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Abstract— H; /H, control problem for a class of stochastic
discrete-time linear systems with state, control and external
disturbance dependent noise or (z, u, v)-dependent noise
involving multiple decision makers, which is very valuable in
practice is investigated. It is shown that the strategy set can be
obtained by the solutions of cross-coupled stochastic algebraic
Riccati equations (CSARESs). In order to solve these equations,
some new algorithms are given. Numerical example is given to
demonstrate the effectiveness of the novel strategy set.

I. INTRODUCTION

With the maturity of Nash games, stochastic Hy/H ., con-
trol problems for a class of discrete-time system have been
investigated (see, e.g., [1], [2]). The finite horizon mixed
H,/H . control problem was considered in [1]. These results
were extended to the infinite horizon case [2]. It should
be noted that the existing results are based on LQ control
and H, control technique for continuous and discrete-time
stochastic systems [3], [4], [5], [7], [8]. When the strategy set
can be designed, cross-coupled stochastic algebraic Riccati
equations (CSAREs) have to be solved. However, little
attention has been given to a numerical algorithm for solving
these nonlinear matrix algebraic equations.

Recently, Hy/H,, control problems involving multiple
decision makers for discrete-time stochastic systems with
state and disturbance dependent noise have been solved
[9]. Moreover, the numerical algorithm via linear matrix
inequality (LMI) that is based on semidefinite programming
(SDP) has been developed. However, the convergence proof
has not been investigated up to now even if the proposed
algorithm can be worked well in practice. Therefore, it
is important to investigate a new numerical algorithm that
guarantees a convergence.

In this paper, infinite-horizon Hy/H, control problem
with multiple decision makers for a class of discrete-time
linear stochastic systems is investigated. As compared with
the existing results in [9], state-, control- and disturbance-
dependent noise or (z, u, v)-dependent noise is considered.
It should be noted that since the existence of control-
input dependent noise has been verified [11], the consid-
eration of the control-dependent noise is very important.
After establishing the existence conditions that consist of
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CSARESs, Newton’s method is applied to solve these high-
order nonlinear matrix equations. As a result, if the initial
conditions are appropriately chosen, quadratic convergence
is guaranteed. Moreover, in order to avoid the complicated
derivation of Newton’s method, an algorithm based on LMI
is given. Finally, a simple numerical example is given to
demonstrate the efficiency of the proposed scheme.

Notation: The notations used in this paper are fairly standard.
The superscript 1" denotes matrix transpose. I,, denotes the
n X n identity matrix. E[-] denotes the expectation operator.
0;; denotes the Kronecker delta. Tr denotes the trace of
a matrix. ® denotes the Kronecker product. U, denotes
a permutation matrix in the Kronecker matrix sense such
that Up,,vecM = vecM”, M € R*™. The [>-norm
of y(k) € I2(N, R") is defined by ||y(k:)||l230(N gy 1=

w

o Elly(0)[7].
1. PRELIMINARY RESULTS

Consider the following discrete-time stochastic system.

z(k+1) = Az(k) + Byu(k)
+[Apx(k) + Blpu(k)]w(k)v
y(k) = Ca(k),

where z(k) € R™ represents the state vector. u(k) € R™
represents the control input. y(k) € R represents the system
output. w(k) € R is a one-dimensional sequence of real
random process defined in the filtered probability space,
which is a wide sense stationary, second-order process with
E[w(k)] = 0 and E[w(s)w(k)] = 05 [2], [3].

Let us consider the following stochastic linear quadratic
(LQ) control problem subject to (1):

(1a)
(1b)

minimize J(u) := Y Blz” (k)Qz(k) + u” (k) Ru(k)],
k=0

é:QTzo,RzRT>o. )

The following lemma plays a key technical role in this paper
(21, [3].

Lemma 1: Assume that for any wu(k), the closed-loop
system is mean square stable. Suppose that the following
stochastic algebraic Riccati equation (SARE) has a solution
Y=Y

Y +ATYA+A]YA,+Q-L"R'L=0, (3

where R:= R+ B{Y B, + BLYB;, and L := B[Y A +
BT Y A,.



Then, an optimal feedback control is given by
u* (k) = K*z(k) = =R "La(k), (G))
where J(u*) = 27 (0)Y*2(0).
As another important method, the feedback gain K* can

be obtained by solving the following semidefinite program-
ming (SDP) [6].

maximize Tr [Y], (5a)

subject to
Y+ ATYA+ ALY A, +Q L”
L R
Moreover, Y* is a maximal solution, which is the unique

optimal solution.
To this end, we consider the following system

}20,Y>O. (5b)

x(k+1) = Az(k)+Bv(k)+ [Apx(k)—&-pr(k)} w(k), (6a)

2(k) = Cz(k), x(0) = 2", (6b)

where v(k) € R" represents the external disturbance.
z(k) € R™= represents the controlled output.

Definition 1: [2] Suppose that for any given 0 < T € N,
there exists a unique solution x(k, 0, v) € I2(Nz,1, R")
of (6) with initial value 2(0) = 0. In the system (6), if the
disturbance input v(k) € [2(N, ") and the controlled
output z(k) € I2(N, R":), then the perturbed operator L :
I2(N, ®") — 12(N, R") is defined by

Lv(k) := Cz(k, 0, v), Yo(k) € I2(N, R™),

with its norm

z(0) =0

L2 = ”Z(k)"?g,(N Rnz)

sup
v(k) € 12 (N, R"v), ||v(/<:)||l2%(N Rno)
v(k) #0, 2° =0
E(|Cz (k)| n, gr-)]
= sup Bl . ()
v(k) € 12 (N, R"v), [Jo( )||112“(N7 Wu)]
v(k) #0, 2° =0
The following lemma can be viewed as the discrete

version.

Lemma 2: [2] If the stochastic system (6) is internally
stable and |L| < ~ for given v > 0, then there exists a
stabilizing solution X < 0 to the following SARE

~X+ATXA+ATXA,-CT"C-LIR'L, =0, (8

where R, := I, + BT XB+ BgXBp, L, := BTXA+

BI'XA,, (A+ BF,, A,+ B,F,) is stable with
F,=-RJ'L,. 9)

Conversely, if (6) is internally stable and (8) has a stabilizing
solution X < 0, then |L| < 7.

On the other hand, the gain F'* can also be obtained by
solving the following SDP.

maximize Tr [X], (10a)
subject to

X+ ATXA+ATXA,-CTC L]y v (10b)
L, R,|—7 '
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oreover, is a minimal solution, which is the unique
M X* 1 solut hich is th
optimal solution.

III. Hy/H,, CONTROL WITH MULTIPLE DECISION
MAKERS

A. PROBLEM FORMULATION

Consider the stochastic linear discrete-time system with
state-dependent noises, which involve /N-decision makers

ZB uj(k
ZBpJuJ )|t

z(k+1) = Az(k) + Bu(k

—i—[Ap:c( + B,u(

z(0) = 2°, (11a)
Cux(k)
Ci k Dlul(k)
s = | gl [oaw=| UL aw
DNUN(k)
where DI'D; = I,,,, C = [Ci‘r ct ]T, u; (k) €

I2(N, R™i),i=1, ..., N represents the i-th control input.
It should be noted that as compared with the existing result
of [9], the controls wu;-dependent noise are considered.

Given a disturbance attenuation level v > 0, define
performance functions

Jo(u1, ... sun, v) ZE’Y [o(®R)[* = 1=(k)I%] (12)
and
Ji(ur, o yun, v) =Y E[|z(k)?), i =1, .., N.(13)
k=0

The infinite horizon stochastic Hs/H, control with multiple
decision makers of system (11) is stated as follows:

Given v > 0, find if possible strategies u}(k) €
I2(N, ®™i),i=1, ..., N such that

i) uf(k) stabilizes system (11) internally.

i) | L]
ZE ICx(k |\2+Z\Iu (k)|?
k=0
= sup

oo
v(k) € I2,(N, R™),
v(k) #0, 2°=0 ZEHU
k=0

<~ (14)

iii) When the worst case disturbance v* (k) € 2 (N, R™v),
if exists, is implemented in (11), u;‘(k) minimizes the
output energy

Ji(u1, ... ,un, v¥)

= Ellu(®)?
k=0

=Y E[|Ciz(k)|* + |ui(k)|?], i = N. (15)
k=0



If the above (uj, ... ,u},, v*) exist, we say that the infinite
horizon stochastic Ho/H,, control with multiple decision
makers is solvable. Obviously, (uj, ... ,ul, v*) are the
Nash equilibria of the two functionals (12) and (13), which
satisfy

Jo(uy, ... ,un, v*) < Jo(uy, ..., uy, v), (16a)
Ji(ul, Uy, v¥)

< Ji(uy, o uig, wi, Ui, Uy, V),
i=1, .., N. (16b)

These equilibria are based on the Nash solutions and applied
to the cases of multiple decision makers [9].

B. SOLUTION TO THE MULTI-OBJECTIVE MIXED
Hy/H., PROBLEM

First, a solution to the stochastic Hs/H., control by
means of cross-coupled stochastic algebraic Riccati equa-
tions (CSARESs) is given.

Theorem 1: For the discrete-time stochastic perturbed sys-
tems (11), suppose that the following CSAREs have solutions
(X, Y1, ..., Yy, F, K, ... ,Ky) with X <0 and Y; > 0,
i=1, ...,N.

~X+ AT XA p+ AL XA _,p

N
T T T —157
00~ KTK; - L)R;'L, =0,

(17a)
j=1
F=-R]'L, (17b)
~Y; + AT YA_l + AT,,ZYA_,QZ
voro, LR 'L, =o0, (17¢)
K;=-R, 'L, i=1, ..,N, (17d)
where A_p = A+ Y BjK;, A, = A, +

N ¥ _
Zj:l Bijj, L’Y = BTXA_F —|— BgXA_pF, R"/ =
N2, + BTXB + BTXB, A.; = A+ BF +

N
231#1 ,Lﬂ>41+BF+231#J3K
L_;, = BTYA_Z +BLY;A i, R == I, + BTY;B; +
B Y Bp;

Deﬁne the set (uj, ... ,uly) by

wi(k) == Krae(k) = —R, L_jx(k), i=1, ... ,N. (18)

Then, this strategy set denotes the finite horizon Hs/H
control.
Proof: Set Z = —X and the equation (17a) yields:

N
~Z+ AT ZA_p+ AT ZA_p+CTC+Y KK

j=1
~T v —1 ~

+L R L,=0, (19)
where L, = BTZA_p + BTZA_,p = -L,, R, =

v21,, - BYZB - BTZB, > 0.

We rewrite (19) in the form
~Z+ AT ZA p+ AT L ZA

+c'c+cC)C, =0, (20)
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U Opxn
R |, Cp, = Onwin
1 p3f
WR"/F
p = range(CTC + Zj:1 K] K;), U € R*™ is obtained
from the factorization UTU = CTC + Z;\;l K]TK ; and

= R;llty = —R;lj},y = F. By using the similar
technique in [10], it is easy to prove that under the con-
sidered assumptions the system (A_p, A_,r | C, C}) is
detectable. Hence, it is omitted.

Now, let us consider the following problem in which the
cost function (21) is minimal at K; = K.

where C = where

1
2
5
v XN

1
NGl
On

F) = E[2|v(k)|? — |2(k)]?], (1
)= s %)Z Bk = 12017, @D
5(k) = Ca(k) = [CT (DyE)T - (DyK3)T (k).

where z(k) follows from
z(k+1)

- (A+ zNijK;-“>x(k> + Bu(k)

(oS

Note that the function ¢ coincides with function Jp in
Lemma 2. Applying Lemma 2 to this optimization problem
as X =P, A p=A A _,r = A, and C = C, yields
the fact that the function ¢ is minimal at

) )+ B v(k:)}w(k). (22)

* — * H—1F
Ff=-R;'L,=F'=-R L,

Y

(23)

On the other hand, consider the following LQ problem.

K;) = i E|z(k)|? 24
YK=L min %m);) 1] (24)
and z(k) follows from
N
z(k+1) = <A+BF* +> BjKj):c(k)+B,;ui(k)
Jj=1, j#i
N
+ KA,,JFB,)F* +> Bijj> (k)
j=1, j#i
By (). 03)

The function 1 coincides with function J; in Lemma 1.
Applying Lemma 1 to this optimization problem as Y; = P,
A_;= A A_,; = A,and A_,; = A, yields the fact that
the function ¢/ is minimal at
A —1n

K*=-R'L=K;=-R, L_,. (26)
So (uf, ...,ul, v*) solve the finite horizon Hy/H, control
problem of stochastic system (11). |



IV. NUMERICAL ALGORITHM

In this section, two numerical algorithms are given. The
first one is Newton’s method and the other one is SDP
algorithm.

A. Newton’s method
First, CSAREs can be changed as follows.

Fx(X, F, Ky, ... ,Ky)
=-X+ATXA+ AT XA,
N
+y’FTF—C"C -y KI'K; =0, (27a)
j=1
FY}:(E, F, Kl, ,KN)
=Y +ATY,A+ A YA,
+CIC; + K'K; =0, i=1, ... ,N, (27b)
Fp(X, F, Ky, ... ,Ky)
=7’F+B"XA+Bl'XA,=0, (27¢c)
Fg, (Y;, F, Ky, ... ,Ky)
=K;+B]Y;A+ BJY;A, =0, i=1, ... ,N,(27d)

where A := A+ BF + Y.\ | B;K;, A, .= A, + BF +

N
Z j=1 Bm' Kj :
Let us define Newton’s method as follows:

20 =2 (O @), )
where
flx™) = {[Vecpg?)]T [veCng)]T [vecF%]T
T
[vecF;fL)}T [VecF(I?I)]T [VecF%I)V]T} )
2 = [[vecX(”)]T vecV™]T ... [vecyM]|T

T
[vecFM|T [vecK™]T ... [vecKJ(\;l)]T} )

J = gx® vy, e k™M k)

JX, Y1, ..., YN, F, Ky, ... ,Kp)
Jo O - O ‘:](50 {7%1 : {]é;g
O JOO R O JlO Jlll N Jlj\l/'v
_ O O Joo j&g jgll : jgj\\’;
O Ju -+ 0O Jy " N
0 0 o dny Tne Inh o Ty

Joo=-I, 0, + AT @ AT + AT ® A7,

Jb = 1,9 (ATXB) + [(ATXB) ® I,]Upnn,
+1, ® (A} XB,) + [(AL X B,) ® I,)Unn,

4731, ® FT + [FT @ I,)Upn,),

TN =1, 9 (ATXB,) + [((ATXB;) ® L, )Upm,
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+1, ® (A} X Byi) + [(A] X Bpi) ® In]Upim,
_(In & KzT + [KzT & In]Unmq;)v
T =1, (ATY;B) + [(ATY;B) ® I,|Unn,
K
Ji' =1,® (A"Y;B)) + [(ATY;B;) ® I)Upnm,
+1,, ® (AL YiByi) + (Al YiByi) ® L) Upim,
+1, @ K} + [K] @ I,)Upm,,
T8 =1, 9 (ATY:B;) + [(A"YiB;) ® L|Upm,
Joo =A" ® BT + AT @ BT, Joo =1, ® R,
Iy, =1, ® (BTXB;) + I, ® (BTXB,y),
Ji=A"® Bl + AT ® B,
Jio = I, ® (BTY,B + BLY;B,),
Jii T ITL ® (I'"Li + Bz Y;BZ + BpiYZsz)a
Ji = 1,0 (BIY:B; + BLY:By)), i # j.

It should be noted that the initial conditions are chosen such
that the closed loop stochastic systems are internally stable.
On the other hand, it should be noted that the choice of
initial conditions is very important because the inappropriate
ones yield other solutions or divergence. In order to obtain
the appropriate initial conditions, the inverse-time computing
[1] would be available. Furthermore, if [J™]~! does not
exist, the inverse-time computing can also be used instead
of Newton’s method.

B. SDP ALGORITHM

The SDP algorithm for obtaining the strategy set is given
below.
Step 1. As the initialization procedure, solve the following
two types of SDPs independently.

maximize Tr [Y;"], (29a)
[ o j;OT ]
subject to ?(o) Lf@ >0,i=1, ... ,N, (29b)
L —1 Rl
maximize Tr [X (O)] (30a)
g §OT
subject to | _ s >0, X <o, (30b)
! L9 RO
where ®© ;= —v” 4 ATyY4 4 ATy 4, + CTC,
1Y = By 04+ BTy 04, B = 1, + BTV B+
0
BLY"'B,;, v = —x© 4 ATXO4 4 ATX©O) 4, —

cro, L = BTXOA 4+ BTx©4,, R = 41, +
B'XB+ BI'X0B,.
Step 2. Set K"
RO 17O
~[RY11L".

f[REO)]*IIA}(_OZ-) and X .=



Step 3. Solve the following two SDPs independently.

maximize Tr [Yi(kJrl)], (31a)
ORI A
subject to (P(k) L:(;) >0,i=1, ... ,N, (3lb)

where &) = _Y;(k+1) + A(_kl-)TY;(kH)A(_ki) n
AWTYE AT ore;, A% A+ BF®) 4

A, + B,F®
By MU AW 4
K3 (] —1
+ BTY"Vp, +

e, g BiEG,
Z;V:Lj;éinng('k)’ i’(fz) =
BLY*WaA® R = I,
Bgiyi(kJrl)BpT

maximize Tr [X(k)], (32a)
gk BT .
subject to | oy — gy |20, X* <0, (32b)
"™ R
where ©®H) .= _xk+D) 4 A%}TX(’“H)A@; +

APTxEA® oo, A% = A+ TN BiK,
A =4, 0N Bk, LY = BTX A%
Brx®tA® - RW =4I, 4+ BTXKDB 4
BT x(k+1) B

p P
Step 4. Set kaﬂ) as follows.

F(k:+1) — _[R(k’)]—li(k) (33)

Gt) g s (R)
Ki - _[R ] L ) y

Step 5. If the algorithm converges, then X (%) — X, Yi(k) —
Y; as k — oo, where Y] is the solution of CSAREs (17c¢),
STOP. Otherwise, increment £ — k£ + 1 and go to Step 3.

If the algorithm does not converge, the proposed algorithm
would be fail.

V. NUMERICAL EXAMPLE

In order to demonstrate the efficiency of our proposed
strategies, a simple numerical example is investigated. The
corresponding matrices are given below.

0.5 1 0.01 0
=2 A‘{o —0.5]"4?_{ 0 0.02}’
0.1 0
3[0.5}731’{0.05]’
1 0
Bl|:1:|aB2|:2:|7B3|:_05:|3

0 0 0
Bm{o.m]’ BPQ{O.OQ]’ Bm{o.m}’
Ci=I, Co=0.5I5, C3=2I5, D; = Dy = D3 = 1.

—_

47

By solving the corresponding CSAREs (17), we obtain the
linear state feedback strategies and the solutions.

F =1 9.5868e-3 —9.4227e-3 |,

Ky =[ —1.1225e-1 —6.4417e-2 |.
Ky =[ —1.1268e-2 4.4757e-2 |,
Kz = —3.0192e-1 —7.8399e-1 |,
o[ ~11137  —25dlde-1
~ | —25414e-1  -1.6519 |’
v — [ 1.0209  1.8549e-2 |
7| 1.8549e-2  1.0349 |
v, — [ 25218e-1 2.2935e-3 |
> | 2.2935e-3 2.5970e-1 |’
v.— [ 41258  2.805le-1 |
°7 | 2.8051e-1  4.7379 |

It is easy to verify that these strategies satisfy the multi-
objective control purpose, respectively.

Table 1. Error Per Iterations.

n [€]

0 | 1.6843¢+01
1 | 1.3845¢ — 01
2 | 9.5408¢ — 04
3 | 2.7064e — 09
4 | 2.2025¢ - 15

Second, the convergence property is confirmed. It is ver-
ified that the solution of the CSAREs (17) converges to
the exact solution with accuracy of £ < 107! after four
iterations, where the function £ is defined as follows:

gn)
= [Fx(x™, FO, &Y, k)]
3
3 Fy (", FOL RN, LK)

J=1

HFp(X™, FM kM EW))

3
Y NFg (v, PO KM LKD)
j=1

In order to verify the exactness of the solution, the remainder
per iteration by substituting solutions X (™), Yi("), F),
KE"), , K](\?) into the (17) is computed. It can be
verified from Table 1 that Newton’s method (28) generates
the quadratic convergence.

On the other hand, LMI approach that is based on SDP
needs 52 iterations. Although the convergence of the SDP
algorithm is not guaranteed, the resulting algorithm is also
reliable because the required computation work space is
small.

VI. CONCLUSION

Infinite-horizon Hs/H., control with multiple decision
makers for discrete-time stochastic system has been stud-
ied. Particularly, as the extension of the existing Hs/Ho



control problem that has been investigated in [9], (x, u, v)-
dependent noise was considered. Moreover, in order to
guarantee the convergence, Newton’s method was applied
to CSAREs. As a result, it has been shown that the local
quadratic convergence was guaranteed. It is well known
that the Newton’s method seems to be classical. Hence,
although the proposed algorithm does not seem novel, it is
worth pointing out that fast convergence is attained under
assumption that the appropriate initial guesses are chosen.
Furthermore, SDP algorithm was also established to reduce
the computational work space. A numerical example has
shown the validity of the proposed scheme.
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