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Arbitrarily small damping allows global output feedback tracking of a
class of Euler-Lagrange systems.

Eduardo V. L. Nunes, Liu Hsu and Fernando Lizarralde

Abstract— This paper proposes a new analysis technique
called “ISS regulator approach” to show that a simple causal
PD controller plus feedforward using only position measure-
ments solves the global output feedback tracking control
problem of robot manipulators with arbitrarily small damping.
To this end, we first show that a causal PD regulator leads
to a global input-to-state stable system with respect to a
bounded input disturbance. Then, using this fact we prove
that the addition of a feedforward compensation renders the
overall error system uniformly globally asymptotically stable.
In addition, we present a possible extension of the proposed
method to other classes of Euler-Lagrange systems.

I. INTRODUCTION

The design of a global output feedback tracking controller
for robot manipulators has attracted the attention of the
robotics community for many years. The pioneering works
[1], [2], [3] have shown that global regulation can be guaran-
teed without using joint velocities. Since then, several authors
have tried to derive similar output feedback controllers for
the tracking problem. Unfortunately, most of them have been
limited to local or semi-global results (see [4] for a literature
review).

In [5], Loria developed a model-based controller that ren-
ders the one degree-of-freedom (DOF) Euler-Lagrange (EL)
systems uniformly globally asymptotically stable. Unfortu-
nately, this approach could not be extended to the general
n-DOF case. To address this issue Zhang et al. proposed in
[6] an output feedback adaptive controller composed by a
feedforward term plus a nonlinear feedback term coupled to
a dynamic nonlinear filter. This controller produces global (in
the tracking initial errors) asymptotic link position tracking.

Recently, closer results to global stability were achieved
in [7], [8], [9], where the initial conditions of the dynamic
extensions must belong to a constrained set. In [7], using
a new dynamic-kinematic model for EL-systems, which is
linear in the unmeasurable velocities, a model-based con-
troller was proposed. In [8], exploiting a separation result
related with some stabilizability by state feedback and some
detectability property, a model-based dynamic controller was
proposed for EL-systems. In [9], a robust controller, which
resembles the one presented in [6], was proposed.

On the other hand, exploiting the robot natural damping,
global stability of output feedback tracking controllers were
proven in [10], [11]. However, the results are guaranteed only
if large enough viscous friction is present in the robot joints.
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In this paper, we show that the well known causal PD
controller with feedforward compensation can provide global
tracking, under the only requirement of the existence of the
robot natural damping, no matter how small, which seems
to be a quite realistic assumption. To this end, we propose a
new method called “ISS Regulator Approach” which consists
in first proving that the robot controlled by a causal PD
regulator is globally input-to-state stable (ISS) [12] with
respect to a bounded input disturbance and then showing
that such causal PD controller plus a feedforward compen-
sation renders the overall error system uniformly globally
asymptotically stable. In addition, we suggest extensions of
the proposed analysis technique to deal with uncertain robot
manipulators and to consider a broader class of nonlinear
systems that encompasses other classes of EL systems.

II. PRELIMINARES
A. Notation and Basic Concepts

In what follows, all x’s denote positive constants. || stands
for the Euclidean norm for vectors, or the induced matrix
norm for matrices. Aps(+) (A (+)) denotes the largest (small-
est) eigenvalue of a matrix. For any measurable function
u : [tg,00) — IR™, |u| denotes ess sup{|u(t)|,t > to}.
Classes K, Ko, KL functions are defined as usual [13].

B. Basic Definitions

Definition 1: The system & = f(t,z) is said to be uni-
formly globally asymptotically practically stable (UGApS),
if there exist § € KL and a nonnegative constant R, such
that for all ¢y > 0, x(tg) and ¢ > tg

lz(t)] < B(lz(to)| .t —to) + R M

When (1) is satisfied with R = 0, system & = f(¢, ) is said
to be uniformly globally asymptotically stable (UGAS).

Definition 2: The system & = f(x,u) is said to be input-
to-state stable (ISS), if there exist 3 € KL and v € K, such
that for all x(¢g), u € Lo and ¢ > t5 > 0

()] < B(|z(to)] ;£ = to) +¥(Jul) (2)

Definition 3: A continuous function V' : R" — R is a

storage function if there exist o, @ € K such that a(|z]) <

V(z) <a(|z|), Y € R™ (V is positive definite and proper).

Definition 4: A smooth storage function V : R™ — IR is

an ISS-Lyapunov function [13] for system & = f(z,u), if
there exist o € K and o € K, such that for all z, u

V(z) < —a(|a]) + o(|ul) ©)
The existence of an ISS-Lyapunov function is an equiva-
lent condition for ISS [13].
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III. DYNAMIC MODEL

The dynamic model for an n-DOF rigid robot with revo-
lute joints can be described by [14]:

M(q)i+ C(q,4)q + CFug+g(q) =7 “)

where ¢(t), ¢(t), ¢(t) € IR™ denote the joint position,
velocity and acceleration, respectively; M (g) € IR™"*™ is the
symmetric positive definite inertia matrix; C(q, ¢)¢ € R™ is
the vector of Coriolis and centrifugal torques; ¢ is a generic
positive constant, and (F, € IR™*" denotes the constant,
diagonal and positive definite matrix of viscous friction;
g(q) € IR™ is the vector of gravitational torques; and 7 € IR™
is the vector of torques acting at the joints. The centrifugal-
Coriolis matrix is defined using the Christoffel symbols.
The dynamic system (4) exhibits the following properties
(see e.g. [4], [14], [15]):
P1) A (M) [z]° < 2T M(q)x < Ag(M) [a]®
where A, (M) = mingemrn A (M(g)) and Ay (M) =
maxgemrr A (M(q));
(P2) [M(x)z — M(y)z| < eum |z —yl|2], Vo,y,2 € R™;
(P3) M(q) = C(q,4) + C*(¢,4), Vg, ¢ € R™;
P4) 27 (%M(q) ~ C(q, q')) x =0, Vo € R";
P5) |C(z, 2)w—C(y,v)w| <ep |z—v| |wHes |2] |z — y] |w],
Vx,y,z,v,w € R"
(P6) Y (q,¢.d)0 = M(q)i + C(q.4)q + CFog = 7. where
Y(q,q,G) € R™ ! is the regression matrix, # € IR! is a
constant vector of parameters, and 7 = 7 — g(q);
®7) [Cq,q)| < c1ldl, lg(q)] < e3,10] < ca.
The constants cy;, ci, co are defined in [15].

,Vx € R™,

IV. REVISITING THE REGULATION PROBLEM USING ONLY
POSITION MEASUREMENTS

In this section, we consider the problem of global output
regulation to a desired constant set point g,, using only
position measurements. The objective is to show that the
robot controlled by a causal PD with gravity compensation is
ISS with respect to a bounded input disturbance and to ensure
that, in the absence of the input disturbance, the regulation
error ¢:=q — g, tends asymptotically to zero.

Since it is assumed that only joint position measurements
are available, the joint velocities could be estimated by means
of a lead filter described by:

! 1 v="9+ lq 5)
Iz Iz H
where p is a generic positive constant. However, when
enhanced precision is required p should be made small
enough (c.f. Section V).

Considering that system (4) is perturbed with a bounded
input disturbance d(t), the causal PD regulator with gravity
compensation is given by:

T=—Kyg— Ko+ g(q) + d(t) (6)

where K, and K are symmetric positive definite matrices.

A. Stability Analysis

In order to take into account the possibility of a small
natural damping, we consider that ( may be an arbitrarily
small parameter Deﬁning the state of the closed-loop system
4)(5)(6) as 27 :=[q" ¢" ©T], one has:

q q
dl. _ N . y .
Zl4]= M(q)~td—C(q,q)§—CFog— Kpq— KD (7
:

Consider the following ISS-Lyapunov function candidate:

q"M(q)q

V1+q'q
(®)
Proposition 1: If &1 satisfies (12), then Vi (z) is a smooth

storage function and can be upper and lower bounded by:

ai(lz]) )

1. .1 _o 1 .
Vl(x):§qTM(Q)Q+§qTqu+§/U/TKdI/+€1

a(ja]) = mlal” < Vi(w) < malal” =

1
1 < g min{hn (M) A (), 200 ()l (10)
)\M(M) 51/\]\4(M) 0
P,
H2ZAM; 1)7P1— e1Am (M) m(Kp) 0
0 0 pAn (Ka)
(1D
Am (M)A (Kp)
< 12
=TT (M) (12
Proof: see Appendix A |
Deriving V; with respect to time, it follows that
. .TM .
Vi = {Td=Cq"Fug - 07 K+ 0 LALDL
1+q"q
oy (TM@d @' q"(Clad)+CR) g
VI+dTa V1+7q 1+37q
("Kpq  q"Kav  (@"M(9)d)(3" )
+ —+ 373
Vi@ Virdd (1+d)

where Property P4 was used. From Properties P1, P3 and
P7, one can conclude that:

Vv, < ——CqTqu——VTKdV €1 Kpd 4 o __ldl |d]

\/ HTq
A (M)t+eildl | Au(M)]G)2 2
+51 ( \/1+§T¢i + (1+6Tq)3/2 | |
.12 A
- (om0 - o e
B S22 (Kl
_QAm(Kd)|V| €1 m | |]
— [EAm(F) lal*~ 1) 4]

After completing the squares on the bracketed terms and

since |G| //1+]d]° < 1, |4 /(1—|—|q| <1,Vq€]R", it
can be verified that for a sufficiently small 1, one has:

1 ¢TK,q

. 1 1
Vi< —2CqTFog— 50" Kab — 5o ——te
4 V1+4'q

5 5 —|—/£3(|d|+|d|2)
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e R Cow o E
Am (Kp) Am (Fo) Am (Ka)
2 2 )
£1 <min 2<A”Af%)AM(?fi?;Sfﬂlﬂdknxfb) (14)

42 (M) + ¢1)
The function V; can be further upper bounded as follows:
Vi(z) < —an(|2]) + o (|d]) (15)

where (1) = k7% /V/1+72 € Koo, with

Ky < %min{%Q\m(Fv),)\m(Kd),al)\m(Kp)} (16)

and o1 (r) =k3(r+r?) € Kso. Thus, if €7 is chosen such (12)
and (14) hold, then, according to Definition 4, Vi (z) is an
ISS-Lyapunov function for system (4)(5)(6), which implies
that the closed-loop system is ISS with respect to d(t).

We summarize the results in the following Theorem.

Theorem 1: Consider the robot system described by (4).
If the control law is defined as in (5)(6), then the closed-
loop system with state x = [QT qT QT}T is globally ISS
with respect to a bounded input disturbance d(t). Moreover,
if d(¢t)=0, then z tend asymptotically to zero. |

Remark 1: Since g(q) is bounded by a constant, the
gravity compensation term is not relevant to conclude that a
robot controlled by a causal PD is ISS.

V. GLOBAL OUTPUT TRACKING USING ONLY POSITION
MEASUREMENTS

In this section, the global output tracking problem of
robot manipulators with dynamic model described by (4) is
considered. It is assumed that only position measurements
are available. The tracking error e(t) € IR™ is defined as:

e(t) = q(t) — qa(t) a7

where g4(t) is the desired trajectory. The signals g4, {4, Ga
are assumed to be continuous and bounded by [qa|,,, |4a|,,
and |Ga|,,, respectively. The objective is to design a control
law such that the tracking error tends asymptotically to zero.
To simplify the controller design and analysis the following
assumption is made:

Assumption 1: The robot dynamic model (4) is assumed
as being known, which means that the constant parameter
vector 6, presented in Property P6, is known.

To solve the tracking problem the following feedforward
compensation is added to the control signal:

Y (94, d4a; Ga)0 = M(qa)da + C(qa, 4a)da + (Fua

As in [16], [15], [9], the regression matrix Yy =Y (qa, G4, Ga)
is a function of the desired trajectory signals.
The signal é can be estimated by the following lead filter:

. 1 1 1 1
J=-=9——q—~da, Pe=9+-q (I8
K K H H
The control law is designed as follows:
T=—-Kye — Kqve + g(q) + Yab (19)

A. Stability Analysis

From (18), it is possible to conclude that:

Ve =041y (20)
where 7 is defined in (5) and 74 corresponds to the output
of (18) with ¢ = 0. Thus, the control law defined in (19) can

be rewritten as:

T=— pq—Kdﬁ+g(q)+qud—Kdﬁd+Yd9 21

Note that (21) is equivalent to (6) with ¢ = ¢ (¢, = 0) and
d = Kpqqa — Kalaq + Ya. Since |04(t)] < Ke " + | ¢a(t)],
for some positive scalars a, K and V¢, the following upper
bound for d(t) that is independent of y can be derived

|d(t)| < At (Kp)|gal py +A0r (Ka) (Jdalp +K) + e1 |daly,
A (M) Gal py + CAM (F) |Gal yy < Ca (22)

According to Theorem 1, the system (4)(18)(19) with state
= [qT g7 IQT]T is UGApS. From (15) and (22), it follows
that Vi (z) < 0, if || > a;' 001 (Cy). Therefore, Vi (z) is
negative outside a ball of radius R := a; ' o ¢1(Cy). Thus,
selecting a Lyapunov surface Vi (z) = @005 ooy (Cy) =
Cr such that B := { € R®"; |z| < R} is in the interior of
the set Dg := {:c e RV, () < C’R}, one can conclude
that the state = globally converges to the compact and
invariant set Dg in a finite time 7T'p.

Remark 2: From (11), (13), (16), (22) and since p is a
sufficiently small parameter the constant C'r is independent
of p. Actually, the value of this constant is determined by
the robot parameters and the desired trajectory signals, being,
O(1/¢?), where ¢ may be a small parameter related to the
robot natural damping.

From (8), it is possible to show that

1 1 . 1 N
Vi(e) 2 DA (Bl +pAm (M1 + 5 0m (Ka) 7

Within Dg the following upper bounds can be established:

ACh ACH
) 2Cr
[o(t)] < m,VtZTD (24)

In order to improve the tracking performance p should be
chosen sufficiently small. However, as can be seen in (24),
this leads to the, generally called, peaking phenomena, which
consists of large peak amplitudes in the estimation variable &
during the initial transient. Fortunately, this phenomena has
a short duration allowing us to find an upper bound for
that is independent of p, after some short finite time interval.
Indeed, from (7) the following upper bound for © (inde-
pendent of u) valid for all ¢t > Tp + T}, can be derived:

N 2Cr 4Cg
MMS¢MMM+¢MwO

where T}, = —pIn(,/z). The results obtained in this section
are formally stated in the following Theorem.

(25)
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Theorem 2: Consider system (4). If the control law is
defined as in (18)(19), then the closed-loop system with
state = [q” ¢7 ﬁT]T is globally uniformly asymptotically
practically stable. Moreover, after a finite time an upper
bound for x that is independent of i can be obtained. M

B. Convergence Analysis

In this section, we provide an analysis of the convergence
properties guaranteed by the controller (19).
Defining the lead filter estimation error €. € IR™ as:

€e(t) = De(t) — €(2), (26)
the estimation error dynamics can be described by:
€e = —lee —é 27
Using (26) the control law (19) can be rewritten as:
T=—Kpe— Kqé — Kqec + g(q) + Yab (28)

Substituting the control law (28) into (4), one has:

E=M"1(q)[~C(q,q)é—CFpé— Kpe— Kaé— Kaee—hle, é)]

(29)
where h(e, ¢) = [M(q) — M (qa)] Ga+[C (¢, 4) —C(qd; 4a)] da
can be upper bounded by: (see [15])

. . ) e
|h(e,é)] < e ldal sy €] + chsat ('—) (30)
Ay
with A, = 2\ (M) |daly, + 1 ldalay)/en and ¢, =
ey |dalyy +e2 |q'd|?w Now, defining the error state as:

Ze = [eT éT}T,

the error system dynamics can be described by (27) and (29).
From the results obtained in Section V-A the error system
is UGApS and the system trajectories are globally driven to
the compact set Drg.

In order to analyze the convergence properties of the error
system we first show that the z.-subsystem defined in (29)
is ISS with respect to the input €.. To this end, we consider
the following ISS-Lyapunov function candidate:

T’

ze = [z 31)

Valze) = 3¢ M@+ 3¢ Koo + o2/ () M(0)é - (32)

where e5 is a sufficiently small positive constant and the
function f(e) : R™ — IR™ is defined by

1 ne
e) =cpy| = + A} ——
Us) " n? h 1+ n2eTe

where 0 < 1 < 1 1is a suitable chosen small positive constant.
Proposition 2: If e satisfies (37), then V5(z,) is a smooth
storage function and can be upper and lower bounded by:

(33)

ay(|ze]) = w5 |2e? < Va(ze) < 6 |2e]” = @a(lze])  (34)

A5§imin{)\m(M),)\m(Kp)}; (35)
1 . /\A[(K) X1
KJGZQ)\M(PZ)a P2 - X1 P )\M(M) (36)

X1 = EQAM(M)C}M/ 1+ 772A}2L

A (M)A (Kp)

1
2 /\A{(M)Ch\/ 1+ 772A}2L
Proof: the proof follows the same steps presented in

Appendix A. |
The following Lemma shows that the z.-subsystem is ISS

with respect to €, if K}, and K, are properly chosen.
Lemma 1: If the control gains K, and K are selected

such that

g2 < (37)

Am(Ka) = X2 (38)

5 X3
/\m(Kp)ZQChm{14_452()\,”(1(,1)—)(2)} %

with x2 and s defined as:

. 1
X2 :=C1 |qa| py 282 0 (M) cp/ 1+102 A7 +ec1chy p +A2

X3 =14+ e2 (A (Fy) + A (Ka) + 2¢1 [Gal ) 5
then, the z.-subsystem defined in (29) is ISS w.r.t €.
|2e(t)] < Bz(|ze(to)l , t = to) + 72 ([ecl)

where (8, € KL and 7, € K. Moreover, within D the ISS
gain v, (r)=k,r, where k, is independent of .

(40)

Proof: see Appendix B |
Now, considering the ISS-Lyapunov function candidate
1
Va(ee) = 5ec, (41)

the following Lemma proves that for a sufficiently small p
the e.-subsystem (27) is ISS with respect to the input z.
Lemma 2: If 1 is chosen such that

Am (M)
<V (42)
P= ()
then, the e.-subsystem defined in (27) is ISS w.r.t. z,
lee(t)] < Be(lec(to)] £ —to) +ve(plzel) — (43)

where 0. € KL and 7. € K. Moreover, within Dg the ISS
gain ~y.(ur) = pk.r, where k. is independent of p.
Proof: see Appendix C |
From Lemmas 1 and 2, it follows that within Dpg the
composite gain . o v,(r) = pk,ker. Thus, if p satisfies
1

KzKe

< (44)
then, uniform global asymptotic stability of the error system
with state z. follows from the nonlinear generalized small-
gain theorem [17], [18]. The results obtained in this section
are formally stated in the following Theorem.

Theorem 3: Consider the robot system described by (4).
If the control law is defined as in (18)(19), then the error
system (27)(29) with state z. = [eT eT eeT]T is uniformly
globally asymptotically practically stable. Moreover, if the
control gains K4 and K, are selected such that (38) and (39)
hold and, in addition, the lead filter parameter p is chosen
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such that (42) and (44) are satisfied, then the closed-loop
error system is uniformly globally asymptotically stable. W

Remark 3: High gain control can be used in case the
robot parameters are only known “nominally”. In this case
our analysis predicts that the close-loop system would still
be globally stable and in addition arbitrarily small residual
errors could be achieved selecting the control gains K, and
K, sufficiently large and setting p sufficiently small.

VI. EXTENSIONS
A. Uncertain Robot Manipulators

From the above results, a control strategy can be derived
for the uncertain case achieving global exact tracking. The
idea is to use the recently proposed global robust exact
differentiator (GRED) [19], [20] and to add an unit vector
term in the control law to cope with the unknown parameters
of the feedforward compensation. Another possibility which
is being investigated is to adapt the unknown parameters of
the feedforward compensation to also achieve exact tracking.

B. Broader Class of Nonlinear Systems

Although, in the previous analysis a linear damping was
considered, the proposed approach can deal with nonlinear
damping (e.g |¢| ¢). Considering this type of damping, it is
easy to see that in the regulation case the system would
still be global ISS with respect to a bounded input distur-
bance. In the tracking analysis instead of using F,qq in
the feedforward compensation, now we would use |G4| §q-
Noting that ¢7 (|G| ¢ — |da| ga) > 0 and using the fact that
(Id1d — 1gal 4a) < (lé] +2|dql) |é], it is possible to prove
global output feedback tracking for this class of systems.

Since this kind of damping can represent the hydro-
dynamic damping of an underwater vehicle, the proposed
analysis can be extended to a broader class of nonlinear
systems that encompasses other classes of EL systems.

VII. CONCLUSION

In this paper, a new analysis technique called “ISS Regu-
lator Approach” was proposed in order to show that a robot
controlled by the well known causal PD controller with
a feedforward compensation can provide global tracking,
requiring only the existence of the robot natural damping,
which can be arbitrary small. The main idea was to first
prove that the robot controlled by a causal PD regulator
is globally input-to-state stable with respect to a bounded
input disturbance and then use this result to show that
such causal PD controller plus a feedforward compensation
yields uniform global asymptotic stability for the general n-
DOF case. We have also provided suggestions to extend the
proposed approach to a broader class of nonlinear systems
and to consider uncertain robot manipulators.
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APPENDIX

A. Proof of Proposition 1

From Property P1, it follows that Vi > 2\, (K}) g +

1 ~12 1 .12 Av (M)]4ll4g
A (Ka) |27 + | 5Am (M) [q] —%} By com-
pleting the squares on the bracketed term and using the

fact that |G| /(1 + |G|°) < |q|, it can be verified that for
€1 < VA (M)A (Kp)/2A0 (M), it follows that V; >
I\ (M) % + 3N () 1% + 3 pdm (K q) |P]?. Therefore,
Vi(x) > ay(|z|), where ay(r) = k172 € Koo and k; is
defined in (10). The function V;(x) can be upper bounded
by Vi <z Pz, where 27 = [|G| || |P|], P1 is defined in
(11). Thus, Vi (z) <@ (|z|), where @1 (r) =k2r? € Ko and
ko is defined in (11). Therefore, from Definition 3, it follows
that V1 (z) is a smooth storage function. [ |

B. Proof of Lemma 1

The time derivative of V5 is given by:
Vo = —CeéTFyée—eTKgé —éTKyeo — éTh(e, é)

+ea [T (e)M(q)é + 221" (€)C" (¢, 4)é
—eo(fT(e)Foé — e f"(e) Kpe — eafT () K aé
—e2fT(e)Kace—eaf" (e)h(e, é) (45)
where Property P3 and P4 were utilized.

The function f(e) defined in (33) satisfies the following
inequalities, for all e € IR™ (I1) |f(e)| > cpsat(|e] /Ap);

12) |f(e ’<2ch,/1+n2A2 ef; (I3) [ f(e)] <cny/ o+ A2
@) |f(e | )W <eny/1+m2A2 fT(e)

From (30) and I1, 1t is p0551ble to show that
—éThie,é) < |qd|M|e| + |é]|f(e)|. Using I2, one
has that eofT(e)M(q)é < 2ednr(M)en/1+1n2A2 le].
From I3 and Property P7, the following result can
be obtained e2f7(e)CT(q,4)é < eaci|dal,y €] ]f(€)] +

£9C1Ch, n%—i—A% lé|. Using (33) and I4 it can be verified
that —sng( VK, €<—%62)\ ch\/1+n2A2m

1 it follows that

\/w |f(e )| . From (30) and I1,

—Esz( Ve, é) < eenldalys |€] 1 (e)] + ez |f(e)]". Thus,
the function Va(z.) can be upper bounded as follows:

. 1 1
Vo < —CéTFUé—EéTKdé— béTKdé—/\M(Kd) |é||ee|]

+(c1ldaly +2e2X0r (M)eny/ 147247 ) e+ [é]1f (e)]

Fea(An (Ka)+2¢1|dalpy + CArr (F)) [€] £ (e)]
Ch\/ 2A2
1 Am (Kp)

— [Zagwtw |f( )| _52/\A1(Kd)|f(e)||€€|‘|
1 \/1 +n2A7 |e

__52)\771(
2 v/ 1472 |e|

1 9 1
+e —+A% e[ ——¢
2C1Cp, 72 h|6| 152

e2|f(e)*  (46)



Completing the squares on the bracketed terms, one has:

Vy < —%Eg)\ e/ 1HPA2 e
\/14-772 lef?
) é A\, (Kq
-l 17l @ [ N
V1+n2A2)2 (K
+€26h +77 hA]W( d) |€e|2 (47)
)‘m(Kp)
B (Ka) = -3
where ) = _% )

LYV 1+772A}21
If K, and K4 are chosen such that (38) and (39) hold,

then (@ is positive definite. From (47) and since lel®

el >
) Vitntlel? T
ﬁ, the function V; can be further upper bounded by:

VZ(Ze) < —ag(|ze]) + o2(|ee])
“77”2/\/ 1+7r2, UQ(T):HsTQGICOO with

1
K7 =min {)\m(Q), 552)\m(Kp)Ch\ / 1+772Ai}

X1 (K.) (A () + 2220 THIPAT A (K
2)‘m(Kd)/\m(Kp)

Thus, from Definition 4, V2(z.) is an ISS-Lyapunov
function for the z.-subsystem. Moreover, from Definition 2,
follows (40), where . (r) :g;l 0Qg 0 a2_1 o002(r)EKwo

From (17), (23) and (31), it is possible to conclude that
sup;>, |2ze(t)| < C.. Thus, az(|2|) in (48) can be redefined
as o (r)=FkKyr?, with K7 =r7//1+C2. Hence, within Dg,
the ISS gain v,(r) = k,r, where Kk, =+/(keks)/(ksR7). M
C. Proof of Lemma 2

From (29), (27) and (41), using (30) and Properties P1
and P7, the time derivative of V3 can be upper bounded by:

. 1 1 A +c
vy < - |e|—[ u(Ky) h|||e|}

(48)

where ag(r)=

Rg =

Jee|*~

p 8u Am (M)
L o 2c1|qaly+ S (Fo)+ A (Ka) |,
— | leel” lé]|ee]
8u A (M)
1, o aléellel 1 (K )
— ="~ | = | = = 5 ) el
4p Am (M) A (M)

After completing the squares on the bracketed terms, the
following result can be obtained for p < ﬁ(ﬂ}g)

: 1 2 ()\M( )+Ch) .14
o el C//\\QIV[(( )>+AM<Kd>> PN

From (49), it can be shown that V3 can be upper bounded
by the following inequality:

Vi(ee) < —as(lec]) + o3 |2e]) (50)

where a3(r)=7%/4u, o3(ur)=
Rg =

and R10= C%//\%n (M

pr? (ko+r107%) € Koo, with
W (Kp) +en)”,
(261 dal p+CAnt (Fo)+ A (Ka))?
). Thus, from Definition 4, V3(e.) is an

max

2
A (M)

ISS-Lyapunov function for the e.-subsystem. Furthermore,

1

from Definition 2, follows (43), where ~.(ur) = Qg ©

o3(ur) € Koo
defined as follows a3 (ur)=
Therefore, within Dg, ve(ur)=

[1]

[2]

[3]

[4]

[5

[ty

[6

=

[7

—

[8

—

[9]

[10]

(11]

[12]

[13]

[14]

[15]

[16]

(171

(18]

[19]

[20]
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. Inside Dp the function o3(z.) can be re-
ILL1£11T2 with K11 = kg + moCZQ
pker, where ke =2,/k1; W
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