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ACTIVE DISK FOR AUTOMATIC BALANCING OF
ROTOR-BEARING SYTEMS

A. Blanco-Ortega', F. Beltran-Carbajal!, A. Favela-Contreras’? and G. Silva-Navarro

Abstract

This paper leads with the active cancellation problem
of mechanical vibrations in rotor-bearing systems. The
use of an active disk is proposed for actively balancing
a rotor by means of locating a balancing mass at a suit-
able position. Two nonlinear controllers with integral
compensation are proposed to put the balancing mass
at a specific position. Algebraic identification is used
for on-line eccentricity estimation, because of the im-
plementation of this active disk is based on knowledge
of the eccentricity. An important property of this alge-
braic identification is that the eccentricity identification
is not asymptotic but algebraic, in contrast to most of
the traditional identification methods, which generally
suffer of poor speed performance. In addition, a ve-
locity control is designed to take the rotor velocity to
a desired operating point over the first critical speed.
The controllers are developed in the context of an off-
line prespecified reference trajectory tracking problem.
Some numerical simulations are included to illustrate
the dynamic performance of the closed loop system and
the active vibration cancellation.

Keywords: Active vibration control, Algebraic Identi-
fication, Eccentricity identification, Rotordynamics.

1 INTRODUCTION

Vibration caused by mass imbalance is a common prob-
lem in rotating machinery. Rotor imbalance occurs
when the principal axis of inertia of the rotor does not
coincide with its geometrical axis and leads to synchro-
nous vibrations and significant undesirable forces trans-
mitted to the mechanical elements and supports. Many
methods have been developed to reduce the unbalance-
induced vibration by using different devices such as elec-
tromagnetic bearings, active squeeze film dampers, lat-
eral force actuators, pressurized bearings and movable
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bearings (see, e.g., Zhou and Shi [1]; Sheu et al. [2];
Guozhi et al. [3]; Blanco-Ortega et al.[4]). These active
balancing control schemes require information of the ec-
centricity of rotating machinery. On the other hand,
there exists a vast literature on identification and esti-
mation methods, which are essentially asymptotic, re-
cursive or complex, which generally suffer of poor speed
performance (see, e.g., Ljung [5], Soderstrom [6], and
Sagara and Zhao [7, 8]).

This paper leads with the active cancellation problem
of mechanical vibrations in rotor-bearing systems. The
use of an active disk is proposed for actively balancing
a rotor by means of locating a balancing mass at a suit-
able position. Two nonlinear controllers with integral
compensation are proposed to put the balancing mass
at a specific position. Algebraic identification is used
for on-line eccentricity estimation, because of the im-
plementation of this active disk is based on knowledge
of the eccentricity. An important property of this alge-
braic identification is that the eccentricity identification
is not asymptotic but algebraic, in contrast to most of
the traditional identification methods, which generally
suffer of poor speed performance. In addition, a velocity
control is designed to take the rotor velocity to a desired
operating point over the first critical speed.

The proposed results are strongly based on the alge-
braic approach to parameter identification in linear sys-
tems reported by Fliess and Sira-Ramirez [9], which
employs differential algebra, module theory and oper-
ational calculus. Algebraic identification has already
been employed for parameter and signal estimation in
nonlinear and linear vibrating mechanical systems by
Beltrén-Carbajal et al. [10, 11]. Here numerical and
experimental results show that the algebraic identifica-
tion provides high robustness against parameter uncer-
tainty, frequency variations, small measurement errors
and noise.

2 VIBRATING MECHANICAL
SYSTEM

2.1 Mathematical model

The rotor-bearing system consists of a planar and rigid
disk of mass M mounted on a flexible shaft of negligi-
ble mass and stiffness k at the mid-span between two
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Figure 2: Configuration of the Active disk.

symmetric bearing supports (see Fig. 1 when a = b).
Due to rotor imbalance the mass center is not located
at the geometric center of the disk S but at the point
G (center of mass of the unbalanced disk), the distance
u between these points is known as disk eccentricity or
static unbalance (see Vance [12]; Dimarogonas [13]).

In our analysis the rotor-bearing system has an active
disk mounted on the shaft and near the main disk (see
Fig. 1). The active disk is designed in order to move a
mass my in all angular and radial positions inside the
disk, which are given by « and rq, respectively. In fact,
these movements can be got with some mechanical ele-
ments such as bevel gears and ball screw (see Fig. 2).
The mass m and the radial distance r; are designed in
order to compensate the residual unbalance of the rotor
bearing system.

An end view of the whirling rotor is also shown in Fig.
3, with coordinates that describe its motion. The coor-
dinate system (7, &, ¢) of this figure is fixed to the active
disk, and the coordinate system (X,Y, Z ) is an inertial
frame with Z the nominal axis of rotation.

The mathematical model of the five degree-of-freedom
rotor-bearing system with active disk was obtained using
Euler-Lagrange equations, which is given by

(M +mq) @+ ci + kx = p, ()

(M +ma)ij+cy+ ky = py ()

Je¢ + Cszl()b =T1 +p<p (t)

marid + 2myrir1¢ + migry cos o = To
mqf — m1r1d2 +migsina = F
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Figure 3: Inertial disk considering the balancing mass
of the active disk.

with
pe (t) = Mu[psin(p+ B) +¢° cos (¢ + 5)]
+mqry [<p sin (¢ + @) + ¢? cos (p+ a)]
py(t) = Mu[p*sin(p+ B) - pcos(p+ B)]
+myr [¢%sin (¢ + ) — peos (¢ + )]
Py (t) = —Miucos(p+ B) — mijiri cos (¢ + a)

+Miusin (¢ + ) + mydry sin (¢ + @)

Here J and c, are the inertia polar moment and the
viscous damping of the totor, 71 (¢) is the applied torque
(control input) for rotor speed regulation, = and y are
the orthogonal coordinates that describe the disk posi-
tion, r; and a denote the radial and angular position
of the balancing mass, which are controlled by means of
the control force F'(t) and control torque 74 () (servo-
mechanism).

Defining the state variables as z; = x, 20 = &, 23 =
Y, 24 =Y, 25 = P, 26 = P, 77 = T1, z3 = T1, 29 =
a and z19 = &, one obtains the following state space
description

21 = 22

tr =& (5 (0% 4 J M) fu+ B o+ a(m1 = 200,))
Z3 =24

iy =% (Aa,—iﬁ + ﬁ (JeMe — a?) fo+b(m1 — 26%))
2’5 = Zg

Z6 = x (—afi —bfy — M. (11 — z6¢,))

27 = 28

Zg = le (F — gmyq sin zg + mz7zfo)

Z9 = 210

210 = ’mﬂ‘% (TQ — gmizr COS 29 — 2m12728210)

y =z +23

(2)
with fi = cpze + k21 — Mzguy - mlryzg, fo=cz +
kzs — Mzgum — mlrng, a=—Muz —miry, b= Mu, +
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miry, Je = J + Mu? +mir?, M, = M +m; and A =
a? +b% — J.M..

The rotor-bearing system with active disk is then de-
scribed by the five degree-of-freedom, highly nonlinear
and coupled model (2). The proposed control objective
consists of reduce as much as possible the rotor vibration
amplitude, denoted in adimensional units by

2 2
p=VATH (3)

u

for run-up, coast-down or steady state operation of the
rotor system, even in presence of small exogenous or
endogenous perturbations.

In the following table are given the rotor system para-
meters employed troughtout the paper:

Table 1: Rotor system parameters
M =12kg mq = 0.003 kg a=b=0.3m
8 =m/6 rad o =0 rad Taisk = 0.04m
u=100pm | ¢, =1.5x103—=| D=0.0lm

3 ACTIVE VIBRATION CON-
TROL

3.1 Active disk control

We are proposing to use an active disk for actively bal-
ancing of the rotor (see Fig. 1 and Fig. 3). We
can see that if the mass m, is located at the position

(f = %—1‘, a=p0+ 7T) the unbalance can be cancelled.
In order to design the position controllers for the bal-

ancing mass mq, consider its associated dynamics:

27 = Z8

o1 : 2

iy = (F — gmy sin zg + m1Z7Z10)

Z9 = Z10

. 1

210 = v (T2 — gmy 27 cos 29 — 2my 2728210)
Yo = 27

Ys = =8

From these equations, one can get the following nonlin-
ear controllers with integral compensation to take the
balancing mass to the equilibrium position (g2 = 7 =
%_?ayii:a:ﬁ—’_ﬂ-):

F = mqvg+ gmysinzg — mlz7z%0 (4)
Ty = m1Z?U3 + gmyz7coszg + 2myzrzszi0 (D)
with
va = s (t) —t721 [2 — 4" ()] — Va1 [y2 — 5 ()]
20 /0 [y2 —y3 (0)] do
vy = G5 () —va2 (U3 — 93 ()] — a1 [ys — 3 (¥)]

—’Y30/0 [ys — y3 (0)] do

where y3(t) and yj (t) are desired trajectories for the
outputs yo and y3. Thus the tracking errors e; = yo —
ys (t), es = ys — y3 (t), obey the following set of linear,
decoupled, homogeneous differential equations:

e + Yaoba + Vo162 +¥p0e2 = 0
6&3) —+ 732é3 + ’Y31é3 + ’73063 = 0

which can be made to have the point: (es,e3) =
(0,0), as an exponentially asymptotically stable equi-
librium point by selecting the design parameters
{Y20s Y215 Y22, V305 V31> Y321 Such that the characteristic
polynomials

$° + V995” + V915 + Va0
$° + 325” + V315 + V30

p2 (s)
p3(s) =

are Hurwitz polynomials.

It is evident, however, that the controllers (4) and (5)
require information of the disk eccentricity (u, ). In
what follows we will apply the algebraic identification
method to estimate the disk eccentricity (u, 3).

3.2 A certainty equivalence angular ve-
locity controller

In order to control the speed of the rotor, consider its
associated dynamics, under the assumption that effect
of the unbalance was cancelled by the active disk and
that the disk eccentricity (u,3) is perfectly known:

[J + (M'LL2 + ml'r%):l ,'(:,'6 =+ CAPZG = T
Yy = %6 (6)
From this equation, one can get the following PI con-

troller to asymptotically track a desired reference tra-
jectory i (¢):

T [J + (Mu2 + mﬂf)] V1 + €26

yf (t) — 711 [yl - yf (t)]
. / wr — ] ()] do (7)

U1

The use of this controller yields the following closed-
loop dynamics for the trajectory tracking error e; =
y1 — y5 (t) as follows

€1+ 71161 + 71061 =0 (8)

Therefore, selecting the design parameters {v;q,711}
such that the associated characteristic polynomial for
(8) be Hurwitz, one guarantees that the error dynamics
be globally asymptotically stable.
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4 ON-LINE ALGEBRAIC
IDENTIFICATION OF EC-
CENTRICITY

Consider the first two equations in (1), where measure-
ments the position coordinates of the disk (z1,23) are
available to be used in the on-line eccentricity identifi-
cation scheme.
(M + ml) Zo + Cp2o + kz1 =
M [zgusin (z5 + 3) + z3ucos (25 + B)]
+mq [267°1 sin (z5 + ) + 2271 cos (25 + a)] )
(M + ml) Z4 + Cp24 + kzg =
M [z3usin (z5 + B) — Zeucos (25 + B)]
+my [2¢r1sin (25 + @) — Z671 cos (25 + )]

Multiplying (9) by the quantity ¢? and integrating the
result twice with respect to time ¢, one gets

f(2) (M +mq) t* % 922 4 e t?2y + kt?z) =
f( ) (]\Jut2 d [zb sin (25 + 3)))
+ f (m1r1t2 4 [26sin (25 + a)))
1@ (1 +m )t?d—zi +ept?zy + kt2z3) =
— f(z) (Mut*4 [26 cos (25 + B3)])
— f(z) (mar1t? 4 [z6 cos (25 + a)])

(10)

where f n) are iterated integrals of the form
fo .. f”" lcp(crn)danu'dcrl, with [¢(t) =
fto o)do and n a positive integer.

Using 1ntegrat10n by parts, one gets

(M+m1)[t231—4ftzl+2f(2)

+c¢[ft221 Qf( tz]+kf(2 21 =
Mu[ft22651n(z5+ﬁ —2f tzﬁsm(z5+ﬁ)]
+ mr [ftzzgsin(25+o¢)—2f(2)t26sin(25+a)}
(M+m1)[t22'3—4ft33+2f(2)z

+ep [ft% —2® tZg] k[P 2y =

— Mu [ft2zg cos (z5 + B) — 2f(2) tzg cos (25 +ﬂ)]
—mr |:ftQZ6COS(Z5+Oé>—2f(2)tZGCOS(Z5+Oé):|

(11)
The above integral-type equations (11), after some alge-
braic manipulations, leads to the following linear system
of equations

A(t)0 = b(t) (12)

where § = [u, = ucos 3, us = usin ,B]T denotes the ec-
centricity parameter vector to be identified and A(t),
b(t) are 2 x 2 and 2 x 1 matrices, respectively, which are
described by

ail (t)

At) = —a1s (1)

whose components are time functions specified as

a1 =M | [t?zgsinzs — 2 f(2) t2g sin 25

aro =M | [ t?zgcos z5 — 2f(2) 2 COS 25
by = (M + ml)t2z1
+ [ E—4 (M +mq) tz1 + ct?z)
— [ (—mazez7t?sin (25 + a))
+ f ( (M +mq) 21 — 2ctzy + k’t2zl)
+ f (2my zez7t sin (z5 + )
by = (M +mq)t3z3
+ [ (= (M 4 mq) 4tzs + ct?z3)
+/ Em12627t cos (25 + )
+ f ( M + ml) 23 — 20t2’3 + thZg)
- f(2) (2matzezy cos (25 + )

From the equation (12) can be concluded that the pa-
rameter vector 6 is algebraically identifiable if, and only
if, the trajectory of the dynamical system is persistent
in the sense established by Fliess and Sira-Ramirez [9],
that is, the trajectories or dynamic behavior of the sys-
tem satisfy the condition

det A(t) #0

In general, this condition holds at least in a small time
interval (to, to+ 9], where dg is a positive and sufficiently
small value.

By solving the equations (12) it is obtained the following
algebraic identifier for the unknown eccentricity parame-
ters

Upe = biai1 — baaio
afy + aiy
e = biaiz + beair
aU + au Vt € (to, to + 50] (13)
Ue = \JuBe + UZ,
B, = cos™* (%”f)

5 SIMULATION RESULTS

In Fig. 4 is depicted the identification process of the
eccentricity. We can observe a good and fast estimation
(t << 0.15s).

Fig. 5 shows the dynamic behavior of the adaptive-
like control scheme (7), which starts using the nomi-
nal value v = 0 pm. We can observe the asymptotic
output tracking of a desired reference trajectory. Here,
we selected a desired Hurwitz polynomial r (s) given as
7(s) = (5% + 2¢wps + w2) with ¢ = 0.7071, w, = 12.
The planned trajectory for the output y; = zg is given

0 for 0<t<Ty
yi ()= vt T, To)jn for Ty <t < T
Y1 for t > T2
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Figure 4: Excentricty (u) and angular position (3) iden-
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Figure 5: Close loop system response using an adaptive-
like control scheme.

where g1 = Zg = 300rad/s, T3 = 0 s, T» = 50 s and
¥ (t,Th,T5) is a Bézier polynomial, with ¢ (11,71, T3) =
0 and v (T3, Ty, T>) = 1, described by

5
v =(52F,) - (55,
2 5
75 (55,) — e (55, ) ]
with r; = 252, ro = 1050, r3 = 1800, r4 = 1575, r5 =
700, r6 = 126.

Fig. 6 shows the dynamic behavior of the active disk
controllers to take the balancing mass to the equilibrium

position (f = liue, a=p,+ 7r). In this position the
active disk cancels the unbalance, as it is shown in Fig.
7. The controllers were implemented when the eccen-
tricity has been estimated. The gains of both controllers
were selected to have a third order characteristic polyno-
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Figure 6: Dynamic response of the balancing mass: ra-
dial position (z7), angular position (zg), control force
(F) and control torque (72).
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Figure 7: Active balancing response using the active
disk.

mial r(s) = (s + p) (s* + 2¢wns + w32 ), with ¢ = 0.7071,
wp =12, p = 10.



6 CONCLUSIONS

The active vibration control of rotor-bearing systems us-
ing an active disk is addressed. This approach consists in
locating a balancing mass at a suitable position. Since
this active control scheme requires information of the
eccentricity, a novel algebraic identification approach is
proposed for the on-line estimation of the eccentricity
parameters. This approach is quite promising, in the
sense that from a theoretical point of view, the alge-
braic identification is practically instantaneous and ro-
bust with respect to parameter uncertainty, frequency
variations, small measurement errors and noise. Thus
the algebraic identification is combined with two con-
trol schemes to put the balancing mass at the correct
position to cancel the unbalance of the rotor. A ve-
locity control is designed to take the rotor velocity to a
desired operating point over the first critical speed in or-
der to show the vibration cancellation. The controllers
were developed in the context of an off-line prespecified
reference trajectory tracking problem. Numerical sim-
ulations were included to illustrate the high dynamic
performance of the active vibration control scheme pro-
posed. Some experiments are being implemented on a
real rotor system in order to validate the results.

References

[1] S. Zhou and J. Shi, "Active Balancing and Vibra-
tion Control of Rotating Machinery: a survey", The
Shock and Vibration Digest, 83(4), 2001, pp. 361-
371.

[2] G. J. Sheu, S. M. Yang, and C. D. Yang, "Design
of Experiments for the Controller of Rotor Systems
With a Magnetic Bearing", Journal of Vibration
and Acoustics, 119(2), 1997, pp. 200-207.

[3] Y. Guozhi, Y. F. Fah, C. Guang, M. Guang, F.
Tong and Q. Yang, "Electro-Rheological Multi-
layer Squeeze Film Damper and its Application to
Vibration Control of Rotor System", Journal of Vi-
bration and Acoustics, 122(1), 2000, pp. 7-11.

[4] A. Blanco-Ortega, F. Beltran-Carbajal, "On-Line
Algebraic Identification of Eccentricity in Active
Vibration Control of Rotor Bearing Systems", Pro-
ceedings of 4th International Conference on Elec-

trical and FElectronics Engineering, México, D.F.,
2007.

[5] L. Ljung, Systems Identification: Theory for the
User. Englewood Cliffs, NJ: Prentice-Hall, 1987.

[6] T. Soderstrom and P. Stoica, System Identification.
New York: Prentice-Hall, 1989.

3028

[7] S. Sagara and Z. Y. Zhao, "Numerical integration
approach to on-line identification of continuous sys-
tems", Automatica, 26(1), 1990, pp. 63-74.

[8] S. Sagara and Z. Y. Zhao, "Recursive identification
of transfer function matrix in continuous systems
via linear integral filter", International Journal of
Control, 50(2), 1989, pp. 457-477.

[9) M. Fliess and H. Sira-Ramirez, "An algebraic
framework for linear identification", ESAIM: Con-
trol, Optimization and Calculus of Variations, 9,
2003, pp. 151-168.

[10] F. Beltran-Carbajal, H. Sira-Ramirez and G. Silva-
Navarro, "Adaptive-like Active Vibration Supres-
sion for a Nonlinear Mechanical System Using On-
Line Algebraic Identification", Proceedings of the
Thirteenth International Congress on Sound and
Vibration, Vienna, Austria, 2006.

[11] F. Beltran-Carbajal, G. Silva-Navarro, H. Sira-
Ramirez, J. Quezada-Andrade, "Active vibration
control using on-line algebraic identification of har-
monic vibrations", Proceedings of American Con-
trol Conference, Portland, Oregon, June 2005.

[12] J. M. Vance, Rotordynamics of Turbomachinery.
New York: John Wiley and Sons Inc, 1988.

[13] Dimarogonas, A., Vibration for Engineers. New
Jersey: Prentice Hall, 1996.

[14] Sandler, B.Z., Robotics: designing the mechanism
for automated machinery. San Diego, CA: Acad-
emic Press, 1999.

[15] K. T. Millsaps and G. L. Reed, "Reducing Lat-
eral Vibrations of a Rotor Passing Through Criti-
cal Speeds by Acceleration Scheduling", Journal of
Engineering for Gas Turbines and Power, 120(3),
1998, pp. 615-620.

[16] M. Fliess, R. Marquez, E. Delaleau and H. Sira-
Ramirez, "Correcteurs Proportionnels-Integraux
Généralisés", ESAIM Control, Optimisation and
Calculus of Variations, 7(2), 2002, 23-41.



