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Abstract

In this paper we propose a newer kind of robust model predictive controller
(MPC), namely, Nash game approach based mixed Hs/H~, model predictive control.
Two quadratic objective functions are considered, viz. one for Hs problem and
another for Hso problem. The resulting open-loop control problem reduces to solving
a pair of coupled non-symmetric algebraic Riccati equations. The pair of coupled
Riccati equations are solved, by finding the invariant subspace spanning eigenvectors
of a specially constructed matrix. The novel control algorithm is demonstrated using
numerical example for non-minimum unstable system.

1 Introduction

Robust model predictive control (MPC) is one of the very demanding area of research in
recent years (Cuzzola et al., 2002; Lofberg. J, 2003; Ramirez et al., 2006; Zhao et al.,
2000). Even if there are good models available both for the plant and the disturbances
affecting the plant, any unmodelled phenomenon and/or some unknown disturbances
causing discrepancies in the system’s performance could be taken care by the available
feedback in MPC design. However the open-loop controller is not actually meant for that.
Eventually, the controller should be robustly designed enough to meet such discrepancies
which affects both stability and performance of the process. H., robust MPC is a well
known such kind of controller and its analogy to game theoretic strategy is also well
documented in the literature (Bagar and Olsder, 1995; Rao, 2000). Moreover, to benefit
from the advantage of combining Hy and H., a newer hybrid robust controller called
mixed Hs/H controller was developed in early 90’s (Kaminer et al., 1993; Limebeer et
al., 1994). However, this type of robust controller has not be much investigated in the
MPC regime, except recently by Orukpe et al. (2007). In this present work, the mixed
Hs/Ho model predictive control problem is approached from a different perspective, i.e.,
using Nash game approach is proposed. Here, the existence of an optimal saddle point
solution is claimed as the solution of the optimal control problem. The coupled non-
symmetric algebraic Riccati equation resulting from such problem is solved in a systematic
manner, with the construction of a special matrix, as shown in Freiling et al (1999). The
efficacy of the present controller is compared against that of Orukpe et al. (2007) for
non-minimum phase unstable processes, which are of much interest in process industries.



The paper has been organized in the following manner. Section 2 gives the systematic
formulation of the problem. The existence of the optimal saddle point solution is shown
in section 3. The procedure of solving the resulting coupled algebraic Riccati equations
is shown in section 4. In section 5 the efficiency of the proposed method is showed using
numerical example. Finally, in section 6 the conclusions are given.

2 Problem Formulation

Consider the discrete-time linear system affected with process disturbance:

Tpr1 = Axp+ Buug + Bowg, (0) = xg (1)
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ke Duk
where, 7, = [z}, 2%, -+, 2%]T € R" is the system state, uy = [uj,u?, -+ ,u"]T € R™ is

the control input; wy, € L0, is the unknown but bounded disturbance. Also, A, B,
and B, are matrices of appropriate dimensions. Also consider Q = CTC and R := D' D.

The Hs and Hsy control performance are given by equations (2) and (3), respectively,

as
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where 72 is the upper bound of the worst case performance (or the attenuation factor for
the disturbance).
The Hamiltonian function (Hjy) of Hs problem is given as,

Hy = Jo(uk,wr) + Dpyy [(Azy + Butg + Bowy) — Tps] (4)
1
= 5 (IZQIk + U%Ruk) + ﬁ£+1 [(Axk + B,ui + wak) — $k+1] (5)

where pj, is the Lagrange multiplier. To minimize the function Hs, we need to partially
differentiate H, w.r.t. its components, say, x; and u; and setting them to zero.

OH
o = 0 Quet ATh — e =0 (6)
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From equations (6) and (7) we have

Pk = Qe+ A"Drn (8)
u, = —R'Blp 9)



Assume that py can be given in the form,
pr = Pl (10)

where Pl is an n x n real symmetric positive definite (Lyapunov) matrix. Using equation
(10) into equation (9) gives
u, = —R'BIPL 24 (11)

Now, the H, problem’s Hamiltonian function (H,) is given as,

HOO = J00<uk7wk) +ﬁ£—i—1 [(Axk + Buuk + wak> - mk+1] (12)
1
= 5 (x%@l’k — ’yzwkka) —|—ﬁ£+1 [(A.Tk -+ Buuk -+ wak> — Jik+1] (13)

where piy1 is again the Lagrange multiplier. Partially differentiating the Hamiltonian
function (H,) w.r.t. its components, say, x; and wy and equating them to zero,

OH

5 = 0: Qup+ AP — D=0 (14)
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B = 0: —Ywr+BIp=0 (15)
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From the equations (14) and (15) we have,

= Qup+ AP (16)
wp = v Blpr (17)

Again considering a similar assumption as in equation (10),
pr = Plxy, (18)
Using equation (18) in (15) we get,
wi =7 By Pt (19)
Now, from equations (11) and (19) we could write the closed-loop system equation as
tyi1 = I+ B,R'B. P, — By ?BI Pl Ay := Oy (20)

where @ is the closed-loop state transition matrix. By substituting equations (18) and (20)
in (16), the discrete algebraic Riccati equation (Ho-DARE) obtained from H,, problem
is,

Play = Qu+A"PH[I+B,R'BlPl., — B,y *BIPl'| 7! Ay, (21)

Similarly, the discrete algebraic Riccati equation (Ho-DARE) obtained from Hs problem,
by substituting equations (10) and (20) in (8),

Plzy = Quy + ATPL [l + B,R'BL Pl — B,y *BI P Az, (22)



3 Minimal values of the H; and H.,, cost functions

In this section the minimal values of the cost functions are given. Let us rewrite the
closed-loop system equation with the feedback gain matrices for the system given in (1)
as;

which could be otherwise given as,

Tpr1 = Aorr + Buug (24)
Trp1 = Ay + Bowy (25)

where, A, := A — B, K, and A, := A — B,K,. Assume that there exists an optimal
feedback gain matrix K, from solving a H,, cost function and K, from solving a Hsy cost
function.

Before finding the minimal value of the function, let us rewrite some of our earlier
expressions in a form that suits with our new format of the closed loop equation as shown
in equations (24) and (25). The H, problem’s Hamiltonian function (Hs) is rewritten as,

Hy = Jg(uk,wk) +15£+1 [(Awl’k + Buuk) — ZL’;H_J (26)

which eventually yields,

0H =
Ty

Therefore, the equation (24) from using equations (11) and (10),

Le+1 = wak — BHBEPkIJrlIk_H
[+ B,BlPL] i1 = Auy (28)

Likewise, the H., problem’s Hamiltonian function (H.,) is also rewritten as,

H, = Joo(uk, wk) +5f+1 [(Au% + wak) - $k+1} (29)
which yields,
8Hoo = Al =
5 =0: pp=Qz,+ Agkarl (30)
Tk

The equation (25) from using equations (19) and (18),

Tpa1 = Aufﬁk + 772BUJBZ—‘P];:[+1:C]€+1
[I —~v7*B,BI Pl ] zk = Ay (31)



3.1 Minimal value of the H, cost function

To find the minimum value of the Hy control performance, premultiply both sides of the
equation (27) by z} and using (10), we get,

o Pl = 4l Que + 4L ATFl, )
Substituting equation (28) into the previous equation, we get,
w3, Qy, =y Py, — xf+1pl§+1xk+1 - x;}FHPkIHBuBngIkaH (33)

From equation (11), we have

T pl
up = —B, PiyTkn
T _ T pI T pl
_ T pl T pl
= e B BubBy Py T (34)

By adding equations (33) and (34), we have
L Qu + il =l Pl — al Pl 5

By substitution of this equation into the equation of Js(u,w) gives,

* * 1 -
Jo(u,w*) = 3 ngplka — i1 Pl
k=0
1
= ExOTPOIJ:O (36)

Equation (36) is due to the cancelation of the terms when the summation is expanded
over the time horizon k£ = [0,00) and also using limy_ ..z = 0. Note that the above
assertion starts and is extended to the control law formulation with the assumption that
there exists an optimal feedback gain matrix for the other (maximizing) player wj. So the
H, performance index given in equation (3) can be taken as Jy(u,w*). From the above
argument and the result shown in equation (36), it could be directly stated that,

Jo(u*,w*) < Jo(u, w”) (37)

3.2 Minimal value of the H,, cost function

The minimal value of the H, cost function is found out in the following. Premultiplying
equation (30) by zi and using (18) we get

xf Play = 2} Quy, + 2 AL P 24 (38)
Using equation (31) in the above equation, we get

T pll o T T —2pll T 17
vy Pxe = xpQuy "’%HU—V Pk+1Bwa]Pk+1$k+1

v, Qry, = xp Pl — ngrl[I - ’VQPkIJIrleBE]Pinlka (39)



From equation (19), we can have
Wi W = 7_4xg+1PﬁleBfPﬁlxk+1 (40)
Multiplying equation (40) by 72 and then subtracting it from equation (39) gives,
2, Quy, — Vwpwr = x Blag — a4 Pl aen (41)

Using the previous equation in the equation of J(u,w) i.e., the H,, cost function gives,

1 o0
Joo(u',w¥) = 2 Z Pl — xgﬂplﬁlxkﬂ
k=0
1
= §x0TP(fIa:0 (42)

Using the similar argument as given in section 3.1, rather, the other player being the
minimizing player, u;, with the assumption that there exist an optimal feedback gain
matrix () for the minimizing player, the Ho, cost function can be taken as Jo(u*,w).
Moreover, from the result of the equation (42), the following condition holds good;

Joo (U, w0") < Joo(u*,w) (43)

So the saddle point of the Nash game is ensured once the coupled algebraic Riccati
equations (AREs), given in equations (22) and (21), are solved for their solutions.

4 Solution of the coupled AREs

Solving the pair of coupled AREs to get the values of the Lyapunov function matrices,
P! and PY will fetch us the optimal (saddle point) solution of the Nash game approach
to robust control of the linear system (1). Freiling et al. (1999), has given the necessary
condition(s) that need to be satisfied, so as to get the solution of the AREs. From the
AREs in equations (22) and (21) and the closed loop system equation (20), the following
theorem can be stated.

1
Theorem 4.1 If S(P!, PI):=span | P! | c C*>*" is an invariant subspace of My,
PII
I
with det(I + Sy P! + Sy P # 0 then ( }];)H ) is the solution of the AREs, such that
x x
p | (k+1)=My,| p | (k), where, S1:= B,R™'BL | S2:= B,y 2B and
p p
Al ATLS, A71S,
My, = | QA=Y AT +QA-'S,  QA-'S,

QA1 QA1S, AT +QA'S,



Corollary 4.1 If span(vy,---,v,) is an invariant subspace such that detX # 0 for
X 1 -1
Y] = (v1,--+,v,), then PH = YIX,l is the solution of the AREs,
v P Yo X
2

Zf det([ + Slpl + SQPII) 7é 0

Using the above theorem and the immediate corollary, the coupled algebraic Riccati
equations resulting from the open-loop Nash games can be solved, enabling us to obtain
the mixed Hy/Ho MPC using Nash game approach.

Remark 4.1 In the present study, we have Q1 = Qs := Q.

Remark 4.2 The solution of the coupled AREs could exist if and only if the system’s
states are completely controllable and observable. The interested readers are refereed to
Freiling et al. (1999) for further details.

The invariant subspace spanning eigenvectors of My, are the required solution of
the coupled Riccati equations (22) and (22) as per Corollary 4.1, such that the closed
loop eigenvalues lies within the unit circle (i.e., eig(A + B,K,) < 1, where K, :=
—R'BIPl, &,z from equation (11) and (20)).

5 Numerical Example

The performance of both the control algorithms is checked for a non-minimum phase
unstable system. The discrete time state-space model of such a system with sampling
time, 7" = 0.1 is taken

[ 23150 —1.3500

A= 1.0000  0.0000

} Bu:{ﬂ Bw:“} C =[0.1133 —0.1191]

The system is subjected to a constant disturbance, w = 0.1. The poles and zero of the
system are 1.1575+0.1010¢ and 1.0512, respectively. With 42 = 100 and zo = [1 0]%, the
performance of Nash game approach is compared against Orukpe et al.’s algorithm and
the results are furnished in Fig. 1. Although the present approach gives an oscillatory
response (which could be improved by decreasing the input weighing matrix), it gives
highly appreciable response than the other mixed Hy/H., MPC algorithm.

6 Conclusion

A Nash game theory based mixed Hsy/Hs robust MPC is proposed. The coupled alge-
braic Riccati equations resulting from this approach is solved efficiently by constructing a
special matrix, and from finding its generalized eigenvectors that span its invariant sub-
space (Freiling et al., 1999). The performance of the proposed robust predictive control
algorithm is compared against the one proposed by Orukpe et al. (2007). The proposed
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Fig 1 Comparison of Nash game approach mixed Hs/H, robust MPC (solid and
dashed lines) against the mixed Hs/Ho, MPC proposed in Orukpe et al (dash-dot and
dotted lines) for non-minimum unstable system for v* = 100.

algorithm gives better results when used for non-minimum, unstable systems, which are
common in many process industries. It should be noted that the present algorithm could
only be used for systems, whose states are both completely controllable and observable.

In the present work, the algorithm has been developed only for unconstrained case.
Enhancement of the present work to handle constraints, especially input constraints, is
underway.
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