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Stack-level Validation of a Semi-Analytic Channel-to-Channel Fuel Cell
Model for Two-Phase Water Distribution Boundary Value Control

B.A. McCain and J.B. Siegel and A.G. Stefanopoulou

Abstract— A dynamic model combining analytic and numeric
solutions to the partial differential equations (PDE) describing
mass transport in the gas diffusion layers (GDL) of a fuel
cell is verified by voltage prediction. The model estimates the
effect of stack temperature changes, reactant gas concentration
fluctuation, and excess liquid water (flooding) in the GDL. The
semi-analytic model is more computationally efficient than a
fully numeric model, and includes both anode and cathode
channel dynamics enabling future boundary value control.

1. INTRODUCTION AND MOTIVATION

Fuel cell technology holds significant promise for clean
and renewable power generation for both stationary and
mobile applications. Of critical importance to the efficient
and long-life operation of a fuel cell system are:

o Maintaining humidity in a narrow range near water
vapor saturation at the membrane while avoiding excess
accumulation of liquid water in the channels (flooding).

« Keeping sufficient reactant concentration at the mem-
brane to avoid starvation.

The time-varying constituent distributions in the anode
and cathode GDLs are described by six 2" order parabolic
PDEs for reactant (oxygen in the cathode and hydrogen
in the anode) concentration, water vapor concentration, and
liquid water volume. The electrochemical reactions on, and
the mass transport through, the catalyst-covered membrane
couple the anode and cathode behaviors and, together with
the channel conditions, provide the time-varying boundary
values for these PDEs.

Simplified models attempting to either focus on a par-
ticular model component or phenomena or to pursue a
reduced form to facilitate control exist in abundance. These
models contain restrictions such as single-phase water, GDL
only ([1],[2]), steady-state conditions ([3]), and the common
assumption of isothermal conditions. Most of these models
still conclude using numeric solutions to describe the fuel
cell dynamics, and though simplified and insightful, they do
not quite provide the model reduction focus desired.

The water (liquid and vapor) PDEs are tightly coupled
through the evaporation/condensation rate. Further, the lig-
uid water becomes a nonlinearly distributed parameter that
inhibits reactant gas and water vapor diffusion. Specifically,
liquid water occupies pore space in the GDL, impedes
the diffusion of reactant flow towards the membrane, and
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Fig. 1. Conceptual schematic showing accumulation of liquid water in the
GDL and subsequent flow to the channel where reactant-blocking film is
formed

ultimately reduces the active fuel cell area [4], causing
performance degradation.

Removal of accumulated liquid water is necessary to
regain performance, which is typically accomplished by
surging an inlet flow (e.g. anode Hy supply). Liquid water
accumulation is undesirable for performance, efficiency, and
membrane durability reasons, hence it is clear that estimation
and control of the liquid water distribution is critical for
effective fuel cell water management. A low-order, compact
model of the multi-component (reactants, water), two-phase
(vapor and liquid water), spatially-distributed and dynamic
behavior across the gas diffusion layer (Fig. 1) is needed.

Our goal with this work is to create a simple fuel cell water
dynamics model that provides a physical understanding suf-
ficient to enable water management using automatic control.
For the dynamics within the GDL, the boundary conditions,
capillary flow, and porous media transport mechanisms used
herein follow close to those of [5]. We present an isothermal,
one-dimensional, channel-to-channel, inlet-to-outlet, control-
oriented model that combines analytic solutions for the
spatial distributions of gases with a numeric solution for
the liquid water, which is possible due to large time scale
separation.

We demonstrate here that the model captures the cell
output performance, namely the voltage during variation
in temperature, current, inflows, and during flooding and
drying conditions. After the verification, the model is used to
investigate the feasibility of controlling water accumulation
in the GDL and the channels with boundary value control.
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II. MODEL OF THE ANODE GAS DIFFUSION LAYER

We proceed with a one-dimensional treatment of the
anode GDL processes, letting x denote the spatial variable,
with =0 corresponding to the membrane location and z=L
corresponding to the channel location, and we let ¢ denote
the time variable. The model includes channel and GDL for
both anode and cathode, however details given here cover
only the anode for brevity. The relationships and equations
are parallel, with differences appearing only in sign, rate of
reactant consumption, and the generation of water vapor on
the cathode side.

The state variables are as follows:

e cm,(x,t) is the hydrogen concentration (mol/m?) at
time ¢t at a cross-section of the GDL located at z,
0<z<L;

o Cy.an(,t) is the concentration of water vapor at time ¢
at a cross-section of GDL located at x, 0 <z < L;

e s(z,t) is the fraction of liquid water volume V7, to the
total pore volume V), s = ‘é—i s is thus a concentration-
like variable for the liquid water at time ¢, at a cross-
section of GDL located at z, 0 < x < L.

The two parabolic PDEs that govern the anode reactant
and water vapor concentrations are,

(r“)CH2 o 2 (r“)CH2
ot oz (DHz(S) o ) )
acv,an _ 2 acv,an
7 - 83: (DU(S) 817 ) + rv(cv,an)a (2)

where D,(s) and Dp,(s) are the effective diffusivities
for water vapor and hydrogen which depend on the liquid
fraction, s,

011078
Dj(s) = Dje (i—i()ll) (1-5)%, 3)

with D; being the binary diffusion coefficient of element j.
The evaporation rate, r,, is defined as,

Ty (Co,an) = {

Y (Cv,sat - C’U,a,'n,) fOI‘ s > O
min {07 V(Cv,sat - Cu,an)} for s = O7

where + is the volumetric condensation coefficient (s—!) and
Cuv,sat 15 the saturation vapor concentration.
The liquid accumulation is,

Os - L % - %rv(cv,an)u (4)

E B _EAfcpl ox Pl
where M; is the molar mass of constituent j. The mass flow
of liquid water is driven by the gradient in capillary pressure
(pc) due to build-up of liquid water in the porous medium,

(&)

where 1 (kg/ms) is the liquid viscosity, Af. (m?) is the
fuel cell active area, and K (m?) is the material-dependent
absolute permeability. It is convenient to define the reduced
liquid water saturation S as:

t)— m
[ S@) =i > s
S(x,t) 2 T—sim (6)
0 for s < sjm.

The relative liquid permeability is simply K,; = S [5].

The capillary pressure is found from a fitted 3"¢ order
polynomial (Leverett J-function) in S(z,t). The condensed
liquid accumulates in the GDL until it has surpassed the
immobile saturation threshold (s;,,), at which point capillary
flow will carry it to an area of lower capillary pressure
(toward the GDL-channel interface). The immobile water
saturation s;,,, works as stiction, i.e. there is no liquid flow
unless the liquid water fraction exceeds s;,. Using the
approximation %S 3% ~ b1 Sb2,

Wi = —EAfcpzb1Sb2§, @
Ox

where by and by are fitted parameters, and this approximation
is only valid when s > $;y,, S0 W; = 0 when s < s;,,.

From (4) and (7), the liquid water fraction PDE becomes,

ds 0 (. 5,08\ M,
E = % <b15 %> - Frv(cv,an)- (8)

A. Boundary Conditions

The boundary conditions for the reactant constituents at
the GDL-channel interface (x = L) depend on a controllable
outlet valve that determines the flow out of the anode
channel, the reactant inlet flow rate, and on a disturbance
input which is the current density drawn from the fuel cell,
i(t) (A/m?).

For cp,(x,t), mixed Neumann-Dirichlet (Robin) type
boundary conditions are imposed. The channel (ch) boundary
condition is,

CHy|z=L = CHy,ch = PHa,ch/ (RTst), 9)

where R is the universal gas constant, T, (K) is the stack
temperature, and the hydrogen partial pressure in the anode
channel, pg, .» (Pa), depends on the exhaust control valve,
u(t), as discussed in Sec. III. The membrane (mb) boundary
condition is,

dcw, B Nict,H, 1 i(t)

Oz "~ Du(s)la=o  Du,(s)|z=0 2F’
For ¢, gn(x,t), similar Robin boundary conditions are
imposed:

(10)

=0

Cv,an|x:L = Cy,an,ch = pv,an,ch/ (RTst) ) (11)
a v,an Nm
@ == (12)
or |,_o D,(s)
with the membrane water molar flux N,,;,
Nmb = ﬁw(cv,ca,mb - Cv,an,mb) - kv,Oi(t)a (13)

and (,, is a back-diffusion coefficient that depends upon the
temperature, area, diffusivity, and thickness of the membrane,
as well as a linear tuning parameter (discussed in [4]), and
ky,0 is a function of the membrane water content (A,,;)
which is calculated as in [6].
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Fig. 2. Boundary conditions for anode and cathode GDL. Time-varying

Neumann BC are placed at the membrane, with time-varying Dirchlet at
the channels.

Finally, for s(z,t), Robin boundary conditions are again
imposed. Specifically, since water passing through the mem-
brane and into the GDL is in vapor form,

Os

— =0.
O z=0

(14)
Choosing a physically meaningful liquid water boundary
condition at the GDL-channel interface has been challenging
([2L,[7]) with either zero reduced liquid water saturation or
zero liquid flow being typically assumed ([5],[8]). Here we
consider the simplifying and convenient form of:

s(L,t) = Sim + Ss, (15)

where Ss represents the effect of the liquid water that
accumulates on the GDL-channel interface, and the inclusion
of Ss essentially adds a slight resistance to flow from the
GDL, but only when sufficient liquid water has accumulated
to result in capillary flow into the channel. Due to a lack of
a better estimate, S5 = 0.0003 is assumed.

A graphical representation of the boundary conditions de-
scribed, including appropriately similar boundary conditions
imposed on the cathode GDL, is shown in Fig. 2.

III. ANODE CHANNEL EQUATIONS

We present only the anode side equations, omitting the
cathode side for brevity. The anode channel Hy and water
vapor partial pressures, which represent the channel bound-
ary conditions, are calculated from:

M,y ch BT st

PHy,ch = My Ve,

Maw,ch RTgs

My Ven (16)

DPv,an,ch = mln{ apv,sat} )
Pan,ch = PHz,ch + Pv,an,ch-

For the anode channel calculations the governing equations
for hydrogen and water are:

de2’ch/dt =
dmw,ch/dt =

(Why,in — WHy,out + WH2,GDL),

17
(Ww,GDL + Wu,in - Wv,out)«

Wy.in=0 since the anode inlet flow is dry hydro-
gen, Wan,in=WH,,in=FKan,in(Pan, — Pan,ch), representing a
pressure-regulated anode channel at p}, which is set near
the cathode pressure for membrane safety.

The constituent channel exhaust mass flow rates are found

from
’ mH2 ,an,ch

WHg,out = 7Wan,outu
Man,ch (18)
Wv,out = Wan,out - WHg,outa
and the anode exit flow rate to the ambient (amb) is,
Wan,out =u- kan,out (pan,ch - pamb)a (19)

and Man,ch = M™MHy,an,ch + pv,an,chVanM'u/(RTst)- 0 <
u(t) < 1 is for anode channel flow to remove both water and
hydrogen, and u=0 represents a dead-ended anode arrange-
ment, which is commonly paired with a periodic purge cycle
(u=1) for water removal. For O<u<l, it is a flow through
anode water management system. The model verification in
this work is from experimentation that employed the dead-
end/purge system, though the model is applicable under both
dead-end and flow through conditions.

The hydrogen and water mass flow rate from the GDL to
the anode are:

3

=L
(20)

Ocw,
Wh,.aprL = —€ArcMHu, <DH2 (s) 85 )

oS Oc
” =—cAs. | pib1 S ==+M,D, v.an
Ww.aprL=—cAy <Pl 1S 8x+ (s) B )

=L

IV. SEMI-ANALYTIC SOLUTION

Analytic solutions for the gas and water vapor PDEs were
obtained after the following observations [9]:

1) Inclusion of liquid water ratio in the diffusivity (D,(s))
calculation should not be neglected, but a logical
selection of a midrange value of s = s;,, results in
negligible loss of accuracy.

2) Time-scale decomposition revealed that the slowest
reactant gas and water vapor states have response times
nearly two orders of magnitude faster than the fastest
liquid water states. The water vapor states can be
considered to have reached equilibrium instantaneously
when addressing the liquid water PDE solution.

With the assumptions of constant diffusivities, D; and
DZ};”, and extremely fast dynamic responses of the gas con-
stituents, the steady-state solutions for vapor and hydrogen
in the anode (similar for the cathode) when liquid water is
present throughout the GDL (s(z,t)>0 Vz € [0, L]) are:

Niyre
e, (x) = —l;{;mt (L — )+ cHy ch, (21
Hy
Cv,an(x) = (Oéleﬁx + Olgeiﬁz) + Cy,sats (22)

where
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B =/v/Dym.
(Nmp) and the anode channel condition using (11) and
(12),

(23)

L —pBL
aleﬁ + aze B Cy,an,ch — Cv,sat,

— mb//@D:zmn

Determination of N,,,; requires knowledge of the water vapor
concentrations on both sides of the membrane (x = 0),

(24)

Q] — Q2 =

Cv,an,mb (041 + 042) + Cy,sat

(25)
Cv,ca,mb = (Vl + VQ) + Cy,sat-
The v; for the cathode, similar to the «;, are dependent upon
N, and the cathode channel condition, but are additionally
influenced by the water vapor reaction term N, ..,

—BL L _
vie s + VQeB = Cy,ca,ch — Cu,sat;

26
(_Nmb""Nv,rct)/ﬁDf;imu ( )

vy — 2 =

. I,
with Nyct oy = 5%

A. Liquid Water Governing Equation
Under the assumption that water vapor reaches quasi
steady-state instantly, we replace the c, q» coupling term

in (8) by its steady-state solution (22). The PDE for liquid
water distribution in the porous medium is then,

Js 0 Js My~
= = (582 ) + 2 (aqeP? —Ba 27
ot 3x( ! 8x) T e Faae), 2D
for s > s;,, and
s  Myy 5 i
Z2 _ v x x 2
5 o (a1€”® 4 age™"7), (28)

for 0<s<s;m,, where 3 and «; are as defined in the
Cv,an(,t) solution previously.

We define a Semi-Analytic Solution (SAS) that com-
bines the analytic solutions for the gas constituents
(Hz, O3, Cy,an; Cv,cq) With the liquid water ratio (sqy, (z(k), t)
and scq(z(k),t)) numeric DAE, where the k represents a
counter for the discretized sections in the spatial variable,
x. For analysis and comparison, we present with the SAS
a 3-section Coarse Numeric Solution (CNS) version of the
system with six 2"¢ order GDL PDEs and five channel
ODEs, as presented in [4].

V. CELL VOLTAGE

The estimated cell voltage, v, is equal to the theoretical
open circuit voltage less the activation, ohmic, and concen-
tration voltage losses,

{) =F- Uact - Uohmic - Uconc- (29)

Typical fuel cell operation avoids the concentration loss
range of current density, therefore U.,,,. = 0. The theoretical
open circuit voltage varies with temperature, reactant partial
pressures, and temperature according to [10],

E—_ A_H_TStAS —I—RTStln PHy,mb\/POs,mb
T\ 2F 2F 2F 1.5 ’

o

(30)

where AS and AH are the differences in entropy and en-

thalpy from standard conditions, p, is the standard pressure,

and po,,my and pm, mp are taken from the GDL Section 1.
The activation voltage loss is modeled using,

RTS .ll ) 0SS
Uper = K1 2251 (l pp 1 )
F o

(€19

where K; =1.00 is a charge transfer-related coefficient and
110ss 18 the loss current density due to Hy crossover, and the
exchange current density, i,, is given by,

Ks
. POs,mb Ec Tst
, = K [ 20zmb - 1- =), @32
' 2( Po ) eXp[ Rist( iﬂ 42

where Ko = 1.24 pA and K3 = 2.05 are tunable parame-
ters, E. is the activation energy for oxygen reduction on Pt,
and T, is the reference temperature.

The ohmic voltage loss model is taken from [11], including
the experimentally identified parameters by; and b2, and
modified with the final tunable parameter K4 = 3.40,

tmb
Uohmic = K4 | m——
" G — bi2)

—1268(%—7}“)

iappa

(33)
where t,,,; is the membrane thickness, \,,; is the membrane
water content, and the apparent current density, %qpp, 1S
explained in V-A.

A. Apparent Current Density

The apparent active area A,p, translates the mass of liquid
water accumulated in the anode channel into an apparent

current density,
Ist
fapp = ———. (34)
W= A
Aqpp is the cell total active area less the area occupied by
the thin film of liquid water that is assumed to form on the

GDL-channel interface,

2mych
Agpp = Ape — —2. (35)
- ! pitwi
The film thickness, t,; = 0.14 mm is another tunable

parameter, and includes the factor of 2 in the numerator since
only half of the GDL-channel interfacial area is available for
coverage due to the gas distributor land area.

The channel liquid water mass comes from the dynamic
water mass balance in the channel (17), and is found by
assuming that any water in the channel in excess of the
maximum that can be held in vapor is in liquid form,

(36)

michn = Mmax 07 May,ch — Cv,satM'u‘/ch .

VI. VERIFICATION OF THE SEMI-ANALYTIC MODEL

The model predicts voltage degradation by establishing
a causal relationship between anode channel flooding and
the fuel cell voltage deterioration. The experiments were
performed using a 24-cell stack with an active area of 300
cm?. The experiment operated with a dead-ended anode, and
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Fig. 3. The semi-analytic model is able to capture static and transient trends
in a direct comparison to experimental voltage output. Further, the semi-
analytic solution generates a voltage estimate very similar to the numeric
solution (A fC:3OOCm2).

the necessary purges executed on 180 second intervals for a
duration of 1 second. For further experiment details, readers
are requested to see [4].

In the first verification experiment, the stack current was
varied from 75A — 90A — 75A while temperature was
thermostatically controlled from 50C — 60C. Comparing the
numeric model to the semi-analytic model in Fig. 3 illustrates
that little, if any, predictive accuracy has been lost by imple-
menting the semi-analytic solution to the GDL dynamics, and
the important trends related to transient manifold pressure
dynamics and stack current changes are captured. A desirable
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Fig. 4. The voltage prediction captures fluctuations due to changing

conditions, and bias is within the cell-to-cell variation.

aspect of the model’s control-oriented goal is estimation of
the behavior of a 24-cell stack using a single cell model.
In the set of experimental results shown in Fig. 4 a (200%
— 300%) stoichiometry change is added to a series of stack

current steps (40A — 60A — 15A). This data illustrates the
range of voltage outputs from the individual cells in the stack.
Though the model voltage prediction departs from the stack
average value for some conditions, trends are still captured
and the results are still within the range of individual cell
values. The semi-analytic model output again tracks the
numeric model closely.

VII. INVESTIGATION OF CONTROL REQUIREMENTS

The semi-analytic model of the liquid water and water va-
por distributions can be utilized to control channel flooding,
and thus potentially avoid voltage output degradation due to
excessive water in the cell. We can relate a measurable quan-
tity, the channel relative humidity, with an unmeasurable state
of interest, the GDL quantity of liquid water. Fig. 5 shows
the steady-state solutions for water vapor concentration and
liquid water fraction in the anode found using a simultaneous
system solution process. This process uses cell inlet and
outlet conditions, in addition to the stack temperature and
stack current, and provides cathode and anode water vapor
concentration distributions via analytic solution (22), using
the model estimate of the membrane water transport (13).
Figure 5 demonstrates that the steady-state solutions to the
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Fig. 5. Anode distribution of liquid water ratio for varying channel water

vapor concentrations illustrates that the channel water vapor concentration
boundary value can shape the liquid water distribution.

water PDEs lead to an exponential form for the vapor and a
fractional power polynomial for the liquid. These shapes are
highly dependent upon the choice of boundary conditions,
as evidenced by results from [12], whose numeric results
show much higher liquid ratios (s>0.80) at the membrane
and zero liquid water at the channel, due to the assumptions
of liquid water transport across the membrane and s = 0 at
the GDL-channel interface. Recent results [13] support the
membrane boundary condition (14) used here.

Liquid water in excess of the immobile saturation (i.e.
flooding) exists in the GDL when the water vapor concen-
tration exceeds ¢, sq¢ in the channel. At lower channel water
vapor concentrations, we observe a channel condition for
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which the GDL two-phase boundary begins to recede into
the GDL. The channel water vapor concentration for this
condition is ¢y an.ch = 2Co sat — Co.mb = Co lim-

We postulate that if ¢, qn,cn can be controlled such that it
equals ¢y im, then the flow into the GDL (from membrane
water transport) will equal the flow out of the GDL (into
the channel), and hence this condition represents a potential
equilibrium point for zero liquid build-up in the channel
while maintaining the membrane humidification at its highest
possible value. If the value of ¢, gn,cn falls below cy jim.,
then the water two-phase front will recede into the GDL, and
cause an abrupt, and easily detectable, channel water vapor
concentration change due to the depletion of liquid water and
subsequent loss of its associated evaporation contribution.
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Fig. 6. Simulation result for a set of conditions that results in eventual
channel flooding. A step in load at t=20000 s brings the channel into high
flooding condition, and a step down returns to the previous liquid distribution
in the GDL, but the channel water mass continues to grow.

Figure 6 demonstrates the response of the semi-analytic
model, discretized into 10 sections for illustrative purposes,
to load (current) step changes up and back down to the
original level. At time ¢=20000s, an 80A step increase in
I is applied as shown in the dotted box, demonstrating
how stack current variation causes competing responses
between GDL areas near the membrane and those near the
channel. On the membrane side, the increase in load causes
a proportional increase in generated water which results in
a higher value of s(1). This effect ripples through the GDL
as a higher s equilibrium value is reached for each section.
From the channel side, the increased current demand is fed
forward to the reactant supply, which increases Hs inflow
to maintain stoichiometry. The higher volumetric flow rate
removes more water from the anode channel, resulting in
greater evaporation and a dip in s(10) near the channel.
These competing phenomena meet and the increase in water
generated overcomes the greater water removal and pushes
the GDL to overflow into the channel, causing the flooding
displayed by the increasing slope of the channel liquid
fraction. The I, step-down at ¢t=30000s returns the GDL
liquid water distribution to its previous level, lowering the
rate of liquid flow into the channel, but the channel liquid

water mass is greater than before the step, and voltage
degradation is predicted.

VIII. CONCLUSIONS AND FUTURE WORK

A first principles semi-analytic model describing the re-
actant, water vapor, and liquid water dynamics in a polymer
electrolyte membrane fuel cell has been verified by voltage
output comparison. Additionally, a method to simultaneously
obtain the water vapor concentration analytic solutions across
the membrane is provided so that solutions can be obtained
using only physically available system inputs and outputs.

The semi-analytic model enables fast and computationally
inexpensive estimation of GDL states. Required steps to sim-
ulate, CPU time, and function calls all decreased significantly
(~40%) compared to the equivalent numeric model.

Future work will use the results presented to establish
cell voltage and channel humidity feedback-based control
algorithms to shape the liquid water distribution indirectly
via control of the water vapor channel concentration. The
proposed channel water vapor concentration (¢ iim), has
potential to eliminate channel flooding while maximizing
membrane water content under the zero channel liquid con-
straint. Prior to implementation of control, however, stability
and controllability/observability analysis must be completed.
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