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Finite-Time Control for Linear Discrete-Time Systems with Input Constraints

Hiroyuki Ichiharat and Hitoshi Katayamai

Abstract— Finite-time stabilization (FTS) and finite-time
boundedness (FTB) control with input constraints are con-
sidered for linear discrete-time time-invariant systems. Design
methods of state feedback and observer-based output feedback
FTS/FTB controllers that satisfy input constraints are proposed
based on reachable sets in finite-time period. Less conservative
design method of controllers for the maximum magnitude of
input signals is also given. Numerical examples are shown to
illustrate the proposed design methods.

I. INTRODUCTION

Finite-time stability (FTS) requires that the state of a
system does not exceed a certain bound during a specified
time interval for given bound on the initial state. While
Lyapunov stability is used to deal with the behavior of a
system within a sufficiently long (or infinite) time interval,
FTS is used to deal with the behavior of a system within
a finite (or very short) time interval. Therefore there are
real applications such as operations of missiles and space
vehicles from an initial point to a final point in a specified
time interval. The concept of FTS is also extended to that of
finite-time boundedness (FTB) by introducing an exogenous
input and sufficient conditions for FTB are also given [1],
[2]. Sufficient conditions for the existence of state feedback
laws that guarantee FTB of a closed-loop system are given
for linear continuous-time systems [1], [3] and for linear
discrete-time systems [2]. Moreover sufficient conditions for
the existence of output feedback controllers that guarantee
FTS and FTB of a closed-loop system are given both for
linear continuous-time and discrete-time systems [1]. In
finite-time control problems, boundedness of the physical
state of a system is of interest from the practical point of
view and finite-time stabilization with observer-based output
feedback controllers is considered for both linear continuous-
time systems [2] and discrete-time systems [4].

In the above literatures on finite-time control, input signals
could be larger as time has passed. Since trajectories do not
always converge to the origin, input signals by state feedback
laws could be larger and exceed a physical limitation on
control. Similar situations may arise in the case of output
feedback control. Input constraints in finite step are required
to finite-time control from practical viewpoint. As far as
Lyapunov stability, there are literatures on input constraint
conditions using LMI [5], [6], [7]. However, any constraint
conditions of finite-time period have not been discussed. In
this paper, we give sufficient conditions for the existence
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of FTB (or FTS) controllers that satisfy a A -step input
constraint using reachable sets in finite-time steps. The
obtained sufficient conditions are reduced to LMI conditions.

This paper is organized as follows. Section II gives pre-
liminary results on FTB state feedback controller design
without input constraints. An extension to observer-based
output feedback controller design is also given. In section
I, A -step input constraint is defined and state feedback
controller design with input constraint is discussed. Section
IV discusses output feedback controller design with input
constraint. Section V gives numerical examples. Finally,
section VI concludes with remarks.

Notations: Let M; be j-th row of a matrix M. Ny =
{0,1,2,...}.

II. PRELIMINARY RESULTS

Consider

z(k+1) = Az(k) + Biw(k) + Bau(k), x(0) =z, (1)
w(k +1) = Sw(k), w(0) = wy, 2)
y(k) = Cx(k) ©)

where x € R" is the state, w € R"™! is the disturbance
generated by the exosystem (2), v € R™?2 is the control
input, y € R? is the measurement and all matrices are of
compatible dimensions. The following concepts are known.

Definition 2.1 ([2]): For given positive definite matrix I,
0<6, <eand N € Ny, if 27 (k)Tx(k) <e, k=1,...,N
whenever vl T'zg < 6., then the system x(k + 1) = Az (k)
with z(0) = z( is said to be finite-time stable (FTS) with
respect to (05,¢,T, N).

Definition 2.2 ([4]): For given positive definite matrix T,
I,0<d, <& 0<d, and N € Ny, if 27Ta(k) < e, k=
1,...,N whenever z{ Txg < d, and wi Twg < J,,, then the
system z(k+1) = Az(k)+ Biw(k) and w(k+1) = Sw(k)
with 2(0) = ¢ and w(0) = wy is said to finite-time bounded
(FTB) with respect to (0, 0y, &, ', II, N).

For the system (1) and (2), we also consider state feedback
controllers

u(k) = Fx(k). 4)
Then the closed-loop system (1), (2) and (4) is given by
z(k+1) = Apx(k) + Brw(k), z(0) =z 5)

and (2) where Ap = A+ B3 F. Then we have the following
result.

Lemma 2.1 ([2]): The system (5) and (2) is FTB with
respect to (0., d,, €, I'; II, N) if there exist positive
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definite matrices Q1 € R"™*", Qo € R™*™1  a matrix
L € R™2*" and a scalar 7 > 1 such that
-1 AQ1 + BoL B
(AQ1 + B2 L))" —Qy 0 <0, (6)
B 0 STQ25 — Q2
Oy € 1
——— + Anaz(Q2)00 < ————— 7
mzn(Ql) ry )\m(m(Ql)

where Q1 = F%Qlfé and Q, = H_%QQH_%. In this case
the feedback gain F' is given by F' = LQl_l.

Remark 2.1: If we set S =0 and 6, = 0 in (6) and (7),
then we can also derive sufficient conditions for FTS [2].

For the system (1)-(3), we consider output feedback con-
trollers of the form
#(k+1)

= A (k) + Bou(k) — K[y(k) — C2(k)], (8)

where F' and K are matrices of compatible dimensions. In
the finite-time control problems, boundedness of the physical
state of the system is of interest, from practical point of view,
we want to find a controller (4) such that the system

xz(k+1)
wk+1) =

= AFJ?(k) + Blw(k) —
Sw(k)

BQF@(]C),

is FTB with respect to (8, 0.,&,[,II, N) where e = = —
2. To find such observer-based output feedback controllers,
we assume that a state feedback controller u(k) = Fux(k),
which makes the system (1) and (2) FTB with respect to
(02, 0w, &, T, II, N) (or the system (1) with w = 0 FTS with
respect to (d,,¢,T", N)) exists and has been designed.

The closed-loop system (1)-(3) and (8) can be written as

z(k +1) = Apx(k) + Br(k)w(k), x (0);3?07 ©)
w(k+1) = Sw(k), w(0) = [ w§ i |
where

Br=[ B —BQF},wz[f],s:[le AOK}
and A = A+ KC. For e = 0, the system (9) is FTB (or
FTS) while the presence of a nonzero e may bring the norm
of the state (k) outside the bound e. Hence we want to
design an observer gain K in (8) such that the FTB property
of the system (5) and (2) is not lost in the presence of the
estimation error. Note that the bound in the initial condition
of the exosystem in (9) satisfies

wi Two + 2t Tag < 64 + 0s.

Then if the system (9) is FTB with respect to (d,,d, +
0z, [, diag{II,T'}, N), then the closed-loop system (1)-(3)
and (8) is FTB with respect to (0, 0y, I, II, V).

Lemma 2.2 ([4]): If there exist positive definite matrices
P, Re R, P, €¢ R™*™ and a matrix M € R"*P,
and a scalar v > 1 such that

AgplAF —’yPl A%PlBl
BT P Ap H,
(=ByF)TPiAp  (—ByF)'P B,

0 RB;
A},;Pl(—BQF) 0
BT P, (~B,F) BTR
Hy (RA+ M) | <0 (10
RA+MC —R
|:)\maz (]51) + Amam (R)i| 51 + )\maz (]52)571)

£ ~
< ,Y_N/\min(Pl); (11)
then an observer-based output feedback controller (8) makes
the system (1)-(3) FTB with respect to (d4, 0y, [, 11, N)
where

Hy = Bl P By +STPQS ’}/PQ,
H3 ( BQF)Tpl( BQF) ’yR

P =T3Pl %, Pp=11"PIl %, R=T %Rl 3.

In this case the observer gain K is given by K = R~ M.

Remark 2.2: If we set S = 0 and §,, = 0 in (10) and
(11), then we can also derive sufficient conditions for the
existence of observer-based output feedback FTS controllers

[4].

III. STATE FEEDBACK CONTROLLER DESIGN WITH
INPUT CONSTRAINTS

Consider A -step input constraints such that

luj (k)| < uj™, j=1,...,ma, k=0,1,....N (12)

where A € Ny is a design parameter satisfying 0 < A" < N.
Then we want to design FTB state feedback controllers (4)
satisfying (12) for the system (1) and (2). Using reachable
sets of the state given by Lyapunov-like functions, we
estimate the maximum magnitude of the input signals.

Theorem 3.1: There exist state feedback FTB controllers
that satisfy (12) for the system (1) and (2) if there exist
positive definite matrices ;1 € R™*", Q3 € R"™ ™ a
matrix L € R™2%™ gcalars v > 1 and \; > 0,7 = 1,2,
such that (6), (7) and

max)2 d L .
where
%, N =0,
dN: mln( 1)
N
Y 7"')\111&)(@ :|7 ./\/'21,
|: mln(Ql) ( 2)

Q1 =T2QiI'7 and Qp = I3 QI 2.
feedback gain F is given by F = LQ .
Proof: See the appendix. [ ]

In this case the
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To obtain more numerically tractable sufficient conditions
for FTB with input constraints, we assume ()1 and Q5 in
Theorem 3.1 satisfy

MI<Qi<I, Q< AoI (14)
and
b, 6%
W > 0. (15)
02 A1

Then using Shur complement formula for (15), we obtain
Oz €
— 4+ Ay < —.
)\1 + A2 ’)/N

Hence

) ~
71’»« + >\max (Q2)5w
)\min (Ql)

)

& g
< Ay < — <
)\1"‘ 20w P)/N

’yN Amax(@l) ’
which satisfies (7). Using (16), we can take an upper bound
on dys such as

(16)

dN:ze’yN_N>dN, N>1

and ) 5, 5
dopi= 2> —""  —,.
>\1 /\min(Ql)

If we assume 1 and L satisfy

(w™)?/dy L,
T
then (13) holds. In particular, for A/ = 0, we may assume

@1, L and \; satisfy

|: )\1 (u?xax)Q/éx Lj

Ly Q1

:|207 j:]-v"'va (17)

:| ZO, j:l,...,mg.

Corollary 3.1: There exist state feedback FTB controllers
that satisfy (12) for the system (1) and (2) if there exist
positive definite matrices Q1 € R™*", Q2 € R™1*"™1 4
matrix L € R™2*" scalars v > 1 and A\; > 0, ¢ = 1,2 such
that (6), (14), (15) and (17) where

J - 6;C/A15~A/’:O7
VN eV, N =,

Q1 = F%QlF% and Qo = H_%QQH_%. In this case the
feedback gain F' is given by F' = LQl_l.

Corollary 3.2: There exist state feedback FTS controllers
that satisfy (12) for the system (1) with w = 0 if there exist
a positive definite matrix Q € R"*™, a matrix L € R"2*",
scalars v > 1 and A > 0 such that

{ -Q AQ + B2 L

(AQ + BoL)T —1Q ]<0’

~ 1 ¢
M<Q<I, 1< ——A\
@ YN 0,
Awpe)?/(vNe,) L L
|: L’j]“ Q 207 ]_17"'am2

where Q) = I‘%QI‘%. In this case F is given by F = LQ .

IV. OBSERVER-BASED OUTPUT FEEDBACK
CONTROLLER DESIGN WITH INPUT CONSTRAINTS

Here the input constraints are discussed for observer-
based output feedback controller design. Due to the output
feedback controllers (8), reachable sets of the state are
not available to estimate the maximum magnitude of the
inputs. In contrast with the state feedback case, we focus
on searching reachable sets of the estimated state. We
assume that a state feedback controller u(k) = Fux(k),
which makes the system (1) and (2) FTB with respect to
(02, 6w, &, T, TI, N) (or the system (1) with w = 0 FTS
with respect to (0., ¢, ", N)) and satisfies (12) exists and has
been designed. Thanks to the observer-based output feedback
controllers (8), it is not required to impose the 0-step input
constraints because

UJ(O) = FJJA?(O) = 0, ]: 1,...,m.

Thus we may consider A/ -step input constrains for N/ > 1.
The subsequent results represent design methods of observer-
based output feedback FTB (FTS) controllers with N -step
input constrains for N > 1.

Theorem 4.1: There exist output feedback FTB con-
trollers (8) that satisfy (12) for the system (1)-(3) if there
exist positive definite matrices P, R € R™ ", P, €
R™1>m1 g matrix M € R"™*P, scalars v > 1 and o > 1
such that (10), (11),

(uP™)?/(udy)  Fj
Fr R
uwbPr > P+ R

:|20,j:1,...,m2, (18)
(19)
where
an = 7 { Anax (P) + A (R)] 0+ Amax (P2)0 }

Py=T"3P0 % P,=1"3RIl"> and R=T"2R["3,
In this case the observer gain K is given by K = R~ M.
Proof: See the appendix. [ ]
To obtain more numerically tractable sufficient conditions
for FTB with input constraints, we assume P, P> and R in
Theorem 4.1 satisfy

MI< P <X, 0<R<NI, 0<Py< I, (20)

(A2 + A3)0z + Mdy < ey V. 1)
and
UAL > Ao + Ag. (22)
Then we have
|:/\ma3c (151) + /\maac (R) 69c + )\m(m (p2)5w
< (A2 +A3)0z + Mbw < ey VN
< &7 M Amin(P1) (23)

and
pPr > p I > Mo+ X3)I > P +R
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which satisfy (11) and (19), respectively. Using (23), we can
take upper bounds on d s such as

)\1JN = )\15’YN N = ’YN( 1)
> 'YN { |:/\ma3c (Pl) + Amaz (R)} 0z + Amax (P2)5w}

where d := eV =N, For this upper bound, if we assume
R and ( satisfy

[ﬂ(U?‘a")Q/JN BF;

‘]>0 ‘71'.'
T =ZU, 7 )
ﬁFJ R]

then (18) holds where 3 = pu);.

Corollary 4.1: There exist output feedback FTB con-
trollers (8) that satisfy (12) for the system (1)-(3) if there
exist positive definite matrices P;, R € R™ ", P, €
R™1>m1 - matrix M € R™*P and scalars v > 1, § > 0
and \; > 0,7 = 1 2,3,4, such that (10) (20)-(22) and (24)
where dpr —57 N P1 I zPlI‘ 3 P2 11~ 2P2H
and R = F_ERF_‘. In this case the observer gain K is
given by K = R~'M.

Remark 4.1: If the LMI problem in Corollary 4.2 has a
feasible solution, then p > 1 holds since 8 > Ay 4+ A3 > A\;
from (20) and (22).

Corollary 4.2: There exist output feedback FTS con-
trollers (8) that satisfy (12) for the system (1) with w = 0 and
(3) if there exist positive definite matrices P;, R € R"*"™,
a matrix M € R"*P, scalars v > 1, f > 0 and \; > 0,
i =1,2,3, such that

; M, (24)

—vP 0 0 AL P
0 —’YR H?TQ (—PlBQF)T <0
0 Hsy -R 0

PilAp —PiBsF 0 -P

(20), (21) with 6, = 0, (22) and (24) Where M32 =
RA + MC, dy = eyV"N, P, =T :PT % and R =

I—2RI~z. In this case the observer gain K is given by
K=R"1M.

V. NUMERICAL EXAMPLE
Consider the system (1)-(3) where

1 21 10 -1
S R R R

0.8 0.6
S_{—O.G 0.8]’0_[2 L]

We shall design state feedback FTB controllers by Corol-
lary 3.1 and output feedback FTB controllers by Corollary
4.2, respectively. To find feasible solutions of LMIs in the
corollaries, we use YALMIP [8] and SeDuMi [9] on Matlab.

We first design state feedback controllers (4) which make
the system FTB with respect to (d.,0,,¢, [, I N) =
(1,1,20,I5,15,5). We set v = 1.2 in Corollary 3.1 and
we design two cases A/ = 0 and 5: We shall design
state feedback FTB controllers with O-step and 5-step input
constraint. In the 0-step design with u,,x = 2.0, we obtain
F=10.9299 1.4923 |.In the 5-step design with tmax =

Fig. 1. Reachable sets and input constraints: The inner and outer solid
ellipsoids represent Tz < &, and 7Tz < ¢, respectively. The dotted
ellipsoid and lines represent a reachable set & from (25) and an input
constraint |Fz| < 2.0 by Corollary 3.1 at A = 0. The dashed ellipsoid
and lines represent & and |Fz| < 7.0 by Corollary 3.1 at N' = 5.

~
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estimated x ’

Fig. 2. Reachable sets of the estimated state and input constraints: The
dashed ellipsoid and lines represent a reachable set & from (32) and an
input constraint |Fz| < 27.0 by Corollary 4.2 at N' = 2.

7.0, we obtain F' = [ 0.8548 1.3997 } The reachable sets
and the input constraints of the both designs are shown in
Fig. 1. We can see that the reachable sets are inside of the
input constraints.

We also design output feedback controllers (8) which
makes the system FTB with respect to (1, 1,60, I, I5,2).
Using Lemma 2.1 a state feedback gain F' is given by
F= [ 1.0004 1.5300 } which make the system FTB with
respect to (1, 1,60, I, I5, 2). We set ¥ = 1.4 in Corollary 4.2
and we shall design output feedback FTB controllers with 2-
step input constraints. In the 2-step design with uyax = 27.0,
we obtain K = [ —0.7071 0.6389 }T and p = 22.5202.
The reachable set and the input constraints of the design are
shown in Fig. 2. We can see that the reachable set of the
estimated state is inside of the input constraints.

VI. CONCLUSIONS

We have proposed FTS/FTB control with input constraints
for linear discrete-time time-invariant systems. In order to
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evaluate the maximum magnitude of control input signals,
we estimate reachable sets of the state from the initial time
to a required finite step imposing input constraints. On the
basis of such knowledge, we have proposed state feedback
FTS/FTB controller design methods which conditions are
reduced to LMIs. Reachable sets of the estimated state are
also analyzed to construct observer-based output feedback
FTS/FTB controllers. Numerical examples have been shown
to illustrate the proposed FTB state/output feedback design
methods.

APPENDIX

PROOF OF THEOREM 3.1

From (6) and (7), the system (5) and (2) is FTB with
respect to (0, 0w, &, I', II, N). Then for V (z(k), w(k)) =
2T (k)Q7  x(k) + w” (k)Qaw(k), V(x(k + 1), w(k +1)) <
YV (2(k), w(k)) and V (z(k),w(k)) <"V ((0),w(0)) for
k > 1. Then we have

xT(kJ)Ql_la:(k;) <AF [ng;lxo + nggwo} < dp
for kK > 1. For kK = 0, we have
1)
el Q7 ey < —2—— = do.
0t Amin(@l)
Since the control input depends on the state, it is required

to analyze reachable sets of the state for every time in
{0,1,..., N}. Define reachable sets of the state by

E={zeR"|7Q7'z <d}, ke {l,....N},
E={zeR"|TQ['2<do}.
From + > 1 and

(25)

ngfle S dO S ’YO 5 + )\max(QQ) )

ot
mln(Ql)

di, < di4+1 holds for £ > 0. Then we can see the relation

Ey C & C -+ C &n. Thus we obtain
Uk=0,1,.. Nk = En. (26)
Using (26), for N’ > 1, we have
(k)2
ke{éﬂ?’.{.,mm]( )l
= LQT (k)2
ke{glf}fcw}l( Q1 (k)|
< L —1 12
S e e QT
= max [(ZQ; ' 2),]
1 -1 _1 2
< max ‘(d_/z\[LQl ’ [(dNQﬂ 22} ) ‘
[(drv Q1) 2 2|]2=1 7 )
1 -1 _1
_ max ‘(d;fLQl 2) ‘ [(dNQl) 22} ‘
([(drv Q1) 2 2|[2=1 . )
< omay ||[(azer®) ]| feven 3
o [(aze) I, I,
T2
= [[(axzer? )4] I,
- e
— dvLQ7'IT.

Applying Schur complement formula to (13), we obtain

luj (k) < dyL;Qy ' LT <

max

max 2
ke{0,1,....N'} (™)

for j =1,...,mq. For N = 0, we have

|u; (0)] = |(F&(0));* < IZTé%XKFZMQ <doL;Q7 L]
0
for j = 1,...,mq. Using Schur complement formula to (13)
again, we obtain
[u;(0) < doL;Q7 Ly < (uf™)?

and we have the assertion.

PROOF OF THEOREM 4.1

From (10) and (11), the system (9) is FTB with respect to
(0zy O + 0,€, T, diag{I[,T'}, T"). Then for

V(z(k), w(k), e(k))

= 2T (k)Prz(k) + w (k) Pyw(k) + T (k) Re(k),

we have
V(z(k+1),

and

V(x(k), w(k), e(k)) <V (2(0), w(0),e(0), k> 1.

w(k+1),e(k+1)) <AV (z(k), wk),e(k))

Then we have

T (k) Pyz(k) + wT (k) Pyw(k)
+(a(k) — &(k))" R(x(k) — 2(k))
< ’yk [xOTPle + wy I Powo + xH Ra:o} <d, 27
for £ > 1. Since the control input depends on the estimated
state, we need to analyze a reachable set of the estimated
state for every step in {0,1,...,N}. For k € {1,...,N},
using (32), we may consider an optimization problem as
follows:
min  —2TR%
z,&,w
st.  f(x,2,w) := 2T Pz + w? Pw
+(x—-2)TR(x - 2) —

(28)
dp <0

where dj, < dj. If we have a solution of the problem
(28), then we can obtain an upper bound on #(k)T Ri (k)
for k € {1,...,N}. It is known that strong duality holds
for nonconvex quadratic optimization problems with sig-
nal quadratic constraint and their Lagrange dual problems
[10] under Slater’s constraint qualification. In this case, the
constraint in (28) is a convex set, so that there exists a
(z,Z,w) with f(z,Z,w) < 0. Thus the constraint satisfies
the qualification. The Lagrangian of (28) is

L(z,&,w,pu) = =" RE + pf(x, &,w), p>0

and the dual function is

g(pu) = inf

r=x* T=* w=w*

_{ —pdy, (19),

—o00, otherwise

L(x7 i’? w7 M)
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where (19) and p > 1 make

52 2u(PL+R)  —2uR 0
W (l’,ii‘, w, /j‘) = _ZMR Z(M - 1)R 0
p 0 0 2P

which achieve the infimum of L, satisfy

Pix*+ R(z*—2%) = 0, (29)
T+ p(e—3%) = 0, (30)
w* = 0 (31)
from OL/0p = 0. Using (29)-(31), we have
L(x*, &*, w*, )
- <A*>TR + ()T Prat + )T P
+p(e* — &%) R(a* — &%) — pdj,
= —(@")"Ra* + u(x*)TPlx — (¢ — 2*)TR&* — pdj,
— u(e*)" P — (&*)T R — ud]
= —pd),.
Then the Lagrange dual problem of (28) is
max —pud), s.t. (19).
n=p
Since the optimal value of the dual problem is —p*dj,, it is

also the optimal value of the problem (28). Thus we obtain
i1 (k)Ra(k) < p*d), < wrdg, k=1,...,N.
Define reachable sets of the estimated state by
&ni={zeR"|zTRz <p*dp}, ke{l,...,N}. (32
Since v > 1, dj, < dj41 holds for £ > 1. Then we have
E1C--Cén

and
Uk=1,..NEk = En.

For N/ > 1 we have

2 Fx(k)): 2
e X N}|UJ( )| ke{gflf}fN}K z(k));l
< max  |(Fa)f?

2€Uk=1,... . NEk

max [(Fz);?
z€€

= max
_1o1
I(erdar )~ 2 R2 2||2=1

prdnF;RFT.

|(F2);[*

Applying Schur complement formula to (18), we obtain

2< *d F_Rle"T< max)2
(R < R < ()

for j =1,...,m2. Hence we have the assertion.
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