1.1)

Suppose X is defined on the probability space (£, F, P) and
write

A
= P(Xk+1 =€j | Xk = ei) = P(Xl = eleo = ei).

(1.2)

To denote the matrix of transition probabilities for the

process X, we write A = [a(j,i)}lgjgn- The information
1<i<n

Q(j,3)

generated by the state process X is denoted by Fo i =
o{Xo,X1,..., Xk} Then, (see [9]),

X1 = AXp + Ly (1.3)

Here, the stochastic process L is an increment of the (P, F)-
martingale o = ,_, Ly.
B. Finite Gaussian Mixtures

DEFINITION 1 A scalar-valued finite Gaussian mixture is
univariate function V(&) : R — R, with the form

\I/(m)(ﬁ; 0) = ZOéjfj (5? {Njaagz‘})'

Jj=1

(1.4)

Here, each f; is a Gaussian density with mean j; and
variance 072-.
We write © = {ul,...,um,ol,...,am}. To ensure the

Sunction V(&) is itself a valid probability density function,
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the following two constraints must be satisfied:

a; >0, for each j in the set {1,2,...,m}, (1.5)

(1.6)

There are several motivations to use a Gaussian mixture
approximation. Firstly Gaussian densities enjoy many useful
properties. Foremost in state estimation is the fact that any
linear transformation of a Gaussian random variable is again
a Gaussian random variable. However, in addition to the
convenience of working with Gaussian densities, a Gaussian
mixture can be chosen to approximate any arbitrarily closely
any probability density function. This important fact was
established in Korevaar [1]. Korevaar’s Theorem is stated
below.

THEOREM | (KOREVAAR) Suppose p is any practical prob-
ability density function and that we wish to approximate p
by a Gaussian mixture of order m. Then, for every € > 0,
dm € N, such that

0</|p

C. Observation Process Dynamics

— UM (g 0)|de < e. (1.7)

In the standard formulation the Markov chain X is par-
tially observed through a related sequence y = {yo, Ylye - },
whose dynamics are given by

ye = (X, g) + (Xi, d) V. (1.8)

Here g = (g1,...,9,) € R", d = (dy,...,d,) € R™ and
the process V = {Vi},. . is a sequence of independent
in identically distributed non-Gaussian random variables. In
what follows we propose to represent the probability density
for the process V' by a finite weighted Gaussian mixture
distribution of order m € N.

D. Reference Probability

Notation: Write ®(§) : R — R for the standard Gaussian
density

() =

1 12
exp(—35&°). 1.9
7oz (=3¢ (1.9)
We define a new probability measure P' on the measurable
space (£2, F), such that, under PT

1) The dynamics for X remain unchanged.

2) The process y, is independently and identically dis-
tributed and is Gaussian with zero mean and unity
variance.

With the measure P now defined, we construct a real world
probability measure P, such that under P, the following two
conditions hold.

1) The dynamics for X remain unchanged.
2) The random variables

A Uk —{(Xk.g)

v, 2 d) (1.10)
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form a sequence of independently and identically dis-
tributed non-Gaussian random variables whose density
function is the mixture density give at (1.4).

DEFINITION 2 For k=1,2,...,

ve S () e

(1.11)

Xo = 1. (1.12)

k
Aok 2 H A,
=0

We introduce the filtrations {Vox} = Uo<e<ie, {Fi} =
Uo<e<kFe and {Gr} = Uo<e<kGe, where

A

yO.,k :U{y()ayl?"'ayk}v (113)
A

Fox = 0{Xo, X1,..., Xn} (1.14)
A

Gok = 0{ X0, X1, s X0 Y0 Yo - - Yk }- (1.15)

The ‘real world’ probability P, is defined in terms of the
probability measure PT, by setting
dP
dpPt

A

2 No (1.16)
Go,k

E. Bayes Rule

DEFINITION 3 Recalling the definitions of G and Y above,
we suppose that v is any integrable G-adapted process. Then,
the abstract form of Bayes rule states

E Aok | Yor]
Et[Aok | Yo

Ev | Yox]| = (1.17)

REMARK 1 In practice the denominator on the right hand
side of equation (1.17) is never “directly calculated”. This
term is in effect a normalising constant and is readily deter-
mined as a basic function of the numerator. For example, if
X is a Markov chain with dynamics (1.3), then we note that

(E[AosXk | Vo], 1) =
(E"[Ao (X, 1) | Vo]
Here 1 = (1,1,...,1) € R™.

=E"[Aoy | You]. (1.18)

II. FILTERING

In filtering we are interested to estimate conditional prob-
abilities, at time k, for each of the events X; = e;, given
the information record ) .

Write

ar £ BT [Aos Xy | Vo] € RY. 2.19)

THEOREM 2 (FILTER) The recursion for the information
state q, has the form:

(2.20)

[J_ﬁ;B J g
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Here ‘ N
Bl = _diag n{y,?’”} e R (2.21)
and
i) _ ) gl Uge)tm)) /o
Yk {Uj<ei,d> ( Uj<d,ei> (k) ¢
(2.22)

REMARK 2 In practice the recursion at equation (2.20) is
implemented, however, one is essentially interested in the
corresponding normalised probabilities of the form,

p(Xp=¢e | Vo)

= E(l{w\Xk(w):ei} | yO,k) =

Proof of Theorem 2.
A
ak = ET[Aox Xk | Vo]

n

= E]L [AO,k—l)\k Z<—Xk7 ei>ei | yO,k]

i=1

= ZET [Ao k-1 26 ( Xk, €:) | Vor]es

Y E [AOM{Z D

j=1

~

gk, ei)  (2.23)

(1)

@(yk —((IE?X)?Z; Nj))/q)(yk)}<Xk,ei> | yo_’k}ei
i Ei{fwa d>‘b<yk —pet M) / <I><ym}

Et |:A0,k—1<Xka e)| yo,k]ei

_ ZZ%(;J)ET [Ao,k1<AXk1 + Ly, ei) | yo,k} €;

(2.24)
O

III. SMOOTHING

In our context, the term smoothing refers to computing a
conditional-mean estimate of the quantity Xy, (or a MAP es-
timate), given the information record )y, 7, here the discrete-
time index can vary in the interval [0, T, thatis, 0 < k < T.

ThCo02.2

Our approach to construct a general smoother Theorem, is
to compute dynamics for the backwards, or dual process
corresponding to the estimated unnormalised probability q. It
is this backwards process that will introduce the information
Vi T into the formulation of a smoothed estimate.

Appealing to the form of Bayes’ Theorem given at 1.17,
we note that for any k € {1,2,...,T}

ET[Aor Xk | Yo,r]
Et[Aor | Vo]

E[Xi | Yor] = (3.25)

Again we restrict our attention to the numerator of equation
(3.25) and note from the property of repeated conditioning
that

ET[Aor Xk | Yor] =
Ef [Ao,k X Et [Aws1,r | Yor V For]Vor]. (3.26)

It is critical here that we are able to factorise our Radon-
Nikodym derivatives, that is

T

Apy1,7 = H Ao = M1 Apqa .
=kl

(3.27)

Further, since the state process X is first-order Markov, then

X

ET[Aws1,r | Yor V For] = BV [Apgar | Yoo V o{Xi}].

(3.28)
We define a vector-valued process v € R™, where
A !/
VT = <<Uk,T,€1>, ceey <'Uk,Tven>> . (3.29)
Here
A
(ver,€i) = E[Apgir | Yoo V{IXe =e}].  (3.30)

THEOREM 3 The process v, for k € {0, 1,2,....,T — 1},
satisfies the backward recursion

Vg, T = AT {Z BiJrl} Vk41,T- (3.31)
Jj=1

Here AT denotes the matrix transpose of A and vrr =
(1,1,...,1).
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Proof of Theorem 3
(vk,r,€i) = El {Ak+2,T/\k+1 | Yor V{X, = ei}}

Ak+2,T{Z 7@_ Xrin d) X

J=1

(e pngn) foun)

R

= gt

:ZH:ET .

=1 j=1

Yk+1 — (<Xk+1’g> + IUJ])
(I)< Qj<Xk+1,d> )/q)(ylwd)}
‘yO,T VA{Xy = ei}]

Z Z ”Y;(ﬁjl)ET { X1, e0)x

(=1 j=

EM[Apror | Yor V{Xk =€} V{Xpy1 = 62}}

—

Yo VA{Xi = 61‘}}

[
NIE
_MS

(“)ET [<Xk+17 ee)(vrr1,r,ee) |

~
Il

19=1

Yo VA{Xk = 61'}}

m
ae,i) Z 71(5;"71) (Vks17,€r)
1 j=1

AT[Y Bl o e,

j=1

M=

~
Il

I
/\

(3.32)

THEOREM 4 (SMOOTHER) The normalised smoothed esti-
mate for the event {w | Xj(w) = e;}, given the information
record Yo T, is computed by the quotient

<Qk7 ei><Uk,T7 €i>
Z?:K% e£><vk,T7 6e>.

p( Xk =e€; | Yor) = (3.33)

Proof of Theorem 4.
To establish to right hand side of equation (3.33), we need
only consider the numerator, that is

(Xkt1, 62>Ak+2,T{Z #11@ X
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(ET[Aor Xk | Vo] e:)

= <ET [AokAri1,7 Xk | Yor|, e
= <EJf {Ao_rkET [Ak+1,TXk |

Yoo V{Xr=ei}]| yO,T} ; 6i>
= <ET {Ao,kaEJr [Ars1,r | Yo V{Xe =ei}] |

Yo T} €‘>

ET[AoxXi(ver, ) | Yor]. e
ET[Ao Xk | Yor], ei){vir. e
ET[AouXk | Yo, ei) vk e:)
Ak ><Uk,Taei>-

={
={
=
={

(3.34)

IV. M-ARY DETECTION

The term M -ary detection is used in Electrical Engineer-
ing to describe sequential hypothesis testing for more than
2 candidate model hypotheses. Here we are interested in
model-parameter hypotheses. In effect our formulation is
something like a finite version of the EM algorithm, that is,
rather than considering an uncountable collection of model
parameter sets in the space of all admissible models, we
consider a finite collection in this space. For example, write

HI 2 {4 g™ dh Y,

Here we suppose the Gaussian mixture model for the noise
process V' is known. Further, it is assumed that any reali-
sation of an observation process y is generated by a fixed
model parameter set. What we would like to do is estimate
the probabilities p(H7 | Vo). It will be shown that this
problem separates into a pure filtering component and a pure
estimation component. In the context of M -ary detection this
is known as the Separation Theorem [10].

To compute our M -ary detection schemes we use a vector
valued simple random variable that can assume one of M
possible states corresponding to each of the M candidate
model hypotheses. To this end we suppose « is a vector-
valued simple random variable in RM and has a state space

A:{flana"'an}:
{(1,0,...,0)',(0,1,0,...,0)’,...,(0,0,...,1)’}. (4.36)
Here, the statistical meaning of the state of o, is, a =

fj < H = H;. What we are interested to compute, are
the estimated un-normalised probabilities

q,g 2 gt [Ao k(e £;) | Vor]-

To avoid confusion between the scalar-valued probabilities
defined by equation (4.37) and the vector-valued information
state defined by equation (2.19), we write

j=1,2,....,M. (435)

4.37)

et A
=2 (b, a3 ...q). (4.38)
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Here "Det” abbreviates M-ary detection probability.

THEOREM 5 (M -ARY DETECTION FILTER) The M-ary de-
tection filter for the model hypothesis H; is computed by the
recursion

(g,

‘D(y’“‘ﬁfii;?d;%f ‘”’)/ o)

AHiglli e
R )

(AHig7 ), 1)

The corresponding normalised detector probability is com-
puted by normalising over all candidate model-hypotheses,

that is
<q£ez‘7 Z>

(ap 1)

(4.39)

p(H=H;|Yox) = (4.40)

REMARK 3 Theorem 5 provides a scheme to identify the
most likely model hypothesis explaining a given observation.
It should be noted that the most likely model hypothesis need
not correspond to the true model, it will simply identify
the most likely model from the collection of candidate
hypotheses.

V. EXAMPLE

In this section we consider a scenario where a two-state
Markov chain is observed in non-Gaussian noise taken to
be a uniform distribution. The particular observation noise
model we consider is uniform noise on [—2,2]. Following
the example in [3], we construct a Gaussian mixture approx-
imation to the uniform density by minimising the L' norm.
We take M = 20 and set all densities to equal weight, so that
a; = 1/20 for all j. Further, all the means p; are regularly
spaced A apart on [—2, 2], starting from —2+(2—(—2)/21).
This spacing ensures matching the first moment exactly, that
is

M
1(=2+42) = (1/20) Z —24jA) =0. (5.41)
j=1

We assume that the standard deviations for each of the 20
densities are the same, so the optimisation, (curve fitting),
problem we wish to solve is

: 1
min 2159
06R+/R|4 [-2,2]

We note that since the uniform density has compact support
and that W(?%)(¢; @) is a valid probability density function,
the integration domain of this optimisation problem can be

54 — w0 (g 0)|de. (5.42)

ThC02.2
reduced to a compact set, that is
min [ 1315 - 06 ©)lds. -
oceRy R
1 i 9 o — 0@ @) -
+ GIIEH]& /[_272]{‘4 [—2,2] (57 )‘
w0 (¢ 6)}d§. (5.43)

Using numerical quadrature to estimate the right member of
5.43 we obtain & =~ 0.0901.

The parameter values for the state process and observation
process dynamics were as follows

a 07 03
A= {0.2 0.8] (544
and
g2 (-1,13), d2(1,1). (5.45)

The computer simulation results for our simulation scenario
are shown below in Figures 1 and 2.

Markov Chain
2 T T
1H 4
oH 4
-1
2

L L
0 50 100 150

discrete-time index
Estimate for P(X,= -1 | Observation)

‘ ‘

L L
0 50 100 150

discrete-time index
Estimate for P(X,= 1.3 | Observation)

: :
i ]
USW%M
of

L L
0 50 100 150

Fig. 1. In this set of three subplots we show the partially observed Markov
chain, (2-state), and the estimated (filter) probabilities corresponding to each
state.

Markov Chain
n — — T
—1H [ Uy L
0 50 100 150

discrete-time index
Estimated Markov Chain (Filter)

I

discrete-time index
Estimator Error

. .
0 50 100 150
discrete-time index

Fig. 2. Here we show a typical realisation of a MAP estimated state process
and its corresponding finite state error process.
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VI. CONCLUSION

In this article state estimation schemes for HMMs in non-
Gaussian noise scenarios were developed. The techniques
used to compute these schemes was the method of reference
probability.

The motivation for this work was driven by the need to
extend HMM estimation schemes beyond the usual Gaussian
noise assumption. Moreover, our aim was to effectively
consider all practical noise models by appealing to the effi-
cacy of Gaussian mixture approximations of densities. The
schemes we developed were: a recursive filter, its associated
N-step ahead predictor, a general smoothing Theorem, and
an M -ary Detection scheme. Our formulations are also in a
form amenable to the usual and important analysis, such as
stability analysis etc.
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