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L1 Adaptive Controller for a Class of Systems with Unknown
Nonlinearities: Part I

Chengyu Cao and Naira Hovakimyan

Abstract— This paper presents a novel adaptive control
methodology for a class of uncertain systems in the presence of
time-varying unknown nonlinearities. The adaptive controller
ensures uniformly bounded transient and asymptotic tracking
for system’s both input and output signals simultaneously.
The performance bounds can be systematically improved by
increasing the adaptation rate. Part II extends the results to a
class of systems in the presence of unmodeled dynamics.

I. INTRODUCTION

This paper extends the results of [1], [2] to a class of
uncertain systems in the presence of time-varying and state
dependent unknown nonlinearities. We prove that subject to
a set of mild assumptions the system can be transformed
into an equivalent linear system with time-varying unknown
parameters and disturbances. For the latter, we extend the
methodology from [1], [2], which ensures uniformly bounded
transient response for system’s both input and output signals
simultaneously, in addition to stable tracking. The L., norm
bounds for the error signals between the closed-loop adaptive
system and the closed-loop reference system can be system-
atically reduced by increasing the adaptation rate.

The paper is organized as follows. Section II gives the
problem formulation. In Section III, the £, adaptive control
architecture is presented. Stability and uniform performance
bounds are presented in Section I'V. In Section V, simulation
results are presented, while Section VI concludes the paper.

Throughout this paper, I indicates the identity matrix
of appropriate dimension, ||H(s)||z, denotes the £; gain
of H(s), ||z||z.. denotes the Lo, norm of x(t), ||z¢||c..
denotes the truncated L., norm of x(¢) at the time instant
t, and ||z||2 and ||z||~ indicate the 2- and co- norms of the
vector x respectively. Some of the proofs are in included in
the Appendix.

II. PROBLEM FORMULATION

Consider the following system dynamics:

it) = Awa(t) +b(wu(t) + F(2(2),1)),
y(t) = cz(t), 2(0) =0, (1)

where x € R" is the system state vector (measurable), u € R
is the control signal, y € R is the regulated output, b, c € R"
are known constant vectors, A4,, is a known n x n Hurwitz
matrix, w is an unknown constant, and f : R® x R — R is
an unknown nonlinear function.
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Assumption 1: [Semiglobal Lipschitz condition] For any
d > 0, there exist Ls > 0 and B > 0 such that |f(z,t) —
F@0)] < Lyl — e, |F(0,0)] < B, for all [z]| < 6
and ||Z||oo < ¢ uniformly in ¢.

Assumption 2: [Known sign for control effectiveness]
There exist upper and lower bounds w, > w; > 0 such
that w; < w < w, .

Assumption 3: [Semiglobal uniform boundedness of par-
tial derivatives] For any ¢ > 0, there exist df, (6) > 0,
and dy,(0) > 0 such that for any ||z| < J, the partial
derivatives of f(x,t) are piece-wise continuous and bounded

|28 <y ), |28 <000,

The control objective is to design a full-state feedback
adaptive controller to ensure that y(t) tracks a given bounded
reference signal r(t) both in transient and steady state, while
all other error signals remain bounded.

III. £, ADAPTIVE CONTROLLER

In this section we develop an adaptive control architecture
for the system in (1) that permits complete transient charac-
terization for both u(t) and x(t). The design of £, adaptive
controller involves a strictly proper transfer function D(s)
and a gain k € R™, which leads to a strictly proper stable

wkD(s)
C(s) = ———— 2
) = T okD(s) @
with DC gain C'(0) = 1. The simplest choice of D(s)
is D(s) = L, which yields a first order strictly proper

C(s) in the following form C(s) = s_‘ﬁik. Let H(s) =
(sT — A,,)7'b, and ro(t) be the signal with its Laplace
transform (sI — A,,)"'zo. Since A,, is Hurwitz and zq is
finite, ||ro]| 2., is finite.

For the proof of stability and uniform performance bounds
the choice of D(s) and k needs to ensure that there exists
pr such that

1G]y < (m- —IkgC () H(s)l 2 [I7ll e
~lrolle.. ) /prLy, + B, )
where G(s) = H(s)(1 — C(s)), and
1
kg - 7CTAT—nlb : S

Remark 1: We notice that the upper bound in (3) is
a consequence of the semiglobal Lipschitz property of
f(x,t), stated in Assumption 1. If f(z,t) is globally Lips-
chitz with uniform Lipschitz constant L, then lim (p, —

pr—00
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[kgC(s)H(s)ll i lI7ll e = Mol )/ (pr L+ B) = L and
the upper bound in (3) degenerates into |G (s)||z, < 1/L,
which is the same as the one derived in [3] for systems with
constant unknown parameters.

We consider the following state predictor (or passive

identifier) for generation of the adaptive laws:

i(t) = Ani(t) +b(@(u) +0(0)|2(t) | + (1))
gt) = clat), #(0)=w=o )
The adaptive estimates &(t), 6(t), 5(t) are defined as:
é(t) = TProj(d(t), - ||$( )| (£)Pb), 6(0) = by
o(t) = TProj(6(t),~&' ()Pb), 6(0)=60 (6)
O(t) = TProj(@(t),—&" (1)Pbu(t)), &(0) = o
where Z(t) = #(t) — z(t), I € RT is the adaptation gain, P

is the solution of the algebraic equation A P+PA,, = —Q,
® > 0, and the projection operator ensures that the adaptive
estimates @(t), 6(¢), 6(t) remain inside the compact sets

[wi, wul, [0, 6], [—0b, ob], respectively, with 6, oy,
defined as follows
Op =1L, op=DB+ce, (7

where € is an arbitrary positive constant and

pr+0, ®)

with ( being an arbitrary positive constant that satis-
fies ||G(s)|lz, L, < 1. We notice that (3) implies that
IG()ll g, Ly, < 1. Since L, depends continuously on p,
then ||G(s)||z, L, < 1 can always be satisfied if 3 is small
enough.

Remark 2: In the following analysis we demonstrate that
pr and p characterize the domain of attraction of the closed
loop reference system (yet to be defined) and the system in
(1) respectively. We notice that since [ can be set arbitrarily
small, p can approximate p, arbitrarily closely.

The control signal is generated through gain feedback of the
following system:

x(s) = D(s)7(s), u(s) = —kx(s), ©

where k& € RT is introduced in (2), and 7(s) is the Laplace
transform of

7(t) = d(t)u(t) + () l|x()loo +6(t) —

The complete £, adaptive controller consists of (5), (6)
and (9) subject to the £1-gain upper bound in (3).

p =

kgr(t).  (10)

IV. ANALYSIS OF £ ADAPTIVE CONTROLLER
A. Closed-loop Reference System

We now consider the following closed-loop reference
system with its control signal and system response being
defined as follows:

)01

Cbref(t) = Amw,«ef(t) + b(wuref( ) + f ;Cref
(12)

Uref(s) = (C(s)/w)(kgr(s) = Tres(s))
Yref(t) = ¢ @rep(t),  @rep(0) = 20, (13)

where 7,.7(s) is the Laplace transformation of the signal
Tref(t) = f(@ref(t),t), and kg is introduced in (4). The next
Lemma establishes the stability of the closed-loop reference
system in (11)-(13).

Lemma 1: For the closed-loop reference system in (11)-
(13) subject to the L£;-gain upper bound in (3), if

lzolloo < pr, (14)

then
erefuﬁoo < Pr, (15)
Hurefuﬁoc < Pu, (16)

where p, is introduced in (3)
IC(s)/wlley(prLp, + B + kgll7ll 2.0 )-

and  p,, =

B. Equivalent Linear Time-Varying System

In this section we demonstrate that the nonlinear system
in (1) can be transformed into an equivalent linear system
with unknown time-varying parameters. To streamline the
subsequent analysis, we need to introduce several notations.
Let o be the desired performance bound for ||Z||..., and
(31 be an arbitrary positive constant verifying the following
upper bound

s 1CG)lle,
N=E a7t 6 <8, (17)
1= [|G(s)ll, Ly
where 3 was introduced in (8). Further, let

Pu = Pu, + 72, (18)

C(s) C(s) 1 T
Ye=|—— Lm+t|—" =57 - (19

H w g, 8 co Ho(s) L1

It follows from Lemma 4 in [1] that there exists ¢, € R"
such that
N, (s)

Na(s)’

where the order of N,(s) is one more than the order of
N, (s), and both N, (s) and N,4(s) are stable polynomials.
We will prove that by increasing the adaptation rate I', one
can arbitrarily reduce ~y.

Lemma 2: If the truncated L., norms of x(t) and wu(t)
verify

o H(s) = (20)

[zillze <P Nutllew < pu, @21

then there exist differentiable 6(7) and o (7) with uniformly
bounded derivatives over 7 € [0, t] such that

0(T)] < O, (22)
lo(m)| < ov, (23)
fla(r),r) = 0)[lz(7)][e +o(r). 24)
Proof. Using the definitions in (7), we have
f(2(0),0) < Ly[[2(0)[loc + B < Ob]|2(0)[|oc + 03, (25)
which implies that there exist §(0) and ¢ (0) such that
[0(0)] < Oy, |o(0)] < o (26)
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and
f(2(0),0) = 6(0)[[z(0)[|oc +&(0).

We construct the trajectories of 6(7) and o(7) according to
the following dynamics:

27)

b(r) ] o [ #an) gy sl
R e e S
where
RO 1
f“‘[<mwmo %Wﬂd’a%

with the initial values being bounded according to (26). The
determinant of A, is:

det(Ap) = [[#(7)l[oc (o — [6(T)]) + 05 — |o (7). (30)
For any 7 € [0,%), where { is an arbitrary constant or oo, if
0(r)] < 6,

lo(T)] < o, 3

it follows from (30) that det(A
it follows from (28), (29) that

(OOl + () af(a(r), )
dr ' - dr ’
o)  _ 009
—lo(n)] 8 —10(7)|
for any 7 € [0,¢). Using the initial condition from (27), we
can integrate to obtain

O(T)||x(r )||<><>+U ( ),7), VT € [0, 1)(34)

[ e[ o
0 Op — 01, |9

t_

(:)dr & lim

T—=1 /0

2(T)) # 0 over [0,%). Hence,

(32)

(33)

dT, (35)

where ( )dr with 7 approaches t from

the left.
)

i
Next we calculate / L
0 —|o(7)

|o(7)| < op. Since o(7) may cross zero, we divide [0, ?) into
countable subsets: [0,¢1), [t1,t2),..., [t1,t) where o(t1) =

-+ =o(ty) =0, and write
/
Z ti1 Ob

/0 - %L

dr, assuming that

_,_/: %dT = 71_11)11 sign(o (7)) In(op, — |o(7)])
—sign(c(0)) In(oy, — |o(0)]). (36)
From (35) and (36), we have
l{r}t sign(o (7)) In(op — [o(7)])
—sign(c(0)) In(oy, — |o(0)]) = (37
llin sign(0(7)) In(0, — |0(7)|)
—sign(6(0)) In(6, — [6(0)]) .

In what follows, we prove (22)-(23) by contradiction. If
(22)-(23) is not true, since 0(7) and o(7) are continuous, it
follows from (26) that there exists ¢ € [0, ¢] such that either

(1) lin%|0(7')| =0, or (38)
(i) limo(r)] = o, 3
while
10(T)| <Oy, |o(T)| <o, VTeEI,T). (40)
7) In this case we have
[l sign(0(7)) (0, — 0(r)D] = 0. @)
Since it is obvious that sign(c(0))In(op — |0(0)]) and

sign(0(0)) In(op — |#(0)]) are bounded, it follows from (37)
that

| limsign(o (7)) In(op, — |o(7)|)] = o0,

T—1
and hence

lim |o(7)| = 0y . (42)

T—t

It follows from (34) that Um (0(7)||z(7)||e + o(7)) =
—t

lirri_ f(z(r),7), which alongTwith (38) and (42) implies that
[1im f(2(7),7)] = 110, D] = O e@lloe + 05 (43)

From Assumption 1 it follows that |f(z(¢),f)] <
Lyl|z(t)|lo + B = 0p]|z(t)||0 + 0» — €, which contradicts
(43), and therefore (38) is not true.

i1) Following the same steps as above, one can derive a
contradicting argument to (39).

Since (38), (39) are not true, then the relationships in (22),
(23) hold. Eq. (24) follows from (22), (23) and (34) directly.

Further, notice from (1) that bounded x(7) and u(7) imply
bounded right hand side for the system dynamics, and hence
bounded #(7) over [0,¢]. In the light of Assumption 3,
df (7‘(:)’7) and Uzl are bounded, although the derivative
% may not be continuous. Since #(7) is bounded,
then ¥@.T) _ g(r)dlzl ig hounded. From (22), (23)
it follows that detA,(7) # 0, and therefore we conclude
from (28) that 6(7) and &(7) are bounded. This concludes
the proof. (]

If (21) holds, Lemma 2 implies that the system in (1) can
be rewritten over 7 € [0, t] as:

#(r) = Apa(r) +b(wu(r) +6(7)[[2(T)]ec + (7)) ,
y(r) = cla(r), 2(0) =, (44)
where 6(7), o(7) are unknown time-varying signals subject

to the upper bounds (22), (23) for all V 7 € [0, ¢, while
their derivatives for all 7 € [0, ¢] are subject to

10(r)] < do(p, pu) < 00, [6()| < do(p,pu) < 00. (45)

Remark 3: We notice that though Lemma 2 proves the
existence and boundedness of 6(7), &(t), their continuity is
not guaranteed. The reason is that % can be piece-
wise continuous due to the definition of the co norm. Thus,
in (28) the right-hand sides can be piece-wise continuous
functions of .
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C. Tracking error signal

Lemma 3: For the system in (1) and the £; adaptive
controller in (5), (6) and (9), for any ¢ such that (21) holds,

we have
_ [ 0m(ps pu)
<\ —== 46
||xt||£oo = )\mln(P)F ) ( )
where
O (p: pu) 2 467 + 407 + (w — w1)?
)\max P

142w P) o 0) Fovda(prpa)) . @)

)\min(Q)
D. Transient and Steady-State Performance

Theorem 1: Consider the reference system in (11)-(13)
and the closed-loop £; adaptive controller in (5), (6), (9)
subject to (3). If

lzolloo < pr, (48)

and the adaptive gain is chosen to verify the lower bound:

> —— % (49)
/\min(P)’Yg
we have:
1Zllz. < 70, (50
|2 = Zrefllee < M1, (51)
HU/ - uref”ﬁoo < 72, (52)

where 1 and - are defined in (17) and (19).
It follows from (49) that arbitrarily small ~, can be obtained
by increasing the adaptive gain.

V. SIMULATIONS

Consider the dynamics of a single-link robot arm rotating
on a vertical plane:

14(t) + Fq(t),4(t), 1) = u(t),

where ¢(t) and ¢(t) are the measured angular position and
velocity, respectively, u(t) is the input torque, I is the
unknown moment of inertia, F(q(t),q(t),t) is an unknown
nonlinear function that lumps the forces and torques due to
gravity, friction, disturbance and other external sources. The
control objective is to design u(t) to achieve tracking of a
bounded reference input r(t) by ¢(t), where |7z, < 1. Let
x = |1 23] =[gq]" . The system in (53) can be presented
in the canonical form:

&(t) = Amz(t) + blwu(t) + f(2(t),0)), y(t) = a(?),

where b = [0 1]T,c=[1 0]7, 4, = 0_1 _1111
w=1/I,and f(z(t),t)) = [1 1.4]z(t) — F(x2(t),z1(t),1).
Let w=1/I =1 and F(xz2(t),x1(t),t) = 23(t) + 23(¢) +
sin(0.2t) , so that the compact sets can be conservatively
chosen as w; = 0.5, w, = 2, 0, = 20,04 = 10.

In the implementation of the £, adaptive controller, we

1.4143  0.5000
set Q = 2I, and hence P = [ 0.5000 0.71430 | -

(53)

>

—0.5

o 5 10 15 20 25 30
Time t

(a) x1(t) (solid), Z1(t) (dashed), and r(¢)(dotted)

—1

—1f

o 5 10 15 20 25 30
time t

(b) Time-history of wu(t)

Fig. 1. Performance of £, adaptive controller for F'(z2(t),z1(¢),t) =
23(t) + 22 (t) + sin(0.2t)

Time t

(a) x1(t) (solid), Z1(t) (dashed), and r(¢)(dotted)

o 5 10 15 20 25 30
time t

(b) Time-history of wu(t)

Fig. 2. Performance of £ adaptive controller for F'(z2(t),z1(t),t) =
23(t) + 22 (t) + sin(5t)

Time t

(a) x1(t) (solid), £1(t) (dashed), and r(¢)(dotted)

time t

(b) Time-history of wu(t)

Fig. 3. Performance of £ adaptive controller for F'(z2(t),z1(t),t) =
25(t) + 23 (t) + sin(20t)
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We need to verify the condition in (3). Letting
D(s) = 1/s, we have G(s) = 7 H(s), H(s) =
[82“?45“ 52+1§4s+1]T , and we choose conservative L, =
20. One can numerically verify that for wk > 30 the upper
bound [|G(s)||z,L, < 1 holds. Since w > 0.5, we set
k = 60. We set the adaptive gain I'. = 10000.

The simulation results of the £; adaptive controller are
shown in Figures 1(a)-1(b) for reference input r = cos(0.5¢).
Next, without any retuning of the controller we consider
different nonlinearity F(z2(t),x1(t),t) = x3(t) + 23 (t) +
sin(5t). The simulation results are shown in 2(a)-2(b). Fi-
nally, we consider much higher frequencies in the nonlin-
earity: F(zo(t),z1(t),t) = 23(t) + x3(t) + sin(20¢). The
simulation results are shown in 3(a)-3(b). We note that
the £, adaptive controller guarantees smooth and uniform
transient performance in the presence of different unknown
nonlinearities without requiring any retuning. We also notice
that x1(¢) and #;(t) are almost the same in Figs. 1(a), 2(a)
and 3(a).

VI. CONCLUSION

A novel L£; adaptive control architecture is presented
that has guaranteed transient response in addition to stable
tracking for uncertain systems in the presence of unknown
state and time-dependent nonlinearities. The control signal
and the system response approximate the same signals of
a closed-loop reference system, which can be designed to
achieve desired specifications. In Part II, we present an
extension to a class of systems in the presence of unmodeled
dynamics, [5]. The results of these papers question the need
for the neural network based adaptive control paradigm.
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APPENDIX
Proof of Lemma 1. It follows from (11)-(13) that
Tref(8) = G(8)Fref(s) + H(s)C(s)kgr(s) + (sI — Am)flxo .
(54)

Example 5.2 in [6] (page 199) implies that

[#resillcoe S NG(S)eallPresllco +

kg C(s)H ()]l 21 lIrllcoe + lIToll 2o (55)
If (15) is not true, since ||Zref(0)]|oo = ||Zo]loo < pr and @res(t)
is continuous, there exists ¢ such that
(56)
(57)

HxTeftHEOo < pr,
Tref(t) = pr.

Using Assumption 1 and the upper bound in (56), we arrive at the
following upper bound

I7retillcee < Loy l|Tresillce + B - (58)

Substituting (58) into (55), and noticing that ||r¢||z.. <
we obtain
[@resillce < NG($)ler Lo, pr + [[kgCs)H
Flrollea +1G()l2 B

7] £oc s

elrlliew
(59)

The condition in (3) can be solved for p, to obtain the following
upper bound

1G($)llcy Lo, pr + l1kgC(s)H(s)
+Hlrollze +1G ()21 B < pr s

lzllrllco
(60)
which implies that ||Zyey,||z.. < pr, and contradicts (57). This

proves (15).
Using (15), it follows from Assumption 1 that

Preflleee < prLp, + B. (61

Example 5.2 in [6] (page 199) further implies that
lureslleee < NC(s)/wlley (prLp, + B+ kglrllee),  (62)
which proves (16). O

Proof of Lemma 3. It follows from (21) that (44) and (45)
hold for any 7 € [0, ¢]. Consider the following Lyapunov function
candidate:

V(#(r),@(r),0(),5(r)) = &' (1) PE(r) +

I (&%) +0°(n) +5°(7) | (63)
where
B(r) £ 0(r)—w,0() £ 0(7)—0(r),5(r) £ 6(7)—o(r) . (64)

It follows from (5) and (44) that over [0, ¢]
#(r) = Amd(7) + b (@u(t) + 00 2(D)lle +5(7)) ,  (65)
where Z(0) = 0. We can verify straightforwardly that

em(P: pu)

—r

Let t1 € (0,t] be the first time-instant of the discontinuity of either

of the derivatives of 6(t), &(t), 6(t),
V(r) < —Gm(p]:): pu) , V1 el0,t1].

Using the projection based adaptation laws from (6), one has the

following upper bound for V(7):

V(0) < (495 402+ (wa —w)? )/r <

& (t). Next we prove that

(66)

é(T)@(T) +o(r)o(r)

for any 7 € [0,t1). The projection algorithm ensures that for all
T € [0,t1)

V(r) < =& (r)Qi(r) +2r " (67)

w SO(t) Swu, [0(7) <6, [6(r)<on,  (68)
and therefore
—1/,~2 N2 ~2 <
max. (r (@2 +6%(r)+ & (T)) <
((wu — wi)® + 463 + 4o3) /T (69)
for any T € [0,¢1). If at any 7 € [0, ¢1)
Vi) > Om (P, pu) 70)

F )
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where 0., (p, p.) is defined in (47), then it follows from (69) that

5T (NP 2 T Oudo(p.pu) + v () (T
and hence
& Qi) 2 32D () Pacr)
> 4 Bedo(p, pu) -ltabdcr(ﬂ» pu) 72)
It follows from (22), (23) and (68) that
6(7)] < 265, |6(7)] <20, (73)

for all 7 € [0,¢1). Since f(7) and &(7) are continuous over [0, 1),
the upper bounds in (45) and (73) lead to the following upper bound:

6(n)é(r) + (1) (n)| _ o06do(p; pu) + ovdo (P pu)

4
T - r 74
Hence, if V(1) > M, then from (67) and (72) we have
V(r) <0. (75)
om(P: Pu)

It follows from (75) that V(1) < for any 7 € [0,¢1).

Since Amin(P)||Z(7)||* < &' (7)PZ(7) < V(7), then for any
S O,tl) ( )
0
~ 2 < Im Ps Pu .
IE(I” < el

Since V(1) is continuous, we further have

Om (P, pu)

T oo < ) ) .
3l < /205 re0l. a6
Given ¢; € [0,¢] such that
V(t) < w7

let t2 € (t1,t] be the next time-instant such that discontinuity of

any of the derivatives 0(t), &(t), 0(t), and &(t). Using similar
derivations as above, we can prove that

- O (p;s pu)

<y /=, € [t1,t2] . 77
L RN CE B )

Iterating the process until the time instant ¢, we get

. O (P, pu)

< = 78
Hmt”Cm = >\n)in(P)F’ ( )
which concludes the proof. O

Proof of Theorem 1. The proof will be done by contradic-
tion. Assume that (51)-(52) are not true. Then, since ||z(0) —
Zref (0)loo = 0 < 71, u(0) — tres (0) = 0, and a(r), wres(7),
u(T), ures () are continuous, there exists ¢ > 0 such that

[[2() = res (D)l Y1, or (79)
[u() = tres®)lloc = 2, (80)

while
1@ = zref)illce <15 [(w—=vrep)illea <v2. 8D

Since (48) holds, (15)-(16) follow from Lemma 1 directly. Taking
into consideration the relationships in (8), (18) and (81), we have
|zt zee < p, |utllcee < pu. Hence, it follows from (49) and
Lemma 3 that

12l 2oo < Y0 - (82)

Let 7(1) = @(r)u(r) + 6(7)]e(T)| + &(r), (1) =
|z(T)]|eec + o(r). It follows from (9) that x(s) =

D(s)(wu(s)+r1(s)—kgr(s)+7(s)), where 7(s) and r1(s) are the
Laplace transformations of signals 7(7) and 71 (7). Consequently
D ~
X6 = T () k() £ 7))
kD -
Us) = g ()~ k() +7(s). (3)
Using the definition of C'(s) from (2), we can write
wu(s) = =C(s)(ri(s) — kgr(s) + 7(s)), (84)
and the system in (1) consequently takes the form:
z(s) = H(s) ((1 — C(s))r1(s) + Cls)kgr(s) —
C(s)F(s)) + (s — Ap) 0. (85)

Let e(1) = @(7) — @res(7). It follows from (54) that e(s) =
H(s)((1—C(s))ra(s) — C(s)7(s)), e(0) =0, where r2(s) is
the Laplace transformation of the signal

r2(7) = 0(T)(|2(7T) oo — l|Zres (T)loo) -
Example 5.2 in [6] (page 199) gives the following upper bound:

<G (S)leallr2:llew (87)

where 73(7) is the signal with its Laplace transformation being
ra(s) = C(s)H(s)7(s). From the relationship in (65) we have
Z(s) = H(s)7(s), which leads to r3(s) = C(s)Z(s), and hence
17l ce < 1C() s 7], - Since [2(r)]|ow — [[2res (D)e <
|2(7) = Zref(T)]|oo < |l€t]l o for any 7 € [0, ], it follows from
(7), (22) and (86) that ||r2,||z.. < L,llet||z. - From (87) we have
leclew < 1GE)e Lolledie + [Cs) e, [#]lcn - Ea. (82)
and the £;-gain upper bound from (3) lead to the following upper

Ie@l . .
bound |let|| ., < W’m, which along with (17) leads to

(86)

lleell o +llrsllee s

— b1 <. (88)

We notice that from (12) and (84) one can derive u(s) —
Upes(s) = —$9T(7‘)($(8) — Zref(s)) —ra(s), where r4(s) =
@F(s). Therefore, it follows from Example 5.2 in [6] (page 199)

lledll o <

= e )illen < 22 S NCEOeall(@ = zrep)elleo + lIrallee -
(89)
We have 74(s) = ) cd H(s)f(s) = €9 L__T3(s),

w TH O w clH(s)
where c, was mtroducecf in (20). Using the polynomials from (20),

cjflus) = &) x‘“(s) Since C(s) is stable

and strictly proper, the complete system C'(s )T() is proper and
stable, which implies that its £ gain exists and’is finite. Hence, we

have [|r4, ||z, < H C(s) CT;{(S) Co H ||Z|| £ - The upper bound in
(82) leads to the following upper bound
1 T
. 90
74, c T e, (90)

It follows from (88), (89), and (90) and the definition of 2 in (19)
that

(U uref) llzee < (Lp/w)IC($)]l2y (v2 = Br) +
c;',—H cz

We note that the upper bounds in (88) and (91) contradict the
equality in (80), which proves (51)-(52). The upper bound in (50)
follows from (51)-(52) and (82) directly. O

Yo <72 2y
Ly
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