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Abstract— PID control schemes based on classical control the-
ory, have been widely applied to real control systems. There
have been lots of works on tuning PID parameters, since the
control performance strongly depends on these parameters.
Several self-tuning and auto-tuning PID techniques have been
reported for systems with unknown or slowly time-varing pa-
rameters. None, however, is applicable to discrete-time system
with an unknown dead time. In this paper, a self-tuning PID
control algorithm is proposed based on the relationship between
the PID control law and the generalized minimum variance con-
trol law which is one of self-tuning control strategies. The pro-
posed control scheme is practically evaluated on a temperature
control system of a polybutene reactor.

I. INTRODUCTION

Self-tuning control(STC) schemes[1]-[3] have been de-
veloped for systems with unknown or slowly time-varying
parameters. Furthermore, the rapid progress in digital com-
puter technology has enabled simulation of complex and
large-scale systems. Many control techniques have been pro-
posed to improve the performance of dis-crete-time control
systems. However, since these techniques are complex, it is
difficult to apply them to plants and obtain control parame-
ters. On the other hand, PID[4]-[7] control algorithms still
continue to be widely used for most industrial control sys-
tems, particularly in the chemical process industry. The rea-
son is mainly because PID controllers have simple control
structures, and are simple to maintain and tune. Therefore,
it is still attractive to design control systems with PID con-
trol structures. Furthermore, one may not be able to get good
control performance in the case of time-varying processes.
Several techniques for auto-tuning[8]-[11] and self-tuning
PID control[12]-[14] have been proposed. To the best of our
knowledge, however, no self-tuning PID control scheme has
been considered for unknown time-delay systems.

The main motivation in this paper is to present a design
scheme of self-tuning PID controllers, and consider the im-
plementation of the proposed control scheme for a temper-
ature control system of a polybutene reactor. In the poly-
butene reactor, to maintain product quality and the stability,
it is important to control temperature. This process is diffi-
cult however, because the dynamics of the system varies with
catalyst activity, product grade and reactor rate. To date, var-
ious PID control schemes have been adopted, the parameters
of which have been determined by trial and error. Moreover,
the parameters were not necessarily suitable, and fairly con-
servative values were used to ensure the safety of the reactor.
Therefore, a self-tuning PID control scheme is needed.

This paper is organized as follows. The structure of a
transfer function model to be considered in the estimation
and design of control system is first considered. Further-
more, based on the relationship between PID control and the
generalized minimum variance control(GMVC)[15] laws, a
design scheme of self-tuning PID controllers is proposed.
Finally, an implementation of the proposed control scheme
for a temperature control system of a polybutene reactor is
considered, and the effectiveness is practically evaluated by
applying it to the polybutene process.

II. SELF-TUNING PID CONTROLLER

A. Mathematical model

Let z−1 be the backward shift operator, and consider the
following discrete-time SISO model:

A(z−1)y(t) = z−kmB(z−1)u(t− 1) (1)

where

A(z−1) = 1 + a1z
−1 + a2z

−2

B(z−1) = b0 + b1z
−1 + · · · + bmz−m,

}
(2)

and u(t) and y(t) are the input and the output signals, respec-
tively. Furthermore, km is the minimum value of the esti-
mated time-delay. If the true time-delay, k, is known exactly
in advance, it is better to set as km = k. On the other hand,
where the information about the time-delay is not available,
then km is set to 1. For the system (1), suppose the following
assumptions:

[Assumption]
[A.1] The degree of B(z−1), m is known.
[A.2] Parameters, ai and bi are unknown.
[A.3] The time-delay k may be unknown, but the follow-

ing relation is satisfied;

km ≤ k ≤ km + m (3)

[A.4] Reference input w(t) consists of piecewise constant
signals.

B. PID controller design

Next, the following digital PID control law to be consid-
ered in this paper is described as:

∆u(t) = kc[{e(t) − e(t− 1)} +
Ts

Ti
e(t)

+
Td

Ts
{e(t) − 2e(t− 1) + e(t− 2)}],

(4)



where e(t) denotes the control error signal given by

e(t) := w(t) − y(t) (5)

and kc, Ti and Td are the proportional gain, the reset time and
the derivative time, respectively. Furthermore, Ts denotes the
sampling interval. For convenience, let C(z−1) be

C(z−1) := kc(1 +
Ts

Ti
+

Td

Ts
)

−kc(1 +
2Td

Ts
)z−1 +

kcTd

Ts
z−2

= c0 + c1z
−1 + c2z

−2

(6)

then, (4) can be rewritten by

C(z−1)y(t) + ∆u(t) − C(z−1)w(t) = 0. (7)

The tuning of the control parameters in PID control laws (4)
or (7), is important, since the performance of the control sys-
tem strongly depends on them. For systems with unknown
parameters and unknown time-delays, however, it is difficult
to find the ’optimal’ PID gains easily. Therefore, a self-
tuning PID control algorithm based on the relationship be-
tween PID control and generalized minimum variance con-
trol(GMVC) laws, is derived below.

C. PID tuning

Consider the following cost function to derive a GMVC
law:

J = {P (z−1)y(t + km + 1) + λ∆u(t)
−R(z−1)w(t)}2 (8)

where λ included in (8) is the weighting factor with respect
to the control input, P (z−1) is the user-specified polynomial
of the form:

P (z−1) = 1 + p1z
−1 + p2z

−2. (9)

and R(z−1) is determined based on the relationship between
PID control and GMVC laws. ∆ denotes the differential op-
erator, i.e., ∆ := 1 − z−1.

The control input minimizing the cost function (8) is given
by the following equation[15]:

F (z−1)y(t) + {E(z−1)B(z−1) + λ}∆u(t)
−R(z−1)w(t) = 0,

(10)

where E(z−1) and F (z−1) are obtained by solving the fol-
lowing Diophantine equation:

P (z−1) = ∆A(z−1)E(z−1) + z−(km+1)F (z−1) (11)

E(z−1) = 1 + e1z
−1 + · · · + ekmz−km

F (z−1) = f0 + f1z
−1 + f2z

−2.

}
(12)

Next, based on the relationship between PID control and
GMVC laws, a tuning method of PID parameters is derived.
Usually the dynamics of the system to be controlled, for
example, the time-delays or the time constants, are rarely
known precisely in advance. In particular, knowledge of the
delay is important. Here, the strategy is adopted, that km

is under estimated i.e., initially use the upperbound estimate
of the delay, or assume that the order of B(z−1) is large

enough, in order to cope with the above problem. There-
fore, the estimates km and B(z−1), i.e., the second term in
(10), E(z−1)B(z−1), includes some uncertainties. In order
to obtain a control law with a PID structure, consider the
following control law replaced E(z−1)B(z−1) by the static
gain E(1)B(1):

F (z−1)y(t) + {E(1)B(1) + λ}∆u(t)
−R(z−1)w(t) = 0.

(13)

Here, ν is defined as
ν := E(1)B(1) + λ (14)

then, (13) can be rewritten by

F (z−1)
ν

y(t) + ∆u(t) − R(z−1)
ν

w(t) = 0. (15)

Furthermore, if the following relations are satisfied:

R(z−1) = F (z−1)

C(z−1) =
F (z−1)

ν


 (16)

then (15) becomes identical to (7). Therefore, based on (6)
and (16), PID parameters can be calculated as follows:

kc = −1
ν

(f1 + 2f2)

Ti = − f1 + 2f2

f0 + f1 + f2
Ts

Td = − f2

f1 + 2f2
Ts




(17)

Note that the parameter λ is related to only kc. In other
words, TI and TD are independent of λ. Thus, the proposed
scheme has a feature such that after selecting P (z−1) in (8)
or (9), λ can be determined or chosen independently by con-
sidering the stability of the control system based on a priori
information. For example, the Bode diagram can be utilized
to determine λ. Such a design method for selecting λ is dis-
cussed in the latter section.

The design method of P (z−1) is discussed below.
P (z−1) is designed based on the following two features
which allow one to select the response shape, overshoot, set-
tling time, etc.

1) the rise time
2) the damping property.
The reference [16] has presented a practical method to

design the reference model based on the above features in
the continuous-time systems. By transforming these features
into the discrete-time, the following coefficients can be ob-
tained:

p1 = −2e−
ρ
2µ cos(

√
4µ− 1
2µ

ρ) (18)

p2 = e−
ρ
µ (19)

where ρ and µ are defined by

ρ := Ts/σ (20)

µ := 0.25(1 − δ) + 0.51δ (21)



and σ and µ denote the rise-time and the damping index, re-
spectively. Here, the binomial model response can be ob-
tained for δ = 0, and the Butterworth model response for
δ = 1.0. Although the response shape can be chosen to one’s
liking by changing the parameter δ, δ should be set to be-
tween 0.0 and 2.0 practically. On the other hand, σi corre-
sponding to the rise time, can be set to between 1/3 and 1/2
of the time constant depending on the practical needs.

D. Self-tuning PID controller

Based on the control scheme discussed above, a self-
tuning PID controller is designed in this section.

First, unknown parameters included in (1) are estimated
by using the following least squares(RLS) algorithm with a
dead zone [17]:

θ̂(t) = θ̂(t− 1) +
Γ(t− 1)ψ(t− 1)

1 + ψT (t− 1)Γ(t− 1)ψ(t− 1)
η(t) (22)

Γ(t) =
1
ω

[Γ(t− 1)

−Γ(t− 1)ψ(t− 1)ψT (t− 1)Γ(t− 1)
ω + ψT (t− 1)Γ(t− 1)ψ(t− 1)

]
(23)

ε(t) = yf(t) − θ̂T (t− 1)ψ(t− 1) (24)

η(t) =




ε(t) > d → η(t) = ε(t) − d

|ε(t)| ≤ d → η(t) = 0
ε(t) < −d → η(t) = ε(t) + d

(25)

where ω is a forgetting factor given by 0 < ω < ∞, and ε(t)
is a prediction error. Also, 2d(> 0) in (25) is the width of
the dead zone. θ̂(t) and ψ(t− 1) are the unknown parameter
and data vectors, respectively, i.e.,

θ̂(t) = [â1(t), â2(t), b̂0(t), b̂1(t), · · · , b̂m(t)]T (26)

ψ(t− 1) = [−yf(t− 1),−yf(t− 2),
uf(t− km − 1), · · · , uf(t− km −m− 1)]T (27)

In (25) and (27), the subscript ’f’ denotes the filtered values
of the inputs and outputs, and they are given by

yf (t) := Wf (z−1)y(t)
uf (t) := Wf (z−1)u(t).

}
(28)

Wf (z−1) is designed as the low-pass filter or the band-pass
filter. The filters are usually used for the purpose of improv-
ing reliability of the parameter estimation in real systems.

Next, by solving the Diophantine equation (11) based on
estimates included in θ̂(t), and calculating (14) and (17), PID
parameters can be obtained.

The proposed self-tuning PID control algorithm is then
realized via the following steps.
[Self-Tuning PID control algorithm]

1. Choose P (z−1) and λ.
2. Design the estimator filter D(z−1).
3. Estimate θ̂(t) by using the RLS algorithm in (22)-(28).
4. Solve the Diophantine equation (11).
5. Calculate PID parameters based on (14) and (17).
6. Calculate the control input u(t) based on (4).
7. Update t and return to 3.

Fig. 1. Schematic diagram of the polybutene reactor.

III. IMPLEMENTATION

In this section, the proposed self-tuning controller is prac-
tically evaluated on the temperature control system of a poly-
butene reactor.

A. Outline of the polybutene process

In a polybutene plant, the object system products of C4

distillation (butene, isobutene and so on) are polymerized by
injection of a catalyst. Since the thermal polymerization re-
action is exothermic, the temperature in the reactor must be
strictly controlled. However, since a change in the operat-
ing conditions or catalyst activity disturbs the temperature
control, the constant human intervention and monitoring are
required currently.

A schematic diagram of the polybutene reactor is shown
in Fig.1.

The action of the reactor can be summarized as follows:

i) The products of C4 distillation (butene, iso-butene and
so on) are supplied into the reactor.

ii) A catalyst is injected and the products are polymerized
at a specified temperature.

iii) The products are vaporized or condensed with a
coolant.

iv) Temperature changes in the reactor due to a change in
the operating conditions, a change in catalyst activity,
the heat of the exothermic reaction and so on, are con-
trolled by the coolant flow rate.

v) The mixed fluids, some of which are polymerized, are
sent for further processing.

The reactor with respect to the temperature control is
modeled by considering iv).

B. Modeling

Suppose the following conditions:

[1] The equilibrium between the gas and the liquid phase
is maintained.

[2] Changes in exothermic heat owing to changes of tem-
perature in the reactor are neglected, since the activation
energy for the reaction rate is small.



Fig. 2. Block diagram of the temperature control system of a poly-
butene reactor using the self-tuning PID control scheme.

[3] The inside of the reactor is in a state of boiling owing
to the reaction heat, and is stirred.

[4] The flow of coolant involves two phases.
[5] The heat capacity of the steal parts of the reactor and

the heat exchanger for cooling is neglected.
First, the experience equation with respect to the dynam-

ics of the heat exchanger is as follows:

Gp1(s) =
Tc(s)
Fc(s)

=
kex

(1 + τ1s)
e−τ1s. (29)

The notation is summarized as follows:
Tc : the temperature conducted at the heat exchanger [K]
Fc : the flow of the coolant [kmol/s]
kex : the temperature gain outside of the heat exchanger

to the change of the coolant flow
τ1 : the time lag by holding up the temperature inside of

the heat exchanger [s]
Next, from the pressure balance in the reactor and the heat

balance owing to the heat exchanger, it is found that the tem-
perature Tr in the reactor is expressed as the first order ele-
ment to the temperature Tc of the heat exchanger.

Gp2(s) =
Tr(s)
Tc(s)

=
kr

1 + τ2s
(30)

Tr : the temperature in the reactor [K]
kr : the overall heat transfer gain
τ2 : the time lag by conducting heat at the heat exchanger

[s]
Therefore, the total dynamics Gp(s) of the polybutene re-

actor with respect to the temperature can be expressed as fol-
lows.

Gp(s) = Gp1(s)Gp2(s)

=
kexkr

(1 + τ1s)(1 + τ2s)
e−τ1s (31)

Note that the flow of the coolant, Fc, and the temperature
in the reactor Tr, correspond to the input u(t) and the output
y(t) in (1), respectively.

C. Control strategy

The self-tuning PID control scheme has been applied to
the temperature control system of the polybutene reactor.
The control scheme is shown in Fig.2.

In Fig.2, the solid lines represent the signals which are
transferred at each sampling time Ts = 1[min], and the bro-
ken lines the signals transferred at each STC period Tsc =
60[min]. Furthermore, the part enclosed by the dotted-
broken lines is the STC scheme. The following strategy is
employed in adopting the STC scheme as shown in Fig.2.

[1] Though the data-sampling period for the system iden-
tification is the same as for the sampling time Ts, the
STC period Tsc during which the PID parameters are
changed is set to sixty times Ts for safety. And the
system identification and PID parameter calculation are
carried out by using the last 250 sampled data at each
Tsc.

[2] The following band-path filter D(z−1) is employed
for the input and output sampled data of the plant in
order to smooth the observation noise, and to remove
the trend owing to the change of the catalyst activity.

D(z−1) = (
1 − α

2
1 + z−1

1 − αz−1
)(

1 + β

2
1 − z−1

1 − βz−1
) (32)

Here, α and β are respectively set to 0.05 and 0.95 from
the roughly estimated time constant of the system.

D. P (z−1) and λ

¿From historical data of the polybutene process, the time
constant of the process is calculated as T = 566[sec].
Based on the time constant, the rise-time is determined as
σ = 250[sec], and δ = 0.0 in this case. ¿From (18)-(21),
P (z−1) is designed as:

P (z−1) = 1 − 1.238z−1 + 0.383z−2. (33)
Next, a scheme how to set suitable λ is considered. As

mentioned in section 2.3, λ is related only to the proportional
gain kc. To ensure stability, one can adjust λ by using a sim-
ple Bode analysis based on a priori or approximate knowl-
edge of the process. In the Bode diagram, only the gain curve
is affected by λ and the phase curve is invariant to λ. Assum-
ing the following equation as the true system, which has been
obtained from historical data:

y(t) = 1.575y(t− 1) − 0.654y(t− 2)
+0.023u(t− 2) − 0.019u(t− 3),

(34)

the Bode diagram of the control system is shown in Fig.3,
which is constructed by using (34) and the PID controllers
whose PID parameters are calculated by (11), (14) and (17).
In Fig.3, λ is changed from 0.0 to 0.5 in increments 0.1.

¿From Fig.3, λ is set to 0.1 to obtain a gain margin of
approximately 10[dB].

E. Control results

The newly proposed self-tuning PID control scheme has
been applied to the temperature control system of the poly-
butene reactor. The control results are shown in Fig.4. In
the system description (1), km and m were respectively set
to 0 and 3. Furthermore, ω = 0.99(the forgetting factor) and
2d = 0.1(the dead zone width) in the parameter estimation.
The results of the estimator to compute PID parameters are
shown in Fig.5.



Fig. 3. Bode diagram of the temperature control system of the
polybutene reactor to indicate the effect of λ.

Fig. 4. Control results where the operator tuning parameters were
used in the interval 0 ≤ t < 1100 and the self-tuning PID
parameters were used in the interval t ≥ 1100.

IV. CONCLUSIONS

In this paper, a self-tuning PID control scheme has been
proposed based on the relationship between the PID control
and the GMVC laws. Also, a method for designing the pa-
rameter λ and the polynomial P (z−1) included in the cost
function of the GMVC law has been discussed, which are
selected based on some a priori information about the pro-
cess. Finally, the effectiveness of the newly proposed control
scheme has been shown by practical evaluation on a temper-
ature control system of a polybutene reactor. Especially, the
control results illustrate that the proposed scheme is applica-
ble to a real plant whose dynamics varies with the catalyst
activity and the change of product grade. Transition control
in the change of product grade is currently under investiga-
tion.

Fig. 5. PID parameters trajectories corresponding Fig.4.
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