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Stability of Feedback Switched Systems with State and
Switching Delays

Linh Vu

Abstract—We study stability of state feedback switched
systems in which time delays are present in both the
feedback state and the switching signal of the controller.
For switched linear systems with average dwell-time
switching signals, we provide a condition in terms of
upper bounds on the delays and a lower bound on the
average dwell-time to guarantee asymptotic stability of
the closed loop. Our approach employs multiple Lyapunov
functions and the merging switching signal technique. We
then apply our stability results in switched systems to
consensus networks with asymmetric time-varying delays
and switching topologies.

I. INTRODUCTION

Switched systems are dynamical systems represented
by a family of subsystems and a switching signal that
indicates the active subsystem at every time (see, e.g.,
[1] for further background and references on switched
systems). In this paper, we address stability of feedback
switched systems with delays. By a feedback switched
system, we mean a switched plant connected in a closed
loop with a switched feedback controller.

In the ideal case, the controller has instant access to
both the plant’s state and the switching signal. In such
cases, the controller’s switching and the plant’s switching
are synchronized, and the closed loop can be represented
by a single switched system, for which various tools for
analyzing stability are available (e.g., [2], [3]). However,
when delays exist between the plant and the controller
(for example, when the plant and the controller commu-
nicate via a communication channel), there could be both
state delays and switching delays, resulting in the closed
loop system having asynchronous switching signals (one
from the plant and one from the controller) as well as
delayed states (in the controller). It is then of interest
in control research to find conditions on the original
switched system and the delays to guarantee stability
of the closed loop.
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Stability of switched systems with delays is a fairly
new research topic within the control systems commu-
nity and only recently has been treated [4], [5], [6], [7].
Most of the results assume state delays only, without
switching delays. The work [8] has considered stabiliza-
tion of feedback switched systems with switching delays
but without state delays and with dwell-time switching.
In this work, we consider both state delays and switching
delays as well as more general classes of switching
signals (average dwell-time switching signals).

Our contribution is to show that stability of feedback
switched systems with average dwell-time switching is
robust with respect to delays in both the state and the
switching signal, and we provide an explicit quantifi-
cation of such robustness in terms of bounds on the
average dwell-time, the chatter bound, and the delays.
Another contribution is to provide a multiple Lyapunov
functions technique for analyzing stability of switched
systems with delays, building upon the technique to deal
with state delays in [9], the small-gain technique in [9],
[10], and the average dwell-time switching concept [2].

The type of feedback switched systems with delays
described here could find application, for example, in
consensus networks (see Section IV), or in multi-modal
control systems where controller selection takes a finite
amount of time (e.g., controller selection is carried out
by human operators).

The notations in this paper are fairly standard. Denote
by |z| the Euclidean norm of a real vector z. For a matrix
M, denote by ||[M]| the induced matrix norm. Define
/11> := sup,ep |f(s)]. where D C [0, 00).

II. PROBLEM FORMULATION

A switched linear control system is of the form

#(t) = Agyx(t) + Bypyu(l), (1)

where x € R" is the state, u € R™ is the input,
o : [0,00) — P is the switching signal mapping time
to some finite index set P, and A, € R"" B, ¢
R™ ™ p € P, are the state and input matrices. The
switching signal o is a piecewise-constant continuous-
from-the-right function taking values in the index set
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‘P. The discontinuities of ¢ are called switching times
or switches. As often assumed in the switched system
literature, no state jump occurs at a switching time, and
there are finitely many switches in every finite interval
(i.e., no Zeno behavior).

Assumption 1 (A,, By) are stabilizable Vp € P.

Let K, be matrices such that A, + B,K, is Hurwitz
Vp € P. The ideal switched state feedback controller is

2

and the closed loop is # = (A, + By K, )x. Recall [2]
that a switching signal o is an average dwell-time signal
if the number of switches in any interval [t(,t), denoted
by Ny(t,t0), satisfies

u= Kz,

t—to

Ny (t, to) < No + t = to

a

for some constant Ny > 1; Ny is called a chatter bound.
Denote by Saue|Ta, No] the class of switching signals
with average dwell-time 7, and chatter bound Nj. It
is well-known [2] that if the switching signal o has
an average dwell-time 7,, then there exists a positive
number 7; (which depends on A, + B, K}) such that the
switched system & = (A4, + B, K, )z is asymptotically
stable for all 7, > 7.

Now suppose that there is a delay 7% between the
plant’s output (which is assumed to be the exact state
in this paper) and the state available to the controller,
i.e. the controller receives the state x(t — 7x) at time
t. Because the controller is also switching, there are
two scenarios here: 1) the switching signal available
to the controller is synchronized with the switching
signal o of the plant, or 2) the controller’s switching
signal is a delayed version of the plant’s switching
signal. The first case is possible, for example, when
the switching signal is generated by timing, and the
plant and the controller use the same clock. The second
case occurs, for example, when information about the
switching signal of the plant has to be sent to the
controller over a communication channel with delay (see
Fig 1a). In the first case, the control signal going into the
plant is u(t) = Ky ®(t — 7x), and in the second case,
u(t) = Ky(p—r)(t — 7x), Where 7y is the state delay,
and 75 is the switching delay. Another type of delay is
input delay (see Fig 1b), in which case the control signal
going into the plant is u(t) = Ky4—r,)@(t — 7a).

In general, the control signal going into the plant is
of the following form:

u(t) = Ko(t—rs)x(t - (3)

Tx)

for some non-negative constants 75 and 7x. The formula
(3) also covers the case where input, output, and switch-
ing delays are all present (i.e. superimposing Fig. 1a on
Fig. 1b), in which case u(t) = Ky —r, _7,)T(t —Tx—Ta)
and, hence, is also of the form (3).

i = A,z + Byu — &= A,z + Byu -
| o
e 5Ts =574l e~ 5Td o
Ko—rya(t — 1) K,z

a. Output delay b. Input delay

Fig. 1. Feedback switched systems with delays

For the closed loop system consisting of (1) and (3),
for every initial state xo : [—7x,0] — R”, piecewise
continuous input u : [0, 00) — R™, and switching signal
o : [—7s,00] — P, a solution (or trajectory) x exists for
all time in [0,00) and is unique in the Caratheodory
sense.

For 7« = 73 = 0, we have asymptotic stability of
the closed-loop switched system under average dwell-
time switching, and for large enough 7 and 75 = 0, we
may have instability. Intuitively, for 7 = 0, one could
expect to find an upper bound on 7y to guarantee closed-
loop stability! (although, rigorously, even the existence
of such a bound is not apparent for switched systems and
has to be proved). Stability of the closed loop is even
more challenging when there are switching delays, i.e.
Ts # 0. The main problem is to determine and quantify
if upper bounds on 7« and 75 for closed loop stability
indeed exist and for which type of switched systems.

Problem: For the switched system (1) with the control
(3), find upper bounds on T« and 15 and classes of the
switching signal o to guarantee asymptotic stability of
the closed loop.

Compared to the case without delays [2], the difficul-
ties in the case with delays are due to: 1) the mismatch
between the states z:(¢) and z(t — 7%) in the control law,
and 2) the mismatch between the indices of o(t) and
o(t — 75) when ¢ is near switching times.

III. MAIN RESULT
Our main theorem characterizes the relationship be-
tween the delays and the average dwell-time of the

"An upper bound is a sufficient condition only; it is possible to
have stable non-switched linear systems with arbitrarily large delays.
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plant’s switching signal to guarantee asymptotic stability.

Before presenting the theorem, we define some no-
tation and variables. Let A,, = A, + B,K, and
let P2 := P x P. Let P? be the set of all indices
in P2 such that 3 positive definite quadratic functions
Vp,q : R — [0, 00) such that

Wpq

ox

for all (p,q) € P? and for some \g,7 > 0. Let P2 :=
P2\ P2. From linear system theory, there always exist

positive definite quadratic functions V}, ; : R™ — [0, 00)
such that

8VI)7q
ox
for all ¥(p,q) € P? and for some \,,7 > 0. Because

Vp,q are quadratic positive definite, there exist aq, ap >
0, and p > 1 such that

(Ap gt +0) < —AVpg + 0] Yo eR* (&)

(A7 +v) < ANVpg 9> YweR”

®)

ar|zf? < Vpg(2) < azlz Y(p,q) €P*  (6a)
‘/pl »q1 (‘T) < M‘/;)qu2 (‘T) v(pla q1)7 (p27 q2) S P2- (6b)

It is always possible to set ;1 = aa/aq, but a smaller
may exist, depending on the particular V;. Define cp :=
SUp(p,q)ep2 |1 BpHyl| and ca := sup,ep [|4pll- Let ¢; :=
¢4 + cp. Following the notation in [9], define x4(t) :=
l2]{t—27, - We have the following result (see the sketch
of the proof in the Appendix).

Theorem 1 Consider the switched system (1) with the
controller (3). Suppose that the set P? # (), where P?
is as in (4), and 0 € Syye[Ta, No|. Let
Ta:=Ta/2, No:=2Ngy+ Ts/Ta. (7
If all of the following conditions hold,
1
Ta > % (8a)
As — A
< 8b
Ts X+ Ay Ta (8b)
(Tx6163)2/€ < AN—Inp/7a (8¢)
for some A\ € (0,Xs), where Kk =
Vo exp((As + A\o)(No + 1)75) (agy/a1),  then  we
have
[za(®) < (g0 e 4 g1 (n) laalto) o
Vt > tg = 7%
for some constants N,gy > 0 and function ¢y
[0,00) — [0,00) such that g1(7x) — 0 as 7x — 0.

Remark 1 The inequality (4) is equivalent to saying
that the systems & = flp,qzr are asymptotically stable for
all (p,q) € P?, for which one can have V,, , = 21 P, .z,
where P, , is the solution to the Lyapunov equation
(A_p,q + %I)Tppvq + Bpg(Apg + /\71) = -1, and
—Xs/2 is the smallest real part of the eigenvalues of
Apq, (p,q) € P2 0 < A5 < As. The set P2 will contain
at least all the elements (p, p), Vp € P, but it can contain
other pairs of the form (p, q) where p # q. The existence
of a common \s; and a common -y in (4) and the existence
of a common \, and a common ~y in (5) follow from the
Jact that ‘P is finite. Similarly, the existence of a common
v in both (4) and (5) also follows from the fact that P
is finite.

Remark 2 The condition (8a) gives a lower bound on
Ta. The condition (8b) gives an upper bound on 14 for a
fixed T4 and a lower bound on T, for a fixed 5. The con-
dition (8b) can be rewritten as 7s/7x < As/(As + Au),
which verbally means that the fraction of the switching
delay compared to the average dwell-time must be less
than the ratio of the stable pole (absolute value) and the
total of the stable pole and the unstable pole (absolute
value). The condition (8c) gives an upper bound on the
state delay 1« for fixed 15 and 5.

Remark 3 For time-varying delays, i.e. 7« and 75 are
functions of time, we still have the result claimed in
Theorem 1, in which 7« is replaced by a bound T on
Tx such that 1x(t) < 7x for all t, and 75 is replaced by
Ts such that 74(t) < 75 for all t.

Remark 4 The result in this section remains the same
if @), (5), and (6) hold for all x € Q) for some set (,
instead of requiring (4), (5), and (6) hold for all x € R™.

A. Stability

The following result shows robustness of feedback
switched systems with respect to delays.

Corollary 1 Consider the switched system (1) with the
controller (3). Suppose that the set P2 # (), where P2
is as in (4), and o € S,ye[Ta, No). Suppose that
In p
> 2 .
Ta W
There exist positive numbers Ty and Ts such that for all
Tx < Tx and 175 < Ts, we have

(10)

2a(t)]> < (g2e N0 4 ga)|aa(to)]? VE = to > 7
(11)
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for some go, N > 0 and g3 € (0,1).

Remark 5 The inequality (11) implies asymptotic sta-
bility such that x is Lyapunov stable and |x(t)| — 0 as
t — o0. To see this result, let € > 0 be a number such
that g3 + € < 1, and let T' > 0 be a number such that
gae M < e Then |za(T + to)|* < (g3 + €)|zalto)]”.
Because (11) is true for all t > ty + 74 and T > 7y,
we also have |z4(2T + to)|> < (g3 + €)*|za(T + to) |-
It follows that |xq(kT + to)|? < (g3 + €)*|za(to)|? for
all k = 1,.... Because g3 + ¢ < 1, we have that
|xq(KT + to)] — 0 as k — oo. Because |xq(kT + to +
)2 < (g3+9g2)|wa(kT+1t)|* forall t € [0,T), it follows
that x4(t) is bounded for all t > tg, and |z4(t)] — 0
as t — oo. In view of the fact that |x(t)| < |zq(t)|, we
conclude that the system is asymptotically stable.

B. Special case: switching delay and no state delay

Corollary 2 Consider the switched system (1) with the
controller (3). Suppose that Tx = 0. Suppose that the set
P2 #£ (), where P? is as in (4), and 0 € Sye[Ta, No).
Let T4 be as in (7). If (8a) and (8b) hold for some \ €
(0, As), then we have

2(t)2 < gre™ M) |w(tg)|2 Vit =0 (12)

for some positive constants N, g1.

Remark 6 If there is no unstable mode even in the case
of switching mismatch, then \, = 0. Thus, if 7s = 0, a
strict upper bound on 15 can be as large as T4, and as
Ta — 00, We can have 75 — .

C. Special case: state delay and no switching delay

For the special case 75 = 0, with a little tweak in
the proof of Theorem 1, we have the following stronger
result (compare (13a) with (10)).

Corollary 3 Consider the switched system (1) with the

controller (3). Suppose that 74 = 0. Suppose that the set

P2 #£ 0, where P? is as in (4), and 0 € Sue|Ta, Nol. If
1

LY

A
(Txcch)zl-i < AN—Inp/7a

(13a)
(13b)

for some X € (0,)s), where r := pMNoayy/ay, then we
have

za(®)]? < (e )+ go)|walto)|® Vi > to > 7
(14)

for some g1, N >0 and g5 € (0,1).

Note that (14) implies asymptotic stability (see Re-
mark 5). Corollary 3 shows that with no switching delay,
asymptotic stability of switched linear systems with
average dwell-time switching [2] (which uses exactly the
same condition as (13a)) is robust to small state delays.

Remark 7 When a common Lyapunov function exists
among f_lpﬂ, (p,q) € PL, where flp,q are as in (4), then
w =1, and the average dwell-time T, can be arbitrary
small (the righthand side of (13a) is zero).

Remark 8 The inequality (13b) implies that 7« — 0 as
Ta — Inp/A, and 7x — 7x* as Ta — 00, where 7" :=
1/(cregy/ Noagy /(a1 N)). The inequality (txcicp)?k <
A —Inp/Ta can be rewritten as \g(7x/75)? +1Inp/Ta <
A, from which the relationship between T« and T, can
be visualized as the shaded area in Fig. 2 (in the figure,
T4 = N Inp). We can calculate that in order to have

a
Tx = (1 — €)1, we need T, > 7} /€.

TX
(Tx, Ta)

*
Ta Ta

Fig. 2. Relationship between 7« and 7a.

IV. APPLICATION
Consensus networks with switching topology and delay

Consider a network of n agents with an undirected
communication topology G (G is represented by a
graph), whose agents’ dynamics are ©; = u;,?
1,...,n, and without loss of generality, assume that
x; € R. Suppose that each agent employs the consensus
protocol u; = ZjeM x; — x;, where N; is the neigh-
borhood of the node 7 of the graph G (which is the set
of nodes of GG that have edges with the node 7). The
reader is referred to, for example, [11] for background
on graph theory. If a time-varying communication delay
Tx(t) is present when information is transmitted between
two agents, the actual control signals are

wi(t) = Y @it — 7(t)) — wi(t)

JEN;

15)

(there is no state delay for information from the same
agent). The work [12] considers the network wu;(t) =
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> jen;, Tj(t=Tx)—xi(t—7x) with the delay 7 but without
topology switching, under which the collective dynamics
are a non-switched linear system with delays and can
be analyzed using well-known techniques (Nyquist cri-
terion) for time-delay linear systems. Such an approach
is not applicable when the topology is time-varying.

With the protocol (15), the collective dynamics will
be of the form of a switched system with delay as we
shall see. Let x = (z1,...,x,) be the collective state of
the network. The dynamics of the network are

z(t) = —Dg(t)l’(t) + Ag(t)l’(t — Tx),
where A, is the adjacency matrix of G,, D, is the
degree matrix of Gp, and o(t) :=i: G(t) =G,, p=
1,...,m. Define §(t) := z(t)— 1 (17x(t))1 =: F(z(t)),
where 1 € R™ is the vector of all ones. Then 176 = 0.
The vector ¢ is known as the disagreement vector [12].

Assumption 2 For every p =
regular® for some k.

1,....m, Gp is kp-

For a k,-regular graph G, we have 174, =
k17 and A1 = ky1, and so (1TA,x)1 =
A,(1Tx)1 = k(17 x)1. The foregoing equality implies
that F(Aa(t)ac(t — Tx)) = Aa(t)F(x(t — Tx)). Then

O(t) = —kpy0(t) + Ayryd(t — 7x) (16)

in view of §(t — 7«) = F(z(t — 7x)). The system (16)
can be cast as the feedback switched system

6= —ky0+u
(17)
u=As0(t — 1x).
Now, for every i € {1,...,m}, we have A, — k,I =

—L;, where L; is the Laplacian of the graph G,,.
For any undirected graph G, the graph Laplacian Lg
has the following property (see, e.g., [12]): 67 Lgd >
Ao(Lg)|6)> W6 : 17§ = 0, where A\ao(Lg) is the
smallest nonzero eigenvalue of Lg. Then the quadratic

function V' = 47§ satisfies the following property:
for every i € {1,...,m}, along the trajectory of
§ = —Li6 +v, we have V. = —257(L;6 + v) <

—(2X2(L¢,)—€)V+1/e|v|? for some € € (0,2X2(Lg, ).
The foregoing inequality shows that V' satisfies the
condition (4) with A, := min; 2A\p(Lg,) —€and v = 1/e
for some € € (0, min; 2X\2(L¢, )). Therefore, the set P2
as in (4) is nonempty because P? contains (p, p) for all
p=1,...,m.

From Corollary 3 and Remark 5, if 0 € Syye[Ta, No)
and 7, > In pu/Ag, then 7y exists such that for all initial

Recall that a graph is k—regular if every node has degree k.

states and all delays 7x < 7x, we have 0(f) — 0 as
t — oo. From the definition of §, we have z;(t) —
%Z;‘Zl z;(t) as t — oo for all 4, and hence, network
consensus is asymptotically achieved. This result is true
for arbitrary small 7, because V = §7¢ is a common
Lyapunov function, and so p = 1 (see Remark 7).

Theorem 2 Consider a multi-agent network with the
protocol (15) and a switching topology G : [0,00) —
{G1,...,Gn}, where G, are ky-regular undirected
graphs for some ky,, p = 1,...,m. For every 7, > 0
and Ny > 0, there exists a number 7 > 0 such that if
the switching signal of the switching topology belongs
10 Suve|Ta, No|, and the delay 1x(t) < Tx Vt, then the
network of agents will asymptotically reach a consensus
for all initial states.

V. CONCLUSIONS

In this work, we addressed stability of feedback
switched systems with state and switching delays. We
provided conditions in terms of upper bounds on the
delays and lower bounds on the average dwell-time
of the plant’s switching signal to guarantee asymptotic
stability. We applied our results in switched systems to
study stability of multi-agent dynamics networks with
delays and switching topologies. Future work aims to
extend the results here to the output feedback case, to
switched nonlinear systems, and to other classes of slow
switching signals (as in [13]).
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APPENDIX

Due to the space limitation, the proofs of the lemmas
below are omitted, and the reader is referred to the full
version of this paper [14].

Merging switching signals

A key technique used in this paper to deal with
mismatched switching signals o and o, is to merge those
switching signals. The idea is to create a (virtual) new
switching signal o’ : [0,00) — P x P as follows:

o'(t) == (o(t), oe(t)).

The merging action is denoted by & such that ¢/ =
oD oe.

(18)

Lemma 1 If 01 € Sy[7a,, N1] and o9 € Sype[T4,, Nol,
then o1 ® 09 € Suye|Ta, N1 + N2, where 14 := (1/7,, +
1/7}12)_1.

Delayed average dwell-time switching signals

In the case 0. = o(t — 75) for some constant 7g,
if 0 € Sue[Ta, No), then it follows immediately that
Oc € Save[Ta, No). For the case of time varying 75, using
Lemma 1, we have the following lemma.

Lemma 2 Let 01 € Sye[Ta, No| and os(t) := o1(t —
Ts(t)) for some positive function 1. Suppose that T5(t) <
Ts for all t, and Ts < Ta. Then o9 € Sye[Ta, No+Ts/Tal-

Lemma 3 Let 01 € Syel[Ta, No| and oo(t) := o1(t —
7s(t)) for some positive function 15. For an interval
(to,t), let my, + be the total time at which o1(t) = o2(t),
and My, ; = t—to—my, +. Suppose that 75(t) < 75 Vt. If

77'5()\771 + )\m) < ()\m - )\)Ta (19)
for some Ay, >0, Az, >0, and X € [0, \y,], then
—AmMiy 1+ A, ¢ < cr—A(t — to) VE > tg,  (20)

where cp := (A + M) (No + 1) 7s.

SKETCH OF THE PROOF OF THEOREM 1
We outline the key ideas and steps behind the proof
(for details, see [14]). The proof comprises five steps:
« Step 1: Obtain the closed loop as a switched system
with a single switching signal, using the merging
switching signal technique:

(t) = Agr(1y2(t) + By (s (w(t—7x) —z(t)),
where flnq = A, + B,K,, Bp,q = B,K,, and
o(t):=0(t) Dot —7s).

o Step 2: Bound the difference between x and the de-
layed version of x in terms of 7y and x: |z (¢, ,,) —
$(t8k)| < (t8k+1 - tsk)‘|$| [tsk’t5k+1) < (t3k+1 -

ts)ellzlle, —rot., 1 S (G — szl p—2r, 4
where ¢ = sup,ep [|Ap || +sup, , | Bp K.

o Step 3: Construct the candidate Lyapunov function
V(t) = Vyu(z(t)), where V; are as in (5).
Then bound V' using Lemma 2 and Lemma 3. The
technique in this step is similar to the technique
in the original average dwell-time paper [2] and in
the extension [15] for mixed stable and unstable
subsystems. The result in [15] is not directly appli-
cable here because the dynamics in this paper are
feedback systems, and there are state and switching
delays, whereas in [15], the system is a switched
system, and no delay is present.

o Step 4: Bound the Lyapunov function in Step 3
in terms of the initial state and the current sate,
utilizing (8a), (8b), and Lemma 2:

V(T) < pVoecm e T=10) g ar(£y) 2

+ (NN“eCT’Y(Tchcl)z/X)”xd”%o,T)

VT 2 1.

e Step 5: Bound the state using a small-gain tech-
nique, utilizing the condition (8c) in the theorem:

(D < (0™ T + g1 (72)) o)
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