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Abstract

The flow of fluids (pure liquids and solutions) in very narrow channels enjoys a
substantial attention with the rapid development of the fields of micro and nanofluidics.
Miniaturized integrated fluidic devices have a great potential for enhanced separation and
analysis by reducing the required time and the sizes of the samples. In channels of submicron
dimension the electrokinetic phenomena play a particularly important role since the electric
double layers formed at the walls can occupy a substantial part of the channel volume. In our
work we present a concise theory that allows obtaining analytical expressions for the transport
of fluid (electroosmotic flow), ions (electric current) and dissolved charged molecules (analytes)
in the case of a weak double layer overlap. The approach is applicable not only to symmetric
but also to asymmetric 2:1 and 1:2 electrolytes solutions in slit shaped nanoscale channels
and cylindrical nanocapillaries. In the case of very thick double layers (compared to the
channels width) the transport problems are treated numerically.

Applying transverse voltage bias across the channel wall can be used in an attempt to
control the transport and such devices are often called “fluidic field effect transistors”. Our
model quantifies the effect of the voltage bias on the zeta potential of the channel wall and
therefore can be used for prediction of transport and optimization of separations in such fluidic
devices.

We show that the conductivity properties of fluidic nanochannels filled with electrolyte
solution strongly depend strongly on the channel dimension. As the channel becomes thinner,
the migration conductivity contribution monotonically increases while the convective term, due
to the electroosmotic flow, passes through a maximum and then decreases. The total
conductivity is greater for narrow channels due to the dominance of the migration current
transport in this size range. Using electrolytes, that provide divalent counterions to the double
layers in the channel, dramatically improves the conductivity even if the overall ionic strength
remains the same. Therefore a proper selection of the electrolyte is essential for the
performance of a field effect nanofluidic fluidic device. Cylindrical nanocapillaries have better
conductivity than parallel slit shaped channels. The transverse voltage bias has a much
stronger effect on modulating the wall electrokinetic potential and the double layer for narrow
channels that are smaller than the double layer thickness. All these effects need to be taken
into account when designing a nanofluidic device for a particular application.

Introduction
The transport of fluid, current and dissolved analytes in channels of nanometer size

presents both fundamental and practical interest. Nanofluidic devices has been successfully
used for molecular and biomolecular sensing and analysis."* A convenient method for



nanochannel fabrication is based on interferometric lithography® which was recently used to
fabricate channel between 35 and 500 nm for fluidic experiments®. A key quantity governing
the transport is the potential and charge at the channel wall/solution interface because of the
essentioal importance of the electrokinetic phenomena. The interfacial potential is referred to
as (¢-potential. Any means for its control and manipulation provide a powerful and convenient
tool for governing the transport in the channel. A method for modify the {-potential, by applying
a transverse voltage bias across the channel wall, was suggested more than a decade ago in
the pioneering works of Ghowsi and Gale.® ” Using this technique Schafoort et al.® were able
to control the magnitude and even the direction of electroosmotic fluid flow in a microfluidic
channel. The transport of electric current is also amenable to variations with changing the
potential at the wall/solution interface.®

Manipulating the {-potential by applying a voltage bias across the channel wall gives
rise to the possibility of creating fluidic “field effect transistor” devices at the micro®® ' and
the nanoscale.® '° A particularly interesting work was recently published, demonstrating the
viability of this idea for designing a variety of nanofluidic diodes and transistors.'® The control
over the transport of current described in this work'” was again accomplished by modulating
the electric double layer in the channel through the interfacial {~potential.

At the nanoscale, the channel width might be comparable to the thickness of the electric
double layer. The double layer thickness on the other hand depends on the electrolyte
concentration. Thus, for electrolyte concentrations ranging between 10° and 102 M (symmetric
monovalent electrolyte), the respective double layer thickness varies from 300 to 3 nm. If the
nanochannel width, 4, is greater than the double layer thickness (at least four times or more)
the transport of fluid, electric current and dissolved analytes can be treated analytically for an
arbitrarily high value of the (-potential.” '® Otherwise analytical treatment is possible only for
small (-potential (below 25 mV)' where many interesting and important features (like the
importance of the electrolyte type) are lost.

This paper first presents a concise theory that allows obtaining analytical expressions
for the transport of fluid (electroosmotic flow), ions (electric current) and dissolved charged
molecules (analytes) in the case of a weak double layer overlap. Then we will focus on a
numerical analysis of the transport of electric current in channels with dimensions of the order
or even less than the thickness of the respective electric double layers. We analyze (i) the
effect of the channel width (or equivalently the double layer thickness), (ii) the channel shape
(comparing parallel slit shaped channels width cylindrical capillaries) and (iii) the role of the
electrolyte and more specifically the type of the counterion (monovalent or divalent). While the
latter is often overlooked, we show that it has a tremendous impact on the performance of
nanofluidic field effect devices. We discuss the particular cases of 1:1 and 2:1 electrolytes. For
very narrow channels (relatively to the double layer thickness) the co-ions are unimportant for
the conductivity because they are in a negligible concentration in comparison with the
counterions.?® Hence, the conclusions we make for 2:1 electrolytes (where the counterions
have two charges and the co-ions just one) will be qualitatively and even semi-quantitatively
correct also for symmetric 2:2 electrolytes. It is important to note that our approach is limited to
the use of continuum models. For extremely small channels (a few nanometers and below) the
molecular structure of the solvent becomes important and the only adequate approaches left
are based on molecular dynamics simulations.?’?® Still there is a wide range of cases where



the nanochannel width might be comparable or even less than the double layer thickness and
the continuum theory remains valid.

Theory

The current in a nanochannel depends on the local concentration of ions. In narrow
channels, the local concentration of counterions depends on the electrostatic potential and
exceeds that in a bulk solution, which is in thermodynamic equilibrium with the overlapping
double layers. This leads to an increase of the conductivity of the electrolyte solution in the
channel compared to that in the bulk. The electrostatic potential distribution in a nanochannel
filled with electrolyte solution, ¥, is given by the Poisson-Boltzmann equation which for binary
(z1:22) electrolyte reads®*

VP =— [exp(—z] ‘i’) —exp(z, ‘i’)],‘i’ = (. (1)
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defines the inverse thickness of the double layer, often referred to as Debye screening
parameter.? ¢ is the elementary charge, k7T is the thermal energy, ¢ and ¢, are the relative
dielectric permittivity (78.25 for water at 25°C) and the dielectric constant of vacuum
(8.854x107"? C? J' m™) and n; are ionic the number densities. The boundary conditions are: ¥

= ¢ and the wall and V¥ = 0 in the center of the channel (symmetry). The second order
differential operator in (1) depends on the shape of the channel: V>= &/ dx* for parallel slits

and V?=d*/ dr* + (1 / ¥) d / dr for cylindrical capillary. All edge effect at the channel entrance and

exit are ignored. The screening parameter x [see eq (2)] is defined by the electrolyte
concentration of a macroscopic bulk reservoir in fluidic contact and thermodynamic equilibrium
with the channels. The total conductivity of a fluidic nanochannel consists of migration a term®

€ L{le D’ exp[— z, ‘P(r)} +z:D,n; exp[— z, ‘i’(r)}}dA (3)
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where 4 is the area of the channel cross-section, and a convective electro-osmotic term, which
is due to the counterion excess (charge density pe) in the double layer carried by the electro-
osmotic fluid flow
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where jnmi; and j., are the respective migration and electroosmotic convective contribution to the
total current density due to the applied field £. The charge density is

p.(r)= e{zlnf’ exp[— z, ‘P(r)} —zn, exp[z2 ‘P(r)}} (5)

D; are the diffusion coefficients of the ionic species and »,” are their concentrations in the bulk
reservoir that is in contact with the channel. n is the solvent viscosity. The fluid flow that leads
to the convective transport of ions [see (4)] is (given by?® 27

V2 = (ee, V¥ )E (6)
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where v is the velocity profile and E is the electric field vector. The boundary conditions require
that are v =0 and ¥ = ( at the shear plane and symmetric in the center of the channel. Then
the solution for the fluid flow velocity is

()= Z2 ()~ ¢] (7)
n

[cf. eq (4)].

The effect of an external voltage bias, applied across the channel wall, on the (-potential
and, hence, the on double layer is given by'®

A; =0, _|:;0 + (8)

where A( is the shift in the interfacial potential (originally equal to ), o¢ is the surface charge
(o, =—¢€¢,V¥|,., )» 0 and ¢; are the thickness and the relative dielectric permittivity of the

channel wall.
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The computational procedure includes the following steps: (i) determination of the
electrostatic potential distribution in the channel by numerically solving (1) assuming ¥ =¢ at
the channel wall and symmetry in the center; (ii) the migration conductivity is calculated by
numerical integration of eq (3); (iii) the convective contribution to the conductivity is obtained
using eq (4) together with (5); (iv) the effect of the transverse voltage bias to modulate the
double layer in a field effect applications is computed from eq (8). The migration and
convective electroosmotic contributions are presented separately in order to better compare
their importance and also because they depend very differently on the relative (with respect to
the double layer) width of the nanochannel.

Results and Discussion

Our theoretical analysis for the moderately thin electrical double layer employs the
nonlinear superposition approximation that the total potential in a channel with weakly
overlapping double layers is“% 2% 27 38,39

Y(x) =Y (x)+ ¥ (h—x) 9)
where YV, is the potential of a single double layer. Eq. (9) is a very good approximation for not
very thin channels of & >4 ,2% 24349 where double layers only weakly overlap and arbitrarily
high {-potentials. The single flat double layer potential for symmetric electrolyte reads

i 4 C 1+ tanh(i) exp(—ix)
Y. (x) = —arctan h[tanh(ZT) exp(—lﬂc)] =2In 4 (10)
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4
To obtain potential distribution for asymmetric 2:1 and 1:2 electrolyte, following functions have
to be define®* 4" 4
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The function f,4 and f;, are obtained from the modified Possion-Boltzmann equation for a single
double layer

df_ e sinh(f), i=21 or 12. (12)

2

The solution of eq. (12) with the boundary conditions ‘f’l 0)= ‘I;O and ‘i’l(oo) =0 becomes
N A(w,)
f.(\¥,) =4arctan /< tanh — exp(—kx) ¢, i=21or 12 (13)

The potential distributions can be easily derived from equation (13), as well as the potential of
a slit-shaped nanochannel of width 4. This nonlinear superposition approximation allows us to
calculate the electroosmotic flow, electric current and solute flux analytically for symmetric and
asymmetric electrolyte.’

Figure 1a shows the dependence of the relative migration conductivity
(Kmig =K, /K" ) for a parallel slit-shaped fluidic nanochannel with dimensionless width k4 (4

mig

being the dimensional channel width). K°

nie 1S the conductivity of a bulk electrolyte solution that
is in thermodynamic equilibrium with the channel. Hence, the results presented hereafter show

the relative conductivity in the channels with respect to that of the bulk solution (reservoir) that
is in thermodynamic equilibrium with double layers, K° . The data shown in Figure 1 are for a

mig *°
solution of symmetric 1:1 electrolyte (KCI). The diffusion coefficients of K" and CI', necessary
for calculating the migration conductivity, are both equal to 2x10™° m?/s.?® The different curves

correspond to different wall/solution electrokinetic {-potentials starting from 5: el kT =-1 (=
-26 mV , lower curve) to 5 = -4 (=-104 mV , upper curve). The intermediate plots are for gz

= -2 and ¢ = -3, respectively. The choice of negative surface potential is because most
materials, used for channels fabrication, are negatively charged under the common
experimental condition (for example SiO; or glass at neutral pH). This, however, does not limit
the general validity of our considerations and conclusions. The relative conductivity decreases
with the width of the channel, %, and eventually approaches that in the bulk for 7 — <.
Decreasing the electrolyte concentration [or the parameter «, see eq (2)] has the same effect
of increasing the relative conductivity. However, one should keep in mind that in this case the

bulk conductivity, K, , also decreases. Hence the curves in Figure 1 can be obtained by two
different methods. The first one is by bringing the walls closer, which leads to an increase of
the channel conductivity, while that in the bulk reservoir remains unchanged. The second
method is by decreasing the ionic strength of the solution which decreases the conductivity
both in the channel and in the bulk. The rate of conductivity decrease in the channel, however,

is lower than that in the bulk.

The convective electroosmotic contribution ( K., =K, /K, ) behaves rather differently
(see Figure 1b). The curves again correspond to different (-potential starting from

{=el kT =-1 (= -26 mV, lower curve) to 5 = -4 (= -104 mV, upper curve). For large



channels the convective electroosmotic term equals the charge density in two infinitely
separated double layers multiplied by the electroosmotic fluid flow. As the walls come closer
the electroosmotic conductivity increases due to the increase of the counterion density in the
channel p.(r) as the double layers overlap [see eq (4)]. At the same time, however, the
difference [‘P(r)—{] becomes smaller. Thus after passing through a maximum, the

electroosmotic conductivity rapidly decreases and tends to zero at k4 — 0. The maxima in Ko

occur at kh = 0.6 for £ = 4, atxh = 1.0 for £ = -3, kh = 1.5 for ¢ = -2 and at «h = 2.0 for

¢ = —-1. At kh — 0 the potential in the channel approaches a constant value (equal to ()
everywhere. This means that the fluid flow ceases [see also Refs. ** *] and no ions are carried

by means of convection. Also in the absence of double layers (e.g. when { = 0) the
electroosmotic term is identically equal to zero.
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Figure 1. Conductivity of parallel slit shaped fluidic channel filled with KCI solution vs width: (a)
migration contribution and (b) convective contribution. The different curves correspond to (top

to bottom) { = -4, g: = -3, g: =-2and g: =-1.



Since the migration (Figure 1a) and electroosmotic (Figure 1b) conductivity terms
depend very differently on the channel width (i.e. on «#), their relative importance changes with
kh. The migration term decays more rapidly then the electroosmotic term as /4 increases. For

¢ = -4 (-104 mV) and xh = 4, the electroosmotic term corresponds to 25% of the overall

conductivity of the nanochannel (maximum value for these conditions). The relative importance
of the electroosmotic with respect to the total conductivity X, /(X,,, + K, ) decreases for lower

magnitude of the {-potentials and the maximum and shifts to larger values of «#.

mig

Increasing the charge number of the counterions has a very strong impact on the
conductivity of the nanochannel. Using an asymmetric 2:1 electrolyte (e.g., MgCl,) increases
substantially both the migration and electroosmotic terms (see Figure 2). This is due to the fact
that the divalent counterions are much more efficient charge carriers and also tend to
accumulate in greater concentrations in the double layers because of the stronger electrostatic
attraction. The diffusion coefficients used to calculate the migration term were 7x10™'° m%/s and
2x10° m?/s for Mg?* and CI respectively. While the values of the migration and electroosmotic
conductivities (see Figure 2a and 2b) are much greater, the trend with varying the
dimensionless channel width «# is qualitatively similar to that for symmetric monovalent
electrolyte. The maxima in the K., curves are more distinct and occur at smaller channel widths

(kh=01for ¢ =-4,atkh=04for { =-3,kh=1.0for £ =-2and at«h = 2.0 for £ = -1).
The relative importance of the electroosmotic conductivity contribution again depends on the

dimensionless channel width and wall/solution (-potential. For ¢ = -4 the maximum

electroosmotic contribution is again about 25% of the total channel conductivity but it
corresponds to smaller channels (2 = 1). Again, the relative importance of the electroosmotic
conductivity K., / (Kmig + Ke) decreases for lower magnitude of the (-potentials and the
maximum and shifts to larger values of kh.
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Figure 2. Conductivity of parallel slit shaped fluidic channel filled with MgCl2 solution vs width:
(a) migration contribution and (b) convective contribution. The different curves correspond to

b)
(top to bottom) 5 = -4, 5 = -3, 5 = -2 and 5 = -1

Figure 3 represents the results for the migration and electroosmotic convective
contribution to the conductivity for KCI in a cylindrical capillary as a function of the
dimensionless radius «R. Our calculation is similar to that of Morrison and Osterle who

presented data for the total conductivity [i.e. (Km,.g +K,, )K° ] of a capillary filled with water.”’

mig
The shape of the conductivity curve in their paper is due to the superposition of migration and
electroosmotic convective contributions.
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Figure 3. Conductivity of cylindrically shaped fluidic channel filled with KCI solution vs radius:
(a) migration contribution and (b) convective contribution. The different curves correspond to

(top to bottom) ¢ = -4, £ =-3, £ =-2and ¢ =-1.
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Figure 4. Conductivity of cylindrically shaped fluidic channel filled with MgCl2 solution vs radius:
(a) migration contribution and (b) convective contribution. The different curves correspond to

(top to bottom) ¢ = -4, £ =-3, £ =-2and ¢ =-1.

The rate of decrease of both migration and convective electroosmotic terms relative to
that in the bulk, presented in Figure 3, is lower than the corresponding rates of decrease in
parallel slits (see Figure 1). The channel dimension in this case is given in terms of the radius
and the total width (diameter) is actually two times larger. Hence, channels with curved
(cylindrical) walls are more efficient in conducting electrical current than parallel slits. The
physical reason for this fact is that the electrostatic potential in a cylindrical channel decays
less from the wall toward the center than it does in a parallel slit-shaped channel due to the
additional term (1 /) d / dr in the second order differential operator [see the discussion after eq
(2) above]. Same is valid for the case of asymmetric 2:1 electrolyte (see Figure 4). Therefore a
cylindrical shape is preferable if better conductivity is intended. In fact a cylindrical channel
with divalent counterions in the wall double layer is the best candidate if one aims for high
conductivity at given ionic strength.

The transport of fluid and current in a cylindrical capillary was treated analytically by

Rice and Whitehead'® assuming low ¢-potential (‘5 <1). This allows the linearization of (1) and

hence its analytical solution. By doing that however, the effect of the electrolyte type
(counterion charge number) is lost and the potential distribution depends only on the screening
parameter k. As we showed above, however, using divalent instead of monovalent counterions
increases dramatically the nanochannel conductivity even if the ionic strength of the solution
(or k) remains the same, which is due to the nonlinearity of the Poisson Boltzmann equation
(1). This means that channels with low surface potential are less interesting from the
perspective of design, optimization and control of nanofluidic field effect transistor devices. An
alternative analytical model for the electroosmotic fluid flow for moderately thin double layer
was recently developed using the matched asymptotic expansions approach.' The model is
valid for arbitrarily high potentials but is not applicable to systems with thick double layers.



The above results imply that there is an important qualitative difference between
symmetric and asymmetric electrolyte solution in nanochannels. The dependence of the
channel conductivity filled with symmetric electrolyte (e.g., KCI) shows a symmetric
dependence on the value and sign of the electrokinetic {-potential at the wall. Thus the channel
conductivities for equal in magnitude but opposite in sign potential are identical — see Figure
5a. Switching the sign of the {-potential leads to replacing the counterions with others with an
opposite sign. In the case of KCI this means that K" would be replaced by CI or vice versa.
The total concentration of ions in the channel however, would remain unchanged. Since the
ionic diffusion coefficients, and hence the mobilities for K" and CI are the same, the curves
shown in Figure 5a are perfectly symmetrical with respect to the vertical axis. In the case of
asymmetric electrolyte (e.g., MgCl,) however the situation is very different. For the same ionic
strengths, the conductivities for negative {-potentials are much higher that those for positive (-
potentials (if the absolute value remains the same). The difference is rather substantial, more
than an order of magnitude (Figure 5b). Hence, this effect can be used in nanofluidic devices
to control the direction of current transport by manipulating the sign of the electrokinetic (-
potential at the channel wall. Examples for directionality in the current transport in fluidic
devices has been suggested and studied by other authors'” %3 using different physical
principles. Karnik et al. ' approach is based on controlling the overall amount of ions in the
channel by modulalting the {-potential. Increasing or decreasing this potential changes the
number of ions in the channel and hence the observed conductivity (see Figure 5a). Siwy et al.
and Woermann on the other rely on the asymmetric conical shape of the channel to obtain
directionality in the current transport. A particularly interesting design for a nanofluidic diode
was suggested by Daiguchi et al.'® Their design is based on the fabrication of channels with
walls that have oppositely charged regions next to each other, which is not trivial from
fabrication viewpoint although it is rather elegant. Our results (shown in Figure 5b) suggest that
using an asymmetric electrolyte (which is not a problem in most cases) provides an additional
opportunity to control the current transport and obtain a diode-like conductivity.
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Figure 5. Total relative conductivity in a slit-shaped nanochannel K. =Kz + K. Vs. the

electrokinetic {-potenial. The different curves (top to bottom) correspond to k2 = 0.2, 0.4, 0.6,
0.8, 1.0, 1.2. (a) symmetric electrolyte (KCI); (b) asymmetric electrolyte (MgCl2).

All the above considerations and discussions are based on an assumption that there is
no significant adsorption of divalent counterions at the channel walls. lonic adsorption could
immobilize part of the counterions and more importantly decrease the electrokinetic {-potential.
In this case both the conductivity and electroosmotic fluid flow could be less than in the case of
monovalent electrolyte. Therefore, at high ionic strengths and in the present of strongly



adsorbing divalent counterions, the {-potential could be reduced thus reducing the transport of
current and fluid.

In order to have a working fluidic field effect transistor device one needs to modulate the
double layer in the channel.®'> ' This can be done by applying voltage at the channel wall via
a third electrode [see Refs. ®'" for detailed description of the design]. If the wall is mostly
insulating (in comparison with the electrolyte solution) the induced field propagates across a
dielectric continuum and its effect on the wall/solution ¢-potential is given by eq (8)."° Figure 6a
shows a sketch of a nanofluidic device with modulated (-potential using a voltage applied
across the channel walls. Figure 6b shows a plot of the bias voltage necessary obtain certain
change in the (-potential (i.e. AC) against the dimensionless channel width k4. The results are
for a parallel slit shaped channel filled with KCI. The curves correspond to different target AC
starting from A{ =1, lower curve and ending with A = 5, top curve. The calculations are for xo

= 2 and &/&;=78.25/2.1=37.26 . The important conclusion from this Figure is that the

wall/solution potential is much less responsive to the applied transverse bias for x4 >, 1. The
response of the {-potential to external voltage biasing is weaker if the counterions in the double
layer are divalent because of their greater charge screening effect.’® This means that while the
presence of divalent counterions in the electrolyte solution increases the channel conductivity
(see above), its responsiveness to voltage modulation decreases. The effect can be
compensated for by decreasing the thickness of the wall layer or its dielectric constant
[selecting a different material — see eq (8)].
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Figure 6. Transverse voltage bias necessary to obtain given Ag: [see eq (8)] vs channel width.
(a) a sketch of a nanofluidic channel with modulated {-potential. 1- current driving source, 2-
potential modulation source.

(b) results for the C(-potential modulation for slit shaped channel. The different curves

correspond to (top to bottom):Ag‘zs, Ag: =4, ‘A5‘=3, ‘Ag:‘zz, and ‘Ag‘zl_

Conclusions

In summary, the conductivity properties of fluidic nanochannels filled with electrolyte
solution depend strongly on the channel dimension. As the channel becomes thinner, the
migration contribution monotonically increases while the convective term due to the
electroosmotic flow passes through a maximum and then sharply decreases. Still, the total
conductivity is greater for narrow channels due to the dominance of the migration current
transport in this size range. Using electrolytes, that provide divalent counterions to the double
layers in the channel, dramatically improves the conductivity even if the overall ionic strength
(i.e. k) remains the same. Therefore a proper selection of the electrolyte is essential for the
performance of a field effect fluidic device. Cylindrical nanocapillaries have better conductivity
than parallel slit shaped channels. The transverse voltage bias has a much stronger effect on
modulating the (-potential and the double layer for narrow channels (2 < 1). The use of
divalent counterions, however, inhibits the response to the external bias.” All these effects
need to be taken into account when designing a nanofluidic device for a particular application.
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