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A Numerical Method for Consumption-Portfolio Problems
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Abstract— A numerical framework for continuous-time
consumption-portfolio problems is set up by Markov chain
approximation with the logarithmic transformation (We call
it MCALT ! algorithm). We show that the complexity of
the algorithm is a polynomial. An example with and with
prohibition of short-sale on risky securities is provided to
demonstrate the proposed numerical method.
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I. INTRODUCTION

Continuous-time consumption-portfolio problems
have been extensively studied in the literature since
the work of Merton (1969, 1971). However, two obser-
vations are worth mentioning: First, no explicit solution
exists for general utility functions. Second, it is difficult,
if not impossible, to obtain explicit solutions for con-
strained cases but there are various constraints which
are important in applications, like prohibition of short
sale on securities, etc. Therefore, effective numerical
methods are called for.

The direct Markov chain approximation method has
been used for the consumption-portfolio problems with
an infinite horizon by Fitzpatrick and Fleming [3].
However, they imposed a restrictive condition on util-
ity functions, namely, the constant relative risk aversion
(CRRA for short) parameter is in the range of (0,1).
This condition greatly limits the application of the
Markov chain approximation in continuous-time eco-
nomics, since the range of CRRA parameters is (—oo, 1).
There are very few studies, if any at all, in literature
on using the direct Markov chain approximation to
consumption-portfolio problems with a finite horizon.

Recently, Monte Carlo methods have been applied
to continuous-time consumption-portfolio problems by
Detemple, Garcia, and Rindisbacher [2] and Cvitani¢,
Goukasian, and Zapatero [1]. their methods require
that markets are complete as mentioned in Cvitanic,
Goukasian, and Zapatero [1]. Therefore, their methods
are inapplicable to constrained optimization problems
due to the fact that constrained financial markets
and/or constrained insurance markets are no longer
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complete since some contingent claims are not hedge-
able in such markets.

The aim of this paper is two-fold: First, MCALT
algorithm is used to set up the numerical framework
for consumption-portfolio problems in the setting of
the generalization of usual utility functions. MCALT al-
gorithm resolves the deficiencies of the above two men-
tioned numerical methods for consumption-portfolio
model. Second, we show that the complexity of the
algorithm is a polynomial of the number of risky
securities, the number of computed grid points, and
the input size in the binary number system. There-
fore MCALT algorithm is a powerful tool to study
continuous-time (un)constrained portfolio problems.

This paper is organized as follows. In the next sec-
tion we describe the consumption-portfolio problems
and state the HJB equation with the boundary con-
ditions. In Section 3 we introduce MCALT algorithm
to consumption-portfolio problems, and apply it to an
example with and without a nonnegative constraint on
portfolio. We conclude with some remarks in Section 4.

II. MODEL DESCRIPTIONS AND H]B EQUATIONS WITH
BOUNDARY CONDITIONS

Let W(t) = (Wy(t), - ,Wn(t))’, here ' is a trans-
pose operator, be a standard N-dimensional Brownian
motion defined on a given probability space (£, F, P).
Let F; at time t be the P-augmentation of the filtration
o{W(s),s < t},t € [0,T], it represents the information
at time ¢.

There is a riskless security and N risky securities
in the financial market. The riskless security evolves
according to

aSo(t) = r(t)So(t)dt, 1)
and N risky securities evolves according to

N
dS;(t) = Si(t) | wi(t)dt + > oy (H)dW; (1) |
j=1

i=1,---,N. ()

Assume 7(t), u(t) 2 (ui(t), -, pn (b)), and o(t) 2
(0i5(t))nxn, satisfy the usual assumptions such that
the market is complete.

We define some processes describing the investor’s
input and decisions at time ¢:

e i(t) = Income rate at time ¢.
« c(t) £ Consumption rate at time ¢.
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« 0;(t) £ Dollar amount in the risky security i at time
ti=1,-- ,N.0(t) = (6:1(t), - ,0n(1)).
The wealth process X (¢) satisfies the stochastic differ-
ential equation

AX(t) = r(t)X(t)dt — c(t)dt + i(t)dt

+0'()[(u(t) — r(t)1)dt + o(t)dW (£)]. (3)

Where 1 is the N-dimensional vector whose every
component is 1.

Suppose that the investor’s preference structure is
given by (Uy,Us). U1(-,t) is a utility function for the
consumption with the subsistence consumption &(¢) :
[0,T] — [—00,00), and Us(-) is a utility function for the
terminal wealth with the subsistence terminal wealth
X € [~o0, ).

Remark 2.1:  « Here we loose the nonnegative re-
quirements on the subsistence levels &(-), and X
(see Definition 3.4.1, Karatzas and Shreve [4]).
Moreover they can possibly take —oo, in this case,
it means no subsistence level. Examples are expo-
nential utility functions which has no subsistence
level.

o There are nonnegative constraints on consumption
and the terminal wealth. Together with subsistence
levels, we define

co(t)

£ max{c(t),0}, te
Xy =

max{X, 0},

(0,77,

which we call the essential levels for consumption
and the terminal wealth, respectively.

Given an wealth 2 at time ¢ < 7 and a pair of
investor’s decisions, (c, ), his expected utility at time
t with the wealth z is

‘/Q:G)t x) S []/ Uil(c

+U2(X(T))

The investor’s problem at time ¢ with the wealth x
is to choose consumption ¢* and portfolio strategies
0* to maximize his expected utility (4). Denote by
V(t,z) the maximized expected utility at time ¢ with
the wealth x . By the dynamic programming technique
(see Merton [7], [8]), we have

Vvt(t ,’E) + SUP(¢>z(t),6) \Ij(tu Z;c, 9) =0 (5)
[0,T] x

ft} . @)

on the domain D £ {(¢,7) € (=00, +00),z >

bo(t) — b(t)}. Where
U(t, z;c,0)
& 200 (0)0" (09Var t, ) + (0 (ult) — ()]
+r(t)z +i(t) — )Vu(t, z) + Ui (e, t), (6)
In addition, V' satisfies a boundary condition
V(T z) = Uz (), @)

and an absorbing boundary condition

b(t))
s)ds + Uz (Xp). (8)

V(t,bo(t) —

/ U1 CO

Remark 2.2: In the absorbing boundary condition (8),
b(t) is define as

b(t)—/tTi(s)exp{—/tsr(v)dv}ds, )

and by(t) is defined as

bo(t) = /tT Co(s) exp {— /ts r(v)dv} ds
T
+Xg exp {—/t r(s)ds}.

The absorbing boundary condition (8) is the gener-
alization of the one in Theorem 3.8.11, Karatzas and
Shreve [4]).

(10)

We do the following transformations on (5)

w & x+bt) —by(t), (1)
Vit,w) £ V(tz), (12)
q) 2 elt) -l (13)
We have
Vilt,w) + SUP(z>0,0) U(t,w;c,0) =0 (14)

on the domain D £ {(t,w) €
boundary conditions

[0,T] x (0,400)} with the

V (T, w) = Uy(w + Xo), (15)
7 (t,0) / Us(co(s), s)ds + Us(Xo).  (16)
Where
U(t, w; ¢, 0)
& 200 (1)0" (16t ) + (0 (u(r) — (1))
+r(t)w — )V (t,w) + Ui(c + co(t),t).  (17)

Now the term i is disappeared in (14) compared to
(5), and the absorbing boundary is no more a moving
boundary after the transformations.

For CRRA utility functions with nonnegative subsis-
tence levels, if any one of CRRA parameters for U,
and U, is negative or zero, the absorbing boundary
condition (16) is singular. At this point, if we introduce
the numerical scheme to (14), the scheme will be greatly
limited since the possibly singular boundary condition
(16) is involved in it.
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III. MCALT ALGORITHM

To resolve the difficulty mentioned in the previous
section, we will do the logarithmic transformation on
(14) as follows

u 2 Inw, (18)
Vit,u) 2 V(tw), (19)
¢ & Loy (20)

w
g2 Yy 1)

w

Here ¢ and 0 are consumption proportion and portfolio
proportions.
We have

~

f/t(t, u) + SUD (550 7) \/I\/(t7 u;C,0) = (22)

on the domain D £ {(t,u) €
the boundary conditions

[0,T] x (=00, +00)} with

~

V(T u) = Un(e" + Xo), @3
/ Uy (o(s), 8)ds + Us(Xo). (24)
Where
T(t, u;c,0)
S %é\/a(t)o/(t)é\(/\uu(tau) — Va(t,u))
+(0"(u(t) — r(t)1) + 7(t) = E)Vau(t, u)
+U;(e"c+ co(t),t) (25)

The absorbing boundary condition moves to —oco un-
der the logarithmic transformation, the domain of the
above HJB equation becomes [0,T] x (—o0, c0). Clearly
the absorbing boundary condition won't be involved
in numerical methods since it occurs at —

Now we introduce the following approximating
rules (Kushner and Dupuis [6]):

V(t,u) = VPOt ). (26)
=R {7h,é _ {/h,¢
Dt u) — Vmo(t + 4, u()S 14 (t,u)' @7)

If a coefficient of ‘A/u is positive,
VS (t 4 6,u+ h) — VIO (t + 6, u)
A )

Va(t,u) —
(28)

If a coefficient of V, is negative

VIOt +6,u) — VPOt + 6,u— h)

(29)
Vi (t, 1)
VhS(t 46, u+h) VOt 4 6,u)
h2 -2 h2
Vho(t+68,u—h
LA 7;2 u—h) (30)

The discretized version of (22) is

~

‘A/h’5(t, u) = SUP (25 3) \f/h"s(t, u; ¢, 6) (31)
with the boundary condition
V(T u) = Uy(e™ + Xo). (32)
Where
U0 (¢, u; @, 0)
£ A(E 5 (t,u;u + h)f/h’é(t +0,u+h)
+ Py (8 usu) VI (¢ + 6, )
+13A§)(t w;u— h)\VP(t+ 6,u—h)
+(5U1(€“/C\—|- Co( ) t),
(33)
here
]3(53 (t,w;u+h)
5 ~ N
é ﬁ /O'(t)O',(t)e
0 _
+E(9/(H(t) r(t)1) 0 (u(t)—r(t)1)>0 +r(t)),
(34)
IS(E’A) (t,u;u — h)
a, 0 0\~ Lo
= (ﬁ + ﬁ) a(t)o'(t)0
0 . ~
_E(%M“) T“ﬂ)H(MQ*NU) o c),
(35)
ﬁ(a ) (t, u;u)
21-P, g (tusu+h) — (AG)(t w;u — h).
(36)

Here (31) is the finite difference equatlon which needs
to be solved backward in time. Pgp) (t,u;u + h),

P o) (t,u;u), and ch) (t,u;u — h) are interpreted as
transition probabilities of a Markov chain at time ¢ since
the sum of them is 1, and they are associated with
three states u + h, u — h, u at time ¢ + 9, respectively.
Hence the key assumption is that the right hand sides
of (34) — (36) are nonnegative. The right hand sides
of (34) — (36) do not depend on the state variable u
explicitly. In addition, the proportions ¢ and f are small
in practice. So we can choose some appropriate values
of 6 and & such that the right hand sides of (34) — (36)
are uniformly nonnegative.

Remark 3.1: In this remark, we are going to verify the
local consistency (see Equation 12.1.5 in Kushner and
Dupuis [6]) of the approximation scheme (31) . Let

Ult) & In(X(t)+0b(t) —bo(t)),
an & -a

X(t) +b(t) — bo(t)’
i) 2 o(t)

X () +b(t) — bo(t)
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According to (4), by Itd lemma, we have
1 ~
(r(t) - 5e’a(t)a’(t)e —(t)

- r(t)l)))dt + 0 (t)o(t)dW (1)

Which is the dynamics corresponding to HJB equa-
tion (22).

dU(t) =

+6" (1) (u(t)

From (34) - (35),

E[U(t+6) —u|U(t) =

= ]S(E,A) (t,u;u+h)xh— ﬁ(E,A) (t,u;u —h) *xh

=5(rt)— %@o(t)o’(t)@ =0

@) (ule) - r<t>1>>) ®)

and

ﬁ( )(tuu+h)*h2 ot u;u — h) % h?

—(E[U (t+5>—u|U(>— u])?
= 50" (t)o’ (1)8 + O(hs). (38)

Therefore, the approximation scheme (31) is locally
consistent.

We are going to discuss the optimal decisions in the
difference equation (31). From (34) — (36), after some
algebra, we have

~

sup \Tlh";(t, u; c, 0)

(@>0,0)
1 ~ ~ N ~
= 5sup{2(vjf(t, u) = VO (t,u)0 o (t)o’ ()0
0

+Vuh,’£(t7 U)e/(ﬂ(t) - T(t)i)l@(#(t)fr(t)i)zo

e ]
LU () (u(t) — r(t)l)lg/(ﬂ(t)_r(tmgo}

+d sup {U1(6"5+ Co(t),t) — ‘A/uhf(t, u)E}

c>0

FOr(E)V (tu) + VIOt + 6, u).

= 5max[

w {§<vh< u) = V19, u)) 0o ()" (1)0

0 (u(t)—r(£)1)>0

P00 ) ~ ) .
{30 €0 - V) Patre 08

sup
0 (u(t)—r(£)1)<0
FVO (8, w)@ (1) — r(m)H
+0sup {Ul(e“8+ Go(t), t) — VO, u)e}
c>0 ’
FOr )V (tw) + VI (t+ 6, u).
(39)

Where
Vol (t,u)

N VS (t 4 8,u+ h) — VPO (t + 6, u)

4
) . o)
Vo (t,u)
{7h,8 h,8
éV (t+0,u) — Vvh (t+0,u— )7 41)
h
Vil (t,u)
W VPOt 8 u+h)  _VO(t46,u)
= h2 —2 12
{7h,8 .
+V (t+0,u h)' 42)

h2

Note, the first term of the right hand side of (39) is a
combination of two quadratic programming problems
with linear constraints, and the second term of it is
a single-variable convex programming problem with a
nonnegative constraint.

There are various constraints on consumption pro-
portion ¢ and portfolio proportions 6 due to various
requirements from the reality besides the nonnegativity
of essential levels, for example, prohibition of short sale
on securities, e.g., > 0. Such constraints on ¢ and
9 are added to the right hand side of (39) to succeed
in mathematical modeling. Adding the constraints to ¢
in the second term of (39), it is still a single-variable
convex programming which can be solved if we know
the forms of U; by the elementary calculus. Adding
the constraints to 6 in the first term of (39), it is still
a quadratic programming. If 6 subjects to one or more
linear inequality and/or equality constraints like

Af < d,
Bazz,

(43)
(44)

according to Kozlov, Tarasov, and Khachiyan (1979), the
complexity of quadratic programming in (39) is poly-
nomial solvability under the assumption V%(t,u) <
VI (t,u).

We describe the procedure of the algorithm as fol-
lows. The time step ¢ and the spatial step A divide the
space (t,u) into grid points. Assuming the time step ¢
divide the time interval [0, 7] into L time rows.

o Step 1: Compute the utility V' for each grid point
at the L-th time row using the terminal condition
(32). Set the variable | = L — 1.

« Step 2: Solve the optimization problem (39) (possi-
bly with additional constraints) for each grid point
at the /-th time row, and store the utility value for
each grid point at the [-th time row by the equation
(31).

o Step 3: If | > 0, decrease [ by 1 and go to Step 2.
Otherwise, the algorithm succeeds.

By the above descriptions, we have the following com-
plexity theorem:
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Theorem 3.2: Assuming 0 subjects to one or more
constraints in the forms of (43) — (44). If V2:9(t,u) <
IA/u}f’f(t, u) holds for each grid point to be computed,
The complexity of the algorithm is bounded by a poly-
nomial of the number of risky securities, the number of
computed grid points, and the input size in the binary
number system.

Now we are in a position to implement the numerical
method. Let’s consider an investor to invest in stock 1
and stock 2 in the financial market for one year. His
CRRA parameter v = —3, the utility discounted rate
p = 0.03, utility weights for the consumption and the
terminal wealth are 1, and the subsistence levels are
zero. Suppose the annual interest rate r = 4%. The drift
term for stock 1 and 2 is given by (p1, p2)’ = (6%, 7%)’,
and the volatility is given by

[ 12% 9%
7= 9% 15%

We consider the example with and without a non-
negative constraint on portfolio. In both cases, the time
step 0 is taken as 0.01 and the state step h is taken
as 0.02. All transition probabilities are nonnegative as
the computer programs check. We use the values of u
between —8 and 8 to plot the figures for both cases.
The values of u between —8 and 8 are equivalent to
the total available wealth between e 8 ~ 0 and e® ~
2981 thousand dollars. As we note from the numerical
method, in order to compute the numerical solutions
for the discretized u € [—10,10] at time ¢t = 0, it is
necessary to involve the terminal condition for every
discretized v € [—12,12] at time 7' = 1.

We plot Figures 1-3 for the example without the
prohibition of short sale on securities, while plot Fig-
ures 4 — 6 for the example with the prohibition of
short sale on securities. Figure 2 shows that optimal
portfolio proportion on stock 1 is a constant and close
to —0.3 which is calculated from explicit solutions,
meaning that the investor short sells stock 1, while
Figure 5 shows that the optimal portfolio proportion on
stock 1 is zero. Figure 3 shows that optimal portfolio
proportion on stock 2 is a constant close to the number
0.5 which is calculated from explicit solutions, while
Figure 6 shows that the optimal portfolio proportion
on stock 2 is a constant around 0.25.

IV. DI1SCUSSION

We set up the numerical framework for the
consumption-portfolio problems by MCALT algorithm.
MCALT algorithm consists of two steps: First, do the
logarithmic transformation to push the possibly singu-
lar absorbing boundary condition to —oo and transform
the HJB equation. Second, apply Markov chain ap-
proximation to approximate the resulting HJB equation
from the first step. The polynomial complexity of the
algorithm shows that it is a powerful tool to study
continuous-time (un)constrained portfolio problems.

Optimal Consumption Rule in Feedback Form

o
o N

Consumption Rate ¢*

-0

- R - 3000
05 - 2000
1000

N " 0
Time from Now (in Years) 0 Wealth (in Thousand Dollars)

Fig. 1. Optimal Consumption Proportion without the Prohibition of
Short Sale on Securities

Optimal Portfolio Fraction in Stock 1

Portfolio Fraction é’{

- 3000
T 2000
1000

Time from Now (in Years) 00 Wealth (in Thousand Dollars)

Fig. 2. Optimal Portfolio Proportion on Stock 1 without the
Prohibition of Short Sale on Securities

Optimal Portfolio Fraction in Stock 2

Portfolio Fraction 9’2‘

. 3000
2000

1000

0
0 Wealth (in Thousand Dollars)

Time from Now (in Years)

Fig. 3. Optimal Portfolio Proportion on Stock 2 without the
Prohibition of Short Sale on Securities

Optimal Consumption Rule in Feedback Form

o
o -

Consumption Rate ¢*

-0

3000

05 e 2000
1000

- . 0
Time from Now (in Years) 0 Wealth (in Thousand Dollars)

Fig. 4. Optimal Consumption Proportion with the Prohibition of
Short Sale on Securities
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Optimal Portfolio Fraction in Stock 1

i
1

Portfolio Fraction &

- 3000
N 2000
1000

N " 0
Time from Now (in Years) 0 Wealth (in Thousand Dollars)

Fig. 5. Optimal Portfolio Proportion on Stock 1 with the Prohibition
of Short Sale on Securities

Optimal Portfolio Fraction in Stock 2

i
2

Portfolio Fraction &;

3000

N 2000
1000

N " 0
Time from Now (in Years) 0 Wealth (in Thousand Dollars)

Fig. 6. Optimal Portfolio Proportion on Stock 2 with the Prohibition
of Short Sale on Securities

REFERENCES

[1] Cvitani¢, J., L. Goukasian, and F. Zapatero, 2003, Monte Carlo
Computation of Optimal Portfolio in Complete Markets, Journal
of Economic Dynamics and Control, 27, 971-986.

[2] Detemple, J. B., R. Garcia, and M. Rindisbacher, 2003, A Monte-
Carlo Method for Optimal Portfolios, The Journal of Finance, 58,
401-446.

[3] Fitzpatrick, B.G. and W.H. Fleming, 1991, Numerical Methods
for an Optimal Investment-Consumption Model, Mathematics of
Operations Research, 16, 823-841.

[4] Karatzas, I. and S.E. Shreve, Methods of Mathematical Finance,
Springer-Verlag, New York, 1998.

[5] Kozlov, MK., S.P. Tarasov, and L.G. Khachiyan, 1979, Poly-
nomial Solvability of convex quadratic programming, Doklady
Akademiia Nauk SSSR. (Translated in: USSR Computational
Mathematics and Mathematical Physics, 20, 223-228.)

[6] Kushner, H.J. and P.G. Dupuis, Numerical Methods for Stochastic
Control Problems in Continuous Time, 2nd Edition, Springer-
Verlag, New York, 2001.

[7]1 Merton, R.C., 1969, Lifetime Portfolio Selection under Uncer-
tainty: The Continuous Time Case, Review of Economics and
Statistics, 51, 247-257.

[8] Merton, R.C., 1971, Optimum Consumption and Portfolio Rules
in a continuous-Time Model, Journal of Economic Theory, 3, 372-
413.

[9] Munk, C., 2003, The Markov Chain Approximation Approach

for Numerical Solution of Stochastic Control Problems: Experi-

ences from Merton’s Problem, Applied Mathematics and Compu-

tation, 136, 47-77.

Ye, J., Optimal Life Insurance Purchase, Consumption and Portfolio

under an Uncertain Life, PhD Thesis, University of Illinois at

Chicago, Chicago, 2006.

[11] Ye, J., A Numerical Method for a Continuous-Time Insurance-

Consumption-Investment Model, Proceedings of 2010 American
Control Conference, 6897-6903.

[10

[

3873



