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Stability-Assured Robust Adaptive Control of
Semi-active Suspension Systems

Itthisek Nilkhamhang, Akira Sano

Abstract— The paper is concerned with a stable robust
adaptive scheme for sem-iactive control of suspension system
installed with MR damper, which can deal with uncertainties
in both models of MR damper and suspension mechanism. The
proposed scheme consists of two main adaptive controllers: One
is an adaptive inverse control for compensating the nonlinear
hysteresis dynamics of the MR damper, which can be realized
by identifying a forward model of MR damper or by directly
adjusting an inverse model of MR damper. The other is an
adaptive reference control which gives the desired damping
force to match the seat dynamics to a specified reference
dynamics, which can also be designed by taking into account
the passivity of the MR damper. The stability of the total
system including the two adaptive controllers is discussed and
its stability condition is explored. Validity of the proposed
algorithm is also examined in simulation studies.

I. INTRODUCTION

Magnetorheological (MR) damper is a promising semi-
active device in areas of vibration isolation for suspension
systems and civil structures. The viscosity of MR fluid is
controllable depending on input voltage or current. The MR
damper provides better performance over a wide bandwidth
of road excitation compared to passive damping methods,
while consuming less power than active damping schemes.
Since the MR damper inherently has uncertain nonlinear
hysteresis dynamics, its modeling is an important issue in
realization of semi-active vibration isolation control. In this
paper, a stable robust adaptive control approach which can
deal with uncertainties in both modeling of MR damper and
suspension mechanism is presented. The proposed approach
consists of two main adaptive controllers: one is an adaptive
inverse control for compensating the nonlinear hysteresis
dynamics of the MR damper, and the other is an adaptive
reference control which gives the desired damping force to
match the seat dynamics to a specified reference dynamics,
which can also be designed by taking into account the dis-
sipativity of the MR damper. Since two adaptive controllers
are mutually coupled, a main issue in this paper is to consider
the stability of the total system.

The adaptive inverse controller is realized by identifying
a forward model of the MR damper or by directly adjusting
the inverse model of MR damper without identification of
the forward model. Many efforts have been devoted to con-
struction of forward models of MR damper from static and
dynamic points of view [1][2][3][4]. The Bouc-Wen model
and its variations are typical models which can express the
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hysteresis dynamics explicitly [1][2], and Hammerstein class
of nonlinear model was also investigated [5]. However, they
include too many parameters in nonlinear forms to identify
them in an on-line manner. Alternative modeling is based on
the LuGre friction model [6] which was originally developed
to describe nonlinear friction phenomena [7]. It has a rather
simple structure and the number of model parameters can
also be reduced, however, it is not adequate for real-time
design of an inverse controller by using the obtained forward
model. We have obtained the new MR damper model by
modifying the LuGre model and given an analytical method
for adaptive inverse controller design [8][9]. However, since
some adjusted parameters appear in the denominator of the
adaptive inverse controller, the stability of the total system
is only assured in restricted conditions. In this paper, we
also give an inverse modeling to directly adjust the inverse
controller without using the forward model, and thus by
taking into account the inverse modeling error we proposed
a robust adaptive algorithm assuring the stability of the total
system in a more general case.

The adaptive reference control gives the desired damping
force to match the seat dynamics to a desirable reference
dynamics even in the presence of uncertainties in the suspen-
sion mechnism, unlike previous works based on deterministic
control schemes, for instance, the clipped-optimal control
[10][11], LQ control [12], gain-scheduled control [14], and
H.. control [15][16][17]. Although an adaptive skyhook ap-
proach was also proposed [18] to deal with uncertainty of the
suspension system, it cannot be applied directly to the semi-
active control case using MR damper. Hence, the adaptive
algorithm is modified to assure the stability of the total semi-
active control system. Finally the validity of the proposed
control scheme is discussed in numerical simulation.

II. FULLY ROBUST ADAPTIVE CONTROL ALGORITHM

Fig. 1 illustrates a simple suspension system installed with
MR damper between the car chassis and the wheel assembly,
which is modified from our previous one [9]. The dynamic
is expressed by

Msxs+cs(xs_xu)+Ks(xs_xu) = —FMR(X,V) (1)
M5, + Cs(xu _xs) + Kv(xu _xs) + Kt(xu - xr) = FMR(xa V)(Z)
X=Xy — Xy 3)

where x is the relative displacement between the car chassis
and the wheel assembly; M, is the sprung mass, which
represents the car chassis, M, is the unsprung mass, which
represents the wheel assembly; C; and K; are damping and
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Fig. 2. Proposed fully adaptive semi-active control scheme based
on forward modeling

stiffness of the uncontrolled suspension system, respectively;
K; serves to model the compressibility of the pneumatic
tyre. x; and x, are the displacements of the sprung and
unsprung mass, respectively; x, is the road displacement
input; Fyg(%,v) is the damping force supplied by the MR
damper.

Fig. 2 and Fig. 3 show schematic diagrams of the proposed
fully adaptive semiactive control for the suspension system.
The adaptive algorithm consists of two controllers: one is
an adaptive inverse controller which can give required input
voltage v to MR damper so that the damping force Fyg be
equal to specified command damping force Fy. If the adaptive
inverse controller is designed so that the linearization from
Fy to Fyr can be attained, that is, F4 = Fygr, we can
realize almost active control performance. For construction
of the inverse controller, the forward model of MR damper

Fig. 3. Proposed fully adaptive semi-active control scheme based
on inverse modeling

is identified and then the input voltage to MR damper is
calculated as shown in Fig. 2. Fig. 3 gives an alternative
scheme in which the inverse controller is directly updated
without identification of MR damper. The adaptive reference
feedback control can match the chassis dynamic response to a
desired reference dynamics even when the suspension system
involves parametric uncertainty in My, Cs and K;. Since the
MR damper is actually a nonlinear semi-active device, it is
difficult to make it work as an active device, and it needs
very fine and complicated tuning of both the adaptive inverse
controller and adaptive reference controller.

III. ADAPTIVE DAMPER CONTROL
A. Adaptive Damper Control via Forward Modeling

MR damper is a semi-active device in which the viscosity
of the fluid is controllable by the input voltage or current.
A variety of approaches have been taken to modeling of the
nonlinear hysteresis behavior of the MR damper. Compared
to the Bouc-Wen model [1][2], the LuGre model has simpler
structure and smaller number of parameters needed for
expression of its behavior [6]. The LuGre model can also be
modified so that a necessary input voltage can be analytically
calculated to produce the specified command damping force
Fy [8].

The damping force Fyr is expressed by:

“)
(&)

where z is an internal state variable [m], X velocity of
structure attached with MR damper [m/s], oy stiffness of
z influenced by v [N/(m-V)], 67 damping coefficient of z(7)
[N-s/m], o, viscous damping coefficient [N-s/m], o, stiffness
of z(¢) [N/m], o}, viscous damping coefficient influenced by
v(t) [N-s/(m-V)], and ag constant value [V/N].

Fyr = 042+ Oozv + 012+ 02X + Opxv

z=x—aolx|z
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Substituting (5) into (4) gives the nonlinear input-output
relation as:

Fur = 0,2+ 0pzv — O1a9)x|z
+ (01 + 02) X+ Opiv = 01,04, (6)

where 0y = (Ga, Op, O14ap, O]+ O3, G},)T = (91, 6,, 65,
64, 65)7, and @y, = (z, zv, —|t|z, &, 2v)T.

Let the identified parameter vector By be denoted by
éM = (él, éz, 93, 94, é5)T. Since the internal state z of
the MR damper model cannot be measured, the regressor
vector @,, should be replaced with its estimate @,, as:

@M = (2’ v, —|x|2, X, XV)T (7
where the estimate Z is given later by using the updated
model parameters. The output of the identification model is
now described as: .

FMR = 6M¢M (8)
By using the damping force estimation error defined by & =

Fyr — Fyg, and the identified parameter do, the estimate Z
of the internal state can be calculated as:

2:)'6—&0|X|2—L8M (9)

where L is an observer gain such that 0 <L < 1/61max, and
the upper bound is decided by the stability of the adaptive
observer [9].

To assure the stability of the adaptive identification
algorithm, introduce the normalizing signal as Ny =
(c1+ @;,,@M) 1/2, where ¢; > 0. By dividing the signals and
errors by Ny as @y, = ©11/Nus ¢MN = @y /Nu and gy, =
FMRN _FMRN, where FMRN = FMR/NM and FMRN = éf/]‘i)MN’
the adaptive law for updating the model parameters is given
as:

Or = —Tu Py €y — oM On (10)

where 0, = éM — 0. Ty is a positive-definite matrix and
oy 1s a positive design constant. For practical implemen-
tation, I'y; is chosen constant. Thus, the physical model
parameters can be calculated from the relation (6).

The role of the adaptive inverse controller shown in
Fig. 2 is to decide the control input voltage v to the MR
damper so that the actual damping force Fyg may coincide
with the specified command damping force Fj, even in
the presence of uncertainty in the MR damper model. The
input voltage giving F4 can be analytically calculated from
the identified forward model of MR damper (6). Actually
using the identified model parameters, the input voltage v is
obtained from (6) as:

p = 6o+ Gpx (11)
B ) for p<—-6, §<p
dp_{ Ssgn(p) for —6<p<é 12)
Fp— {642 — 6140]52+ (61 + 62)5 — L
by = {642 — 6100[%|2+ (61 + 62)x — Len} (13)
dp
0 for vy <0
v= va for 0 < vy < Viax (14)

Vimax  for Vimax < wva

where Fy is the specified command damping force. v is
assumed to be fixed near p =0 to avoid division by zero.
Due to the semi-active nature of the MR damper, Fyr may
not fully match the desired control force Fjy.

B. Adaptive Damper Control via Inverse Modeling

In the previous section, the inverse controller is obtained
analytically from the estimated parameters of the forward
model of MR damper. However, as expressed in (14), some
adjustable parameters appear in the denominator of the
inverse controller and so zero-division should be avoided.
Therefore, we consider a linearly parameterized inverse
model, as shown in Fig. 3. Since the damper force Fyr is
given as a function of the velocity X, input voltage v and
internal state z as shown in (6), its inverse model for the input
voltage v can be expressed as a function of X, z and Fyg.
Hence, an approximate inverse model, which is expressed by
a linearly parameterized polynomial function, is considered
as:

n n . .
v=Y"Y i imityert [l |2 Fursgn(x) + 8¢
j=0i=0

5)

where O¢ is an approximation error term, and is assumed
to have an unknown constant bound |8¢| < Ac. The inverse
model has three inputs of x , z and Fyr, and one output of
v. z is an internal state of the MR damper, which can be
calculated as given previously by:

z=Xx—aplt|z (16)

where a nominal value of ag is assumed to be known via
the forward modeling. In simulation, an inverse model with
m=4 and n =1 is adopted.
The inverse model is also expressed in vector form as:
v=0Lpc+ 68 (17)
where:
T
Oc=[hm A(ns1)(mr1)) (18)
¢c = [Fursgn(x) |%|Fursgn(x) |z[Fursgn(x)
. . . 1T
|zl Farsgn(x) 4™ 2|" Fursgn(x)] " (19)

Then the identified model is expressed as:

= 00pc+u (20)
The identification error & is defined as:
E=v—v 201
and U is a robustifying term given as:
u = —Acnetanh((a+ bt)ec) (22)

with ¢ > 1 and a,b > 0. To assure the stability of the
adaptive identification algorithm, introduce the normalizing
signal as Nc = (c2+ (pg(pc)l/z, where ¢; > 0. By dividing
the signals and errors by Nc as @, = ¢c/Nc, and &, =

~ ~ AT
Vn — vy, where vy = v/N¢ and Dy = 0c ¢, + v, and py =
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—Acnctanh((a+bt)ecy ), the adaptive laws for updating the

model parameters are given as:
—oclcbc (23)

(24)

éC = _FC(PCNECN
Ac = YAC|SCN| — OA¢ YACAC

where 0 = éc —0c and Ac = AC —Ac. T'¢c is a positive
definite matrix, Y., Oc and Op. are positive design con-
stants. For practical implementation, I'c and . are chosen
constant.

Fig. 3 describes the adaptive damper control via inverse
modeling. The control input voltage v is given as:

va =009, (25)
0 for v4 <0
Y= va for 0<vg < Viax (26)
Vimax  for Viax < va

where:
|z| Fasgn(x)
[l [] Fasgn(x)] "

Again due to the semi-active nature of the MR damper, Fyg
may not fully match the desired control force Fjy.

@4 = [Fasgn(i) |%|Fasgn(x)

|| |z| Fasgn(x) (27)

IV. ADAPTIVE REFERENCE FEEDBACK CONTROL

The role of the adaptive reference feedback controller is
to provide a desired damper force Fy to the adaptive inverse
controller so that the car chassis dynamics can match the
reference dynamics. The desired damper force is decided by
the skyhook approach in the case when the mass and spring
constants are both unknown. Following the adaptive scheme
[18], the desired reference dynamics is specified by:

s+ 28 s + 0% (x; —x,) = 0 (28)

where @ is the natural frequency, and { is a damping
constant. Then, the control error & is given by:

13 :xs—i—(s—i-ZCa))*la)z(xs—xu) (29)
Taking the derivative of (29):
(;; =X+ (s+ ZCw)fla)zs(xs —Xy)
C K,
= _ﬁi(xs _xu) - ﬁi(xs _xu)
1
——Fuyr+ (s+ ZCw)fla)zs(xS —Xy)
M;
=—0§,05, — Os2Fur+ (s +280) " 0%s(x; — x,)(30)
where:
o k1T
051 = [ & 31
Qg1 = [xs Xy Xs xu} (32)
1
Ogr) = — 33
52 = 0 (33)

Then the adaptive control law is given as:

1 N
Fa = 5— (K€ = 051051+ (s+200) ' @s(x — x,))
W) ’
(34)

where kK > 0 is a design constant, and 9571 and 9572 are
corresponding parameter estimates. Due to parametric uncer-
tainties and the semi-active nature of the MR damper, Fyg
cannot match Fy as given in (34). To develop stable adaptive
control laws in the presense of this semi-active constraint, it
is necessary to define an auxiliary signal y as:

%= —xx+652(Fs— Fur) (35)
A modified error signal is given by:
E=¢-x (36)

Employlng this modified error signal, the adjustable param-
eters 951 and 952 are updated by:

(37)
(38)

F51(P51£—051F51951

952 = —952 =—1, 2& Fyg — 0s52Y5.2052

951——951—

where 6571 = 9511 - 6571 and 6572 = 6572 - 6572. FS,I is a
positive-definite matrix, ¥ > 0, 0s,1 and Og are positive
design constants. For practical implementation, I's ; and ¥s
are chosen constant.

The main stability result for the adaptive reference feed-
back controller is presented as follows. Consider a candidate
of the Lyapunov function as:

——52+ 951r51951+ 63, (39)

1
252
Taking the time-derivative of Vg and using the control law
(34):

Vs=EE+ 951F51951+—652652
¥,
- ( )+QSIFSIQSI+Y_GS26S2
= E (_95,1(1’5,1 — O52Fur + (s+2Ca)) @ S(xs — X))

N ~T & 1 - 2
+&x — 652 (Fa — Fur)) + 95,11"5‘} 05,1+ y—es,zes,z

)

2y AT g o g ST 1A
= —k&%+ 05,05, & + 0528 Fur + 05, T5 1051

1 ~ =
+——05205> (40)
Y52
Now using the adaptive laws (37) and (38):
. = ~T A ~ A
Vs = —x&?—og, 1051651 — 052052052
S—ng_geslesl 6829524-0-;1951951
o
+2292, (41)
2
Thus:
Vs < —csVs+Ag (42)
where:
¢s = min ——=—-,Y¥.20s2 (43)
{ ﬂqnax( ) }
c.
As = = 95 1051 + 952 44)
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Since k, 05, and Oy, are positive design constants, Ag/cg >
0 and the following result is obtained:

0 <Vs(r) < As/cs+ (Vs(0) — Ag/cs) e (45)

Thus, the modified error E and the parameter estimation
errors Os; and O, are uniformly bounded and converge
to a small neighborhood of the origin. The assumption that
M; > 0 and some type of parameter projection method is
necessary to ensure that 9572 does not approach zero. From
(35), it is clear that if Fyyg = F4 then )} — 0, and therefore
the control error & also converges to a small neigborhood of
the origin. This result is summarized as:

Result 1 Assume Mg > 0 and « > 0 are satisfied. Then the
control law (34), along with the adaptive laws (37) and (38),
guarantee that the modified error signal & and the parameter
estimation errors 95’1 and ég’z remain bounded and converge
to a small neighborhood of the origin. Furthermore, if
Fyr = Fy, then the control error & also converges to a small
neighborhood of the origin.

V. STABILITY ANALYSIS
A. Total Adaptive System with Forward Modeling

We discuss the stability of the integrated total system
consisting of the MR damper and structure with the two
adaptive controllers using forward modeling, as shown in
Fig. 2. To investigate the stability, we assume that the
parameter ag is known. From this assumption, the internal
state z is available and the regressor vector @, can be
employed in (10). Let a candidate Lyapunov function to the
total system with forward modeling be denoted by:

| B
Vi =Vs+ EGMFM Ou (46)
Taking the time-derivative of V), and using Result 1, along
with the adaptive law (10), leads to:

Vi = VS + é[{,[l—‘;,ll éM
. ~T ~T A
=Vs— 0y @, Emy — om0y 0m

. 2 ~T A
= VS—SMN - O-MGMQM

< Vs — 1030w + 50101 @7)
Therefore: ~
Vi < —emVu + Au (48)
where:
. o]
¢y = min {cs, mﬂl/i&l) } (49)
Jas = 25+ 5 01161 (50)
As Ay /ey > 0, the following result is obtained:
0 < Va(t) < Amr/em+ (Var(0) — Apg/cpr) e M (51

Thus, all the error signals associated with the total system,
along with the parameter estimation error 6, are uniformly
bounded and converge to a small neighborhood of the origin.

Furthermore, if Fyg = Fy, then the control error & also
converges to a small neighborhood of the origin. This result
is summarized as:

Result 2 Assume M; > 0 and ¥ > 0 are satisfied, and ay is
known. Then the control law (34), along with the adaptive
laws (10), (37) and (38) guarantee that all error signals
remain bounded and converge to a small neighborhood of
the origin. Furthermore, if Fyr = Fy, then the control error
& also converges to a small neighborhood of the origin.

B. Total Adaptive System with Inverse Modeling

This section discusses the stability of the integrated total
system consisting of the MR damper and structure with the
two adaptive controllers using inverse modeling, as shown
in Fig. 3. To investigate the stability, we assume that the
parameter ag is known. From this assumption, the internal
state z is available and the regressor vector ¢, can be
employed in (10). Let a candidate Lyapunov function to the
total system with inverse modeling be denoted by:

A% (52)

1~T —15 1
Ve=Ve+-0,-I-"0
c=Vstabcte Pet o -

Taking the time-derivative of V¢ and using Result 1, along
with the control laws (23) and (24), leads to:
. R ) R
Ve =Vs+ QCFC Oc+ —AcAc
Yac
. ~T ~ ~T A ~ A
=Vs—0c@c,Ecy +Aclécy| — 0c0cO8c — oaAcAc
= Vs — €&, + Ungcy — 8cecy + Aclecy |
~T A ~ A
—O'Cec ec — GACACAC
< VS +AC(1 - nCtanh((a"’bI)'SCND) |8CN|

Oc AT > OAc % Oc Op
——0cbc- TCA%+ 7659C+ TCAé (53)
Notice that the condition:
1 —nctanh ((a+br)|ec,|) <0 (54)

is satisfied when:

1 1
lecy| = ve ln<nc+

:a—i-bt Nec—1

As t — o and b > 0, the region defined by v¢ goes to zero,
and thus the condition (54) is satisfied as ¢ — co. Therefore:

), ne>1 (55)

. . OC ~T ~ O, - Oy o

Ve < Vs— =-8cBc — —°At+ Z-000c + —C AL
< —ccVe+ Ac (56)

where:
. Oc
Cc=miny ¢s, ——— -, YA- OA, (57)
{ A’max(rcl) C C}
O O,

Ao = A5+ 5006+ A (58)

As A¢c/cc > 0, the following result is obtained:

0<Ve(r) < Ac/cc+ (Ve(0) = Ac/cc)e " (59)
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Fig. 4. Comparison of RMS seat acceleration for the entire
simulation, and divided into frequency ranges.

Thus, all the error signals associated with the total system,
along with the parameter estimation errors 6¢ and Ac, are
uniformly bounded and converge to a small neighborhood of
the origin. Furthermore, if Fyr = Fy, then the control error
& also converges to a small neighborhood of the origin. This
result is summarized as:

Result 3 Assume M; > 0 and ¥ > 0 are satisfied, and ay is
known. Then the control law (34), along with the adaptive
laws (23), (24), (37) and (38) guarantee that all error signals
remain bounded and converge to a small neighborhood of the
origin. Furthermore, if Fyr = Fa, then the control error &
also converges to a small neighborhood of the origin.

VI. SIMULATION RESULTS

Consider a suspension system shown in Fig. 1, where
the parameters are set as M; = 504.5 [kg], M, = 62 [kg],
Cs =400 [Ns/m], K; = 1.31 x 10* [N/m] and K; = 2.52 x 10°
[N/m]. The parameters of the MR damper are specified
as: op = 4.0 x 10* [N/mV], 6; = 2.0 x 10?> [Ns/m], 0, =
1.0 x 10® [Ns/m], 6, = 1.5 x 10* [N/m], o, = 2.5 x 10°
[Ns/(mV)], ap = 1.9 x 102, which are all unknown. An upper
limit of input voltage to the MR damper is set at 2.5[V],
so v varies between 0 to 2.5[V]. The base of the dynamic
system in Fig. 1 is excited by the road surface, which is
given by a random signal sequence with a frequency range
of 0-3.5 Hz. To analyze the effectiveness of each control
schemes for various frequency ranges, the road excitation
was designed so that the bandwidth increases every ten
seconds from 1Hz, 1.5Hz, 2.5Hz to 3.5Hz. The following
schemes are compared: (1) Passive low damping with 0
[V] fixed, (2) Passive high damping with 2.5 [V] fixed,
(3) Active skyhook-based scheme, (4) Skyhook control with
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Fig. 5. Comparison of RMS seat-tire displacement for the entire
simulation, and divided into different frequency ranges.
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Fig. 6. Convergence of suspension parameter estimates.

forward modeling based scheme (Proposed) and (5) Skyhook
control with inverse modeling based scheme (Proposed). In
simulation, an inverse model with m =4 and n =1 is adopted.

Next, the results of the various control algorithms are
presented. The damping results are compared by the fol-
lowing criterions: (1) the RMS seat acceleration in Fig. 4,
and (2) the RMS positional deflection of the seat and the
tire in Fig. 5. It is noted that an apparent trade off exists
between minimizing seat acceleration and seat-tire deflection.
The passive low damping produces a small damping force
and therefore is suited for higher level of frequencies. The
passive high damping provides the stiffest damping, and
performs better during the low frequency ranges. The trade
off between low and high damping can clearly be seen as
the bandwidth of the road excitation is increased. The active
control meanwhile provides the best performance regardless
of the level of excitation. The semi-active forward and
inverse modeling schemes also perform better overall than
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Fig. 8. Plot of F4 (red, dashed) and Fjysg versus time for (a) skyhook
control with forward modeling (blue, solid) and (b) skyhook control
with inverse modeling (green, solid).

the fixed damping, as it is able to adjust the stiffness to
account for the road excitation. It is clear that the suspension
parameters can be identified very rapidly and accurately,
as shown in Fig. 6. The convergence of the feedforward
modeling parameters are shown in Fig. 7. A comparison of
the active and semi-active damping force is given in Fig. 8.
The auxiliary function introduced in this research guarantees
that the adaptive algorithm remains robust despite this semi-
active constraint.

VII. CONCLUSION

We have presented the fully adaptive semiactive control
algorithm which consists of the adaptive inverse controller
compensating for nonlinear hysteresis dynamics of MR
damper, and the adaptive reference controller matching the
seat response to a reference dynamics even if the mass and
spring constants are unknown. The forward modeling or
inverse modeling scheme was introduced for realizing the

adaptive inverse controller. The stability conditions for the
total system consisting of two adaptive controllers have been
clarified, and the effectiveness of the proposed scheme has
been validated in numerical simulation.
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