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Abstract

Mathematical development of preliminary performance/design equations for a
hydrogen/air, solid polymer acid electrolyte based fuel cell is presented. The development is
based on the principles of transport phenomena, intrinsic electro-chemical kinetics, and
classical thermodynamics. The developed formulation is intended to quantitatively describe
the mass fraction profiles of the chemical species, hydrogen and oxygen, in the cell anode and
cathode diffusion and electrocatalytic reaction layers as a function of the distance in the proton
transport direction at an axial distance parallel to the cell anode or cathode channel flow.
Given the cell geometry, chemical species and charge transport, and intrinsic electrochemical
kinetic parameters, the developed formulation can be employed to compute the species local
mass fluxes and predict the cell anode and cathode cell overvoltages for a desired geometric
current density. The presented single cell performance predictive formulation has also been
linked to the formulation needed to predict the performance of a stack of a number of identical
PEMFCs connected in series.

*Corresponding author: e-mail address: Sarwan.Sandhu@notes.udayton.edu

1. Introduction

Recent PEMFC modeling activity is found in the references.'® Most of the PEMFC
models are shown to simulate the overall fuel cell performance reasonably well. A detailed
review of these PEMFC models, due to space limitations, will be provided at a later date.

The mathematical formulation, detailed in the next section, is for a hydrogen/air
PEMFC utilizing, for example, Nafion, PBO(poly(p-phenylene-2,6 benzobisoxazole))/PBI
(poly(benzimidazole)) based phosphoric acid, or sulfonated polyarylene ether or Nafion-Teflon-
Zr(HPQ,), as an electrolyte. This two-dimensional model, originally developed for a PEMFC
fueled by hydrogen gas, can be extended to predict the performance of PEMFC fueled by a
gas mixture containing hydrogen, carbon monoxide, small amount of oxygen, carbon dioxide
and nitrogen as found in the gas mixture issuing from a reformer dedicated for the production
of fuels for fuel cell applications.*

2. Mathematical Formulation

Figure 1 shows the schematic of a single proton exchange membrane fuel cell
(PEMFC). Operation of such a PEMFC is assumed to be under the isothermal and steady-



state conditions. Hydrogen gas or gas mixture, containing hydrogen, nitrogen, carbon dioxide,
etc., from a reformer enters the anode channel and flows in the x-direction. At any x-location,
hydrogen diffuses from the anode channel bulk flow to the porous carbon anode diffusion layer
(ADL). Then, it diffuses through the ADL to the interface between the ADL and the anode
reaction layer (ARL). The porous reaction layer is composed of catalytic platinum particles, in
contact with an acid solid polymer electrolyte such as Nafion or PBO/PBI electrolyte, dispersed
on the porous carbon granules. Hydrogen diffuses toward the interface between the ARL and
solid polymer electrolyte separator layer sandwiched between the anode and cathode reaction
layers. In the ARL, hydrogen, while it diffuses, is consumed via the overall electrochemical
reaction given by Eq. (1). The generated electrons enter an external electric circuit to pass
through an external electrical load. The generated protons migrate internally through the
electrolyte separator to the porous cathode reaction layer (CRL) where they cause reduction of
oxygen in the presence of electrons that return from the external electric load to the cathode
reaction layer.
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(Note: the x-direction is L the y-z plane. Fuel and oxidant gas streams in the anode and
cathode channel are parallel to the x-direction. L*"", L°" : anode and cathode channel length,
respectively, parallel to the x-axis. 6", 5%, 5%, 6,5, ,and 6°“" are the dimensions of

anode channel, anode diffusion layer, anode reaction layer, solid polymer electrolyte
membrane, cathode reaction layer, cathode diffusion layer, and cathode channel, respectively,
parallel to the z-axis. WA and WE" are the anode and cathode channel dimensions,
respectively, parallel to the y- axis.)

Figure 1. Schematic of a single fuel cell.
Atmospheric air, containing some water vapor, enters the cathode-side flow channel.

At any x-location in the flow channel, oxygen diffuses toward the cathode reaction layer along
the z-direction, but opposite to an increase in the z-value. Oxygen first diffuses through the



chemical species concentration boundary layer to the porous carbon cathode diffusion layer
(CDL). The chemical species concentration boundary layer may or may not prevail at the
porous surface of the CDL depending on the oxygen reduction rate in the CRL and the
cathode channel flow Reynolds number value. It then diffuses through the CDL to the
interface between the CDL and relatively thinner CRL. The porous CRL is composed of
catalytic platinum particles, in contact with an acid solid polymer electrolyte, for example,
Nafion or PBO/PBI, dispersed on the porous carbon granules. In the CRL, oxygen diffuses
toward the interface between the CRL and solid polymer acid electrolyte separator layer, while
it is simultaneously consumed via the following overall electrochemical reduction reaction as
given by Eq. (2). The electrochemically produced water in the cathode reaction layer diffuses
through the cathode reaction and diffusion layers. It, then, diffuses through the species
concentration boundary layer prevailing at the porous CDL surface to join the cathode channel
bulk flow. It is here noted that the oxygen mass transport is in the direction of decreasing z-
while water vapor transport is in the opposite direction. Transport of the gaseous species
through the solid polymer electrolyte separator layer is assumed to be negligibly small.

Given below are the main mathematical model equations. One may find the detail
behind the formulation development elsewhere.*

The half cell reactions at the anode and cathode electrocatalytic reaction layers,
respectively, are:

H,=22H" +2e” (1)
1 . _
EOZ(Q) +2H"+2e" 2 H,0,,, (2)
The overall cell reaction is:
1
Ha) +§Oz(g> < H,0 (3)
The reversible cell voltage is given by
1
P, (ponz
el g Rl P AP ) (4)
F 8,0

where E°= standard-state reversible cell voltage at the cell temperature corresponding to the

szO(g)

sat'd vapor ’
H,0

unit activities of the chemical species; a, , = water activity, a, , = if water is in gas

phase, a0, = 1, if water is in liquid phase; p,_, P, , Prjo, = partial pressure of hydrogen in the
bulk gas flow in the anode-side channel exit, and partial pressures of oxygen and water vapor

sat'd vapor

in the bulk gas flow in the cathode-side channel exit, respectively; p°, p., = standard-state

pressure (1 atm or bar), and saturated vapor pressure of water at the cell temperature, T,
respectively; F = Faraday’s constant = 96487 Coulomb per g-equivalent; R = universal gas
constant = 8.314 J mol'K™. In the denominator of Eq. (4), the constant 2 corresponds to 2 g-

moles of H"or e~ per 1 g-mole of H, consumed electrochemically.



Total ohmic voltage loss in the electrolyte separator, anode and cathode diffusion and
electrocatalytic reaction layers is given by
Mo =m0 +(nd +na™ ) +(nd +ns) (5)
The formulation to compute 75", 75°, 73>, 15, and 7S ; the ohmic voltage loss in the

membrane separator, anode and cathode diffusion, and anode and cathode reaction layer,
respectively, is given elsewhere.*

2.1 The fuel cell anode-side formulation

The flux of a chemical species a in the z-direction at an x-location through the fluid
phase concentration boundary layer prevailing at the porous anode carbon diffusion layer
(ADL), in general, is given by

Na,eff \Z = k(ﬁ,sH gg;ADL (CDI?CH _Ca_5ACH ) (6)
where a = Hy, N2, CO,, H20, etc. The mass flux of a chemical species a in the z-direction
through the concentration boundary layer is given by

A _ Na'eﬁsz kACH ADLM ACH ACH (a)OI;\CH —0 o ) (63)
kACH

. = mass transfer coefficient for the transport of a chemical species a in the z-

aeff ,z
where

direction, [cm s'], in the anode channel flow. Its value can be determined using the
semiempirical equations.*®*' ¢A“" = bulk concentration of a chemical species o in the anode

channel fluid flow, [mol cm™]; C = gas phase concentration of a chemical species a at the
surface of the porous ADL facing the anode channel bulk flow, [mol cm™]; £/ = void fraction
of the gas-filled pores in the porous carbon ADL; M _ = molecular weight of a species a, [gm

mol™']; M A" = gas mixture molecular weight in the anode channel; ¢*°" = gas mixture molar
concentration in the anode channel, [mol cm™]; P*°" = total pressure in the anode channel,
[atm or bar]; y“" = mole fraction of species a in the anode channel at an x-location; R =
universal gas constant = 83.14 cm® bar mol'K".

Mass flux equation for a chemical species for its transport through the porous carbon
anode diffusion layer in mass units, [g cm?s™], is given as

na,eff z pD(jE# ',H,eff,z (7)
B
where o,B= Ha, N2, CO,, H0, etc., and
DAPL ADL
DI = e (7a)

p(a)
where D’ = mass diffusivity of a chemical species, o, in the gas phase mixture in the ADL

a— gas
pores, [cm? s']. Correction for the Knudsen diffusion effect on the species transport in the
pores should be included if the average pore radius is less than 10 nm or 100 A. ®,= mass

fraction of a chemical species a in the gas mixture; gADL— volume fraction of the gas filled

ADL

pores in the porous carbon ADL; 7, =

= tortuosity factor of the gas filled pores in the ADL.



For the assumption of n =0, [B=N2, CO,, H,0], with o = Hy, Eq. (7) reduces to
- 20 (0,
H, eff ;2 (1—CUH2) dz

Equation (8) is solved for @, , with the boundary condition, atz = 5", @, =,

a eff ,z

(8)

= mass

H2_5ACH
fraction of hydrogen in the gas mixture at the porous surface of the carbon ADL facing the
anode channel flow. The result is

0, =1-(1-0, en )epr;gfng ](Z —6™ >] ©)

H, eff

valid for """ <z< (5ACH +5ADL). Equation (6a) is used to eliminate from Eq. (9) to

H2 5ACH

obtain

n n
ACH H, eff ,z H, eff ,z ACH
Dy, =1_{1_sz + k:ﬁlz-lgéADLM ACH L ACH }exp[(pDADL }(2_5 )] (10)

H, eff
valid for 5% <z <(5* +5"*). Equation (10) can be employed to calculate the mass
fraction of hydrogen, @, , as a function of distance z in the porous carbon anode diffusion
layer provided n, . ,, corresponding to a geometric current density, i, and the anode

channel bulk gas concentration of H, a),’jf’“ , at an x-location are known.

For the assumption of hydrogen transport in the relatively thin anode reaction layer via
molecular mass diffusion, the hydrogen mass transport flux in the z-direction in the anode
reaction layer is given by

dz

A mass balance for hydrogen over a thin spatial element in the anode reaction layer was
applied to obtain the following differential equation accounting for the simultaneous transport
and consumption of hydrogen via electrochemical reaction.
dngRLﬁ iA . a’ nA‘ F
22— 1 22 1a*M, exp| ———— 12
dz 2F n P Ry (12)
On substitution for n/".;  from Eq. (11) into Eq. (12), for the assumption of constant (pDﬁjLeﬁ )

—dw
n$;1=p0$;( Wj )

the following differential equation was obtained.

d* i, ) a*M a; n"|F
60;2 —| 25 ARTZ exp n ‘ (13)
dz 2F )\ pDy; RT

A

bs _ A exp o (14a)
oF 0 P RT [P




_EA
=k exp E, || MP o (14b)
RT )\ ™, |

The differential equation (13) was solved using the boundary conditions: at z = 5" + 5",
@y, = @ 5 acu_aoL» the hydrogen mass fraction on positive side of the interface between the

g _
anode diffusion and reaction layers; at z = 5" + 5" + 5%, (%) =0 (i.e. spatial gradient
z

of the hydrogen mass fraction on the negative side of the interface between the anode reaction
layer and the polymer electrolyte separator layer is zero.) The resulting solution to compute
wy, as a function of the distance z is given as

cosh(JFlA z) 1—tanh(1/F1A z)tanh(JFlA §AC”’DL’RL)
D, = Orty-5-ncr-oL COSh( /FlA 5ACH—DL) 1—tanh( /FlA 5ACH—DL)tanh( /FIA é‘ACH—DL—RL) (15)
where, )
| MPa* E; - n*|F ]
H, eff
i2 A
A | 08T Puy 0 Eo ) -1
kl'= SFo exp =T | [mol s~cm™“atm™] (15b)
sz‘o o
SACH-DL _ GACH | sADL (15¢)
SACH-DL-RL _ §ACH _ sADL , cARL (15d)

Equation (15) is valid for 5*“" """ <z < §*""°"" _ The solution given in Eq. (15) was obtained
using the assumption that variation in ‘r;A‘ with respect to z in a thin reaction layer is negligibly

small. Ifitis assumed that hydrogen is present in the gas phase across the interface between
the anode diffusion and reaction layers, then it is reasonable to assume

@O, 5 acH-pL = a):lz—o‘—ACH—DL (16)
Using Eq. (10), the following equation was obtained:

n n
+ - 1 __ACH H, eff ,z H, eff ,z
@, -5-acH-bL = @, 5-AcH-DL =1-41 Oy, +  ACH ADL  1"ACH ACH eXp DAPL (17)
c,H, ‘99 H, eff
5oL

On substitution for @, ; oy from Eq. (17) into Eq. (15), the following equations was
obtained to predict w,, as a function of the distance zin the anode reaction layer.

o, =a[cosh(ﬁ 2)- ¢ sinn (/R z)} (18)

which is valid for 5" P < 7 < §A" PR and where

¢ = tanh (ﬁ 5ACH—DL—RL) (18a)



and

ACH nHz,eff,z th,eff,z
1- (l Wy, )+ k .. g"PL\ ACH cACH eXp ADL ADL
c,H,“g H it

a

- (18b)
COSh( /FlA 5ACHDL)|:1_tanh( /FlA 5ACHDL):| [tanh( /FlA §ACHDLRL):|
One notes that the prediction of «,, as a function of z at an x-plane requires the data on

Ny, « . COrresponding to a geometric current density, transport and electrode electrochemical

kinetic parameters, and dimensions of the anode flow channel and diffusion and reaction
layers parallel to the z direction.

—Uw
Equation (18) was used to obtain { dsz ]and the result substituted into Eq.
7=5ACH-DL
(11) to obtain
nlﬁzR,Lef‘f 12|z 5ACH-DL = pDI-AIf,I;ff a \Y FlA |:é, COSh ( Y FlA §ACH7DL ) _Sinh ( V I:1A §ACH7DL ):| (1 9)

If at an x-plane, the required geometric current density is i the hydrogen mass flux that

geom ?

must enter the anode reaction layer at z = 5" % = 5" + 5" is

i
_ | ‘geom
7=5ACH-DL _( 2F jM H, (20)
On equating the right-hand sides of Egs. (19) and (20), one obtains the following equation:

f=aF* [gcosh(ﬁ 5A°”*DL)—sinh(\/§ 5““”” =(';F j{pgﬁé } (21)
H, eff

where 5Pt = 54" 1+ 5%° " One should solve Eq. (21) for /F" for a given value of i
a method: trial and error, Newton’s or graphical method; or any commercial computer software.
One can then determine the anode reaction overvoltage |;*| from Eq. (15a) corresponding to

5 ARL
nHz,eff,z

using

geom

the geometric current density, i, -

2.2 The fuel cell cathode-side formulation

The flux of O3 in the z-direction through the gas phase concentration boundary layer
prevailing at the porous surface of the carbon cathode diffusion layer (CDL) facing the cathode
channel flow is given by

v _ LCCH DL [ ~CCH
(_Noz,eﬁ,z)_kc,ozgg (Co2 —C

o (22)

The mass flux of oxygen in the z-direction through the gas phase concentration boundary layer
is given by

0;.2%

5 { CCH _.CDLp g CCH LCCH CCH
(_noz,eff,z):(_Noz,eﬁ,z)MOZ:kC,Ozgg M c (a)o2 — @ CDL) (23)



where k¢! = mass transfer coefficient for the transport of a chemical species a in the z-

direction, [cm s™'], in the cathode channel flow. Its value can be determined using
semiempirical equations.*®*' ¢ = bulk concentration of a chemical species o. in the cathode

channel flow, [mol cm™], (a = Oy, H20, Ny); C, oo = 938 phase concentration of chemical

species a at the porous surface of the carbon diffusion layer facing the cathode bulk channel
flow and located at the farside of the CDL, z5™ = 6" + 5% + 6" + 5% + 6% + 6°™, [mol cm™];

CDL

g, = void fraction of the gas-filled pores in the porous carbon CDL; M ¢ = gas mixture

molecular weight in the cathode channel, [g mol™"]; P“" = total pressure in the cathode
channel, [bar or atm]; y*“" = mole fraction of a chemical species a. in the cathode channel at

a

CCH

an x-location; ;" = weight fraction of a species a. The molar flux of H>O, in the z-direction

through the gas phase concentration boundary layer prevailing at the porous surface of the
CDL is given by

Tl N (24)
The mass flux of H2Oy,) in the z-direction through the gas phase concentration boundary layer
is given by

: N _ LLCCH _.CDLp/ CCH ~CCH _ccH
Ny0.ef 2 = NHZO,eﬁ,zMHZO = kc,Hzo‘c"g M™"c (COHZOYZ%DL Wy,0 ) (25)

From Egs. (23) and (25), one obtains

-n
_ _CCH ( Oz,eff,Z)
woz,z’;;DL =W, ~  CCH .CDL \ 1 CCH ~CCH (26)
c,0, €y
— o | nHZO,eff,z 07
a)HZO,z%DL - a)HzO kCCH -CDLp\/ CCH ~CCH ( )
C,H,0%g

The nitrogen molar flux along the z-direction is assumed zero. That is,
Ny, o1, =0.0 (28)
Also,
Ay, eff 2 = NNZ’eﬁ'ZMNZ =0 (28a)

The general mass flux equation, which describes the mass transport of a chemical
species a in the CDL by the mass diffusion and convection processes, is given as

—dw
N, e » = PD5 o “l+w, ) N
aeff ,z P a eff ( dZ J a; .eff ,z (29)

(a, =0,,H,0,N,)
Under the steady-state condition at any x,




Mo, et . (8t any z within the CDL)=n, e

_ ( mass flux of O, reaching the interface between the
~ | cathode diffusion layer (CDL) and reaction layer (CRL)

consumption rate of O, in the CRL corresponding to unit (30)
- geometric area L z via the reaction: 4H" +4e” +0O, —» 2H,0
AF
The water mass flux in the z-direction within the CDL at any x- is given as
" _ ( water production rate corresponding to the unit geometric N
H0 el 2 area 1 z- via the electrochemical reaction rate
net water transport rate per unit geometric (31)
area | z-fromthe ARL to CRL
lyeom M ¢t olgeomM oo M
geom H,0 H,0 "geom H,0 geom H,0
= e = =(1+2 —_—
2F F (1+260) 2F
where ¢, ,= g-moles of water transported to the CRL per g-mole of H* ions migrating from the
ARL to CRL, ig,,= geometric current density along the z-direction, [A cm™?]. Using the
expressions in Egs. (30), (31), with ny 4, =0,
zhﬂ,eﬁ,z =g, e 2 F Nioerr 2 T Ny, et 2 (32a)
B
oo M
= [%}(1%8@20) (32b)

Combining the information in Egs. (29) and (32b) to obtain

_ i M
na,eff,z = pDoSZfl; ( ((jj;oa J-i_a)a[ geo;F e J(1+18§H20)

(33)
(2=0,,H,0,N,)
where
D,SDI;SgCDL
Do(z:,lzfl; = ’QCDLQ (338)
To(9)
Equation (33) is transformed to
Iy M
—(1+18 ~geom —He.
da)a ( gHZO)( 2F j _na eff ,z
+ CDL a)zx = ’CDI’_ (34)
dz PD, e PD, e

The analytical solution to the differential Eq. (34), with the boundary condition at z = z:>* (far-

side of CDL with respect to z=0), w, =_%. , is given below.



i eom'\/I H,
(1+18§W°)[92Fj(

w, = 0 eX z-7300) |+
o e B P *)
(35)
i..-M
, (1+184,,0 )| =0 "
naeffz 2 2F ChL
oM 1—exp (z-22)

CcoL
PDa,eff

i M
(l+18§wo)(5”;F*”)

valid for a chemical species a in the z-range, 7> <z<7{™;a=0,,H,0,,, N,.

S

zy - (near-side of the cathode diffusion layer with respect to z=0) = 5" + 5% + 5%+ 5% +5°; 27" =

S + 5"+ 5%+ 555 + 5%+ 5°P- . Equation (35) is applied to the chemical species,
N,, O, and H,0,, , respectively, in conjunction with Egs. (28a), (30), and (31), to obtain

i eomM H,
(1+18§mo)(g oF ](

pDCDL

N, eff

)’

_ ool
Wy, = Oy, s EXP

7— szDL) (36)

W, = W5, 1 EXP

(2t o)
cDL (Z—ZESDL) _( 8 j*

’ pD((D:ZE,)Ie_ff 1+18§H20
: . : (37)
|
(1+18S,0 )| ="
1—exp : 2F (z-2)
fs
PG i
1418 geom VI H,
coL (+ gHzo)( 2F j coL 1+2000 |,
D0 = Oy,o, 15 EXP DL (Z_Zfs ) O
PDri o e 1+18¢4 0
(38)

|

i eom'vI H,
(1+18§Hzo)(g o J(

DL
IODHZO,eff

1—-exp




The mathematical expressions for (—nOZVeﬁYZ) and n, , . , are substituted into Egs. (26) and (27)

to obtain the expressions for w_ . and o

ozvzfs

The resulting expressions for N
214fs

CcDL *
H,0,z%

o, o-.and o o =y " are substituted, respectively, into Egs. (37), (38), and (36) to obtain

the following expressions:
i eoml\/I I eoml\/I 2
(g e 02] (1+18§Hzo)( o J
CCH _ ( cDL

o, =| & exp z-23") |-
73 73 ké:%"; g;:DLM CCH CCCH ngS:ﬁ S

(39)

| i eom M H,
8 (1+18;H20 )( g 2F J CDL
14182, D (2-2)

i M i M
(1 2:H20)(|9e0r712FH20j (1 18 HZO)(lgeo;F H, ](
+

D0 =| Ohyo | CCH _.CDL )\ 1 CCH CCH eXp DCoL
C.H,0€g PL0 et

CCH

CDL
Z—-1y ) +

(40)

7_ ZCDL)

fs

1+18 geom' V' H,

1424, 1+ 4“20)[ oF j

9 ———||1-exp oL (
1+18%4 0 PDy 0 e

z—zstL) (41)

The equations (39), (40), and (41) can be used to predict the mass fraction profiles of oxygen,
water vapor and nitrogen in the gas-filled pores of the cathode diffusion layer (CDL) for

2 <7< 7:° . The mass fractions of the chemical species oxygen, water, and nitrogen at the
CDL

interface between the CRL and CDL, but on the CDL-side, are obtained by setting z=1z",

with (269 — 290 ) = -5



i oM ] i oM
geom ' O, _(1+18§H o) geom' "' H,
+ _| ccH 4F ’ 2F SCPL
Wo,am = | @o, kg%: g;?DLM CCH CCH eXp ngfeLﬁ
i ! i M ] (42)
_(1+184’H20) geom VI H, )
8 _ 2F coL
| 1-exp CcoL o
1+18§H20 pDOZ,eff
i M i M
(1+ Zé/Hzo) geom ' "' H,0 _(1+18§H20) geom ' H,
+ CCH 2F 2F coL
oo = | Pho con bl oo cen | EXP cDL 4 +
M0 e kC,HZOgg M="c PDLG e
_ (43)
_(l+18§H o) _geom "' H,
1+ 2§H20 i 2F CDL
9| ————=— || 1-exp oL o
1+18§H20 IODHZO,eff
i M
—(1+184“H20)( T H; JaCDL
D oo = o " exp (44)

CDL
pDNZ,eﬁ

In the cathode reaction layer, oxygen is transported as well as reduced via the

electrochemical reaction, O, + 4( H + e‘) —2H,0,,,, at the catalyst platinum-electrolyte

active sites-(s) to produce water. If the first electron transfer step, O,-s+H" +e” -> HO, -5, is

assumed the rate-limiting step in the kinetic mechanism of the overall oxygen reduction
process, the oxygen reduction rate per unit active surface area of the electrocatalyst is given
by

. C C
(-1, )= [%) exp {%J , [ moles of O, consumed s ‘cm* | (45)

where the cathodic exchange current density, ioc,S , iIs given by

. (1 1) o |
i =i¢ ex - == P *
0,8 0,5,T,,Po, 1o p|: R (To T j:|( pO2 o J ( )

For the first electron transfer step as the kinetic rate-limiting elementary step, the reaction
order, n=1.*? In Eq. (46), i° = exchange current density for the cathode electrocatalyst

O's’To!pOQ 0

at some known reference temperature, T , and oxygen partial pressure, p, ,,; ES =reaction




activation energy for the oxygen reduction reaction, [J mol™"]. T, po, = temperature[K] and

partial pressure of O, [bar or atm] at the electrocatalyst surface, respectively. In Eq. (45), af =
charge transfer coefficient for the cathodic utilization of electrons at the cathode reaction layer
electrocatalyst active sites. ‘nc‘ = magnitude of the overvoltage or electrochemical kinetic

activation voltage loss for the dominant occurrence of the cathodic (i.e. electron utilization
process at the cell cathode, [V].

Oxygen diffuses toward the solid polymer electrolyte separator layer along z-
coordinate in the direction of decreasing z while being reduced by the electrochemical reaction
at the electrocatalyst interface effective active sites. Based on the coupled oxygen transport
and electrochemical reduction processes, a differential model describing the oxygen mass
fraction variation with distance z, obtained by the application of steady-state oxygen mass
balance over a spatial element, is given by

CRL

p Doz,eff

d*w,
o = (RS, ) (47)
In the derivation of Eq. (47), the product of gas mixture density and effective oxygen mass

diffusivity, i.e. ngfeLﬁ , was assumed invariant with respect to z in the thin cathode reaction

layer (CRL). The gas mixture density o may be taken equal to that in the cathode channel
gas mixture at an x-location as a first approximation.

For the first-order reaction with respect to oxygen (n=1), with

a)02 PCCH

Po, = Yo,P" = , using the expression for i in Eq. (46); the oxygen consumption

O,
rate per unit CRL volume is given by

i, . Ma® CCH c aC1nCE
(R )| oM B [ (1) o,
“ 4F Po, o R\T, T RT 2

(48)
g O, consumed
s—cm?® of CRL
Substitution for (RS, .., ) from (48) into (47) leads to
d’w
dzzoz = Flca)o2 (49)
where
Igor o, 8 M) pocH EC(1 1) @ [n°|F 1
RS = HTO’pOCZCH CRL eXp | T |t ‘ ' { 2} (49a)
4|:(p Dozveﬁ) Po, o RIT, T RT cm

For the isothermal condition, with the assumption of constant ‘nc‘ in the relatively thin cathode
reaction layer, Eq. (49) was solved using the following boundary conditions:

d +
Atz =z = 551 1 520 4 57 1 55, [%] =0 (50a)
Z



(i.e. the spatial gradient of the oxygen mass fraction on the positive side of the interface

between the polymer electrolyte separator layer and cathode reaction layer is zero.)
Atz=70"=6"" +6 + 6%+ +6°, oy =afy (50Db)

where w5, = mass fraction of oxygen on the negative side of the interface between the CRL

and CDL. The solution to the differential Eq. (49) is given as
@, :ozl[cosh(JFlC z)—;lsinh(«/FlC z)} (51)

(valid for zg™ = (5" + 5% + 5%+ 5% ) <2< 2T = (5" + 6% + 54+ 5% +6°))

ns

where

_ fs (51a)
cos( R 15 [ - an FF 15 unn 5 25

It is reasonable to assume

a,

CRL,~ _ _CRL+
Do, & =D, nn (52)

Using the information provided for ] .. in Eq. (42) in conjunction with Eq. (52), Eq. (51a)

becomes
: i M
Igeoml\/lo2 _(1+18§H20)(9902FHZJ 5CDL
wSCH - CCH CDIf”: CCH ~CCH eXp CDL
P kSoe T tM e PG,

o, =

cosn /R 5™ [ 1-tann {/F 25 ) tann R 5]

(53)
i i oM |
8 -(uriag, o) o
— | 1-exp
1+18¢,, PG, e
COSh( /Flc zstL)[l—tanh( FC anSRL)tanh( /Flc ZESRL)j|
‘ =tanh( FC ZESRL) (54)

Equation (51) can be employed to predict the oxygen mass fraction profile in the cathode
reaction layer as a function of distance z. At an x-plane, the oxygen mass flux along the z-
direction is given by

dao,
; __CCH[CRL o
(_noz,eff,z ) =p " Do, e [ :

J (55a)

_ _geom 0, (55b)



Using the information provided for «, in Eq. (51), in conjunction with Egs. (55a) and (55b), the
following result is obtained.

loonM
0 = oD, (al‘/Flc)[sinh(w/Flc z?SRL)—chosh(w/Ff z?;RL)} (56)

Equation (56) can be re-arranged as
oM
(—4F;;;gH o J:(% ) inn (VRS 26% ) -y com(FE 257 7)
O, eff
For the steady operation of a fuel cell, Eq. (57) can be solved for F° by a trial-error or

graphical procedure for a fixed value of i __at an x-plane. Then, using the defining Eq. (49a)

geom

for FlC , one can obtain the cathodic electrochemical reaction activation voltage loss, ‘770‘ , fora

fixed i value at an x-plane. Also, one can find the average cathodic activation voltage loss,

geom

C

cell total current j .
‘77 It is

total geometric area of an electrode )

noted here that the cell anode geometric area (i.e. L**"W *“"') = the cell cathode geometric
area (i.e. L°*"W°"). This rigorous mathematical formulation shows how one can obtain the
activation voltage loss at the cathode reaction layer by taking into account the effect of mass
transport of oxygen through the various layers of the cell on the CRL side.

... using the cell average current density, iy, . :(

The mathematical expressions to compute the chemical species molar flow rates at
any x-location in the anode and cathode channels have been provided.*°

3. Application of the developed formulation

The formulation provided in Section 2 may be employed to calculate an average cell
voltage at a given or desired average current density for a hydrogen/air PEMFC, using an acid
electrolyte medium, for example, Nafion-Teflon-Zr(HPO4), composite*?, PBO/PBI doped with
phosphoric acid, or sulfonated poly(arylene ether sulfone)*®. Example operational conditions
are; an elevated temperature, for example, 110 ‘C, 1 atm. total pressure, with the water vapor
partial pressure slightly less than saturated vapor pressure in the anode-side hydrogen fuel
stream and 50% or even lower relative humidity in the cathode-side oxidant air stream to
maintain oxygen partial pressure at a sufficiently high level to prevent excessive activation

voltage loss at the cathode reaction layer. The average activation voltage losses, ‘nALVG and

[7°|.can be calculated using Egs. (21) and (57). The average reversible cell voltage, E..,

should be calculated using Eq. (4) at the arithmetic average of the partial pressure values of
hydrogen, oxygen, and water vapor at the anode and cathode channel inlets and exits. Then,
the cell actual average voltage can be computed from the following equation:

Vaf/ee” = E::\Jl,ave _nzl,ave _(‘UA +‘77C )—77m (58)

ave ave

where
" | = mexp(nig ) (59)



where m=2.11x10°V, n=8 cm%__ A" * i __in[A cm2_].

geom » “geom geom

4. Single cell electric power and thermal efficiency

The magnitude of the cell electric power, [W], is given by

Wellzsytric =Vaf/ee” Itce” (60)
The single cell thermal efficiency is given by
2FV cell
t?ﬁelll'mal = avi (61)
(—AH7)

where AH; = standard-state enthalpy of reaction, Eq. (3), at the cell temperature, T, per g-mile
of hydrogen oxidized to water vapor, [J mol™].

5. Extension of the single cell formulation for the performance prediction of a stack of identical
cells connected in series (steady-state, isothermal operation)

It is here assumed that the anode-side flow channels of the individual PEMFCs
connected in series are fed with the identical rates of fuel (hydrogen or a gas mixture,
containing hydrogen, from a fuel reformer). The cathode-side flow channels of the individual
PEMFCs are also fed with the identical rates of oxidant, air. The fuel and oxidant (air) flows
are in the same (i.e. parallel) flow direction.

For nPEMFCs connected in series, the stack electric power output is given by
Wit = nvad 150, [w] (62)
The cell stack thermal efficiency is given by the following desired equation

cell
stack __ 2FV, _ . cell

Tinermar = (—Al‘a;/-;) = Tthermal (63)

The mathematical expressions to compute molar flow rates of chemical species at the stack
exit can be found in the report by Sandhu.*°

6. Concluding remarks

Development of a mathematical model to simulate the performance of a PEMFC at an
elevated temperature has been presented. The presented model is deemed sufficiently
rigorous, yet not unwieldy for its application. Effect of the reactant species mass transport on
the electrochemical kinetic reaction rates in the cell anode and cathode reaction layers have
been properly accounted for to correctly predict the electrochemical reaction overvoltages or
activation voltage losses in the cell thin reaction layers. The single cell developed model
formulation has been linked to the stack model equations to predict the performance of a stack
of a number of identical PEMFCs connected in series. Provided the sufficiently accurate
values of the mass transport, charge transport, and electrochemical kinetic parameters are
made available, the presented model formulation can be employed to numerically simulate the



performance of a single PEMFC as well as of a stack of a number of identical PEMFCs
connected in series, utilizing an electrolyte such as sulfonated polyarylene ether, PBO/PBI
doped with phosphoric acid, or Nafion-Teflon-Zr(HPQ.,),, at an elevated temperature (> 100
“C) for the isothermal and steady-state operating conditions.
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