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Abstract—In many practical situations uncertain plants are
such that the unknown parameters do not affect the entire
state of the system, but only some of the state variables. A
question that arises in this context is the following: can a
reduced-order adaptive observer be designed based only on
the part of the dynamics affected by the uncertainty, such that,
when the corresponding parameter estimates are used in the
control law, the closed-loop stability is guaranteed? The related
objective is to design the adaptive observer that has the number
of adjustable parameters equal to the number of uncertain
paramaters, and whose order coincides with the lowest-order
subsystem affected by the uncertainty.

In this paper a new systematic procedure is developed for
the design of stable adaptive controllers using local reduced-
order adaptive observers. It is shown that, for the class
of plants considered in the paper, even when the unknown
parameters are estimated using such lower-order observers, the
resulting closed-loop system will be stable, and the asymptotic
convergence of the tracking error to zero is guaranteed.

I. INTRODUCTION

As it is well known, most of the adaptive control schemes
can be classified into direct and indirect [1]. In direct adaptive
control controller gain matrices are adjusted directly based
on the response of the closed-loop system, and the controller
parameter adjustment based on Lyapunov analysis results in a
stable system in which the convergence of the tracking error
to zero is guaranteed. One of the features of this approach is
that the Lyapunov matrix equation needs to be solved (off-
line) to calculate a matrix P that is needed to implement
the adaptive laws. In indirect adaptive control a suitable
observer is built and used to adjust the estimates of unknown
parameters. These estimates are in turn used in the control
law to assure the boundedness of all the signals in the system
and asymptotic convergence of the estimation and tracking
errors to zero.

In the present literature it is commonly assumed that the
adaptive observer is of the same order as the uncertain
plant. However, in many practical situations the dynamics
of only a part of the system state is affected by the uncertain
parameters. A good example is a system in the controllable
canonical form where only relative degree one states are
affected by uncertain paramaters. A question that arises in
this context is whether it is possible to design a stable
adaptive scheme using a reduced order observer for unknown
parameters. The design of such an observer is the main focus
of this paper.
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II. ADAPTIVE CONTROL USING REDUCED-ORDER
OBSERVERS

In many practical situations the uncertain parameters do
not affect the entire state of the system, but only some
of the state variables. One good exaple is the system in
the controllable canonical form with the so-called matched
uncertainties (i.e. the uncertainties that appear in the same
equations as the control inputs). In that case the states
with the relative-degree two and higher are not affected
by the uncertainties. In this paper the main objective is to
demonstrate that it is possible to design the observer that has
the number of adjustable parameters equal to the number of
uncertain paramaters, and whose order coincides with the
lowest-order subsystem affected by the uncertainty.

In order to demonstrate the main ideas, the problem will
be divided into two parts: (i) Relative degree one plants; and
(i) Plants with relative degree two.

A. Relative Degree One Plants

In this case the plant dynamics is described by:
[ A Ap By
i - [ ot | g | M)

Ay Agp
where z : RT — R", = [¢7 2I]7, z; : RT — R™,
X2 R — IR", ny+ny=mn, u: Rt — Rr™, All,Agl S
]Rnl ><n1’ A127A22 c anxnz’ Bl c ]Rnl ><m’ 32 c anXm’
and D = diag(d) where d = [d; dy ... d,,]T. Tt is assumed
that Asq, Ago and D are unknown, while all other matrices
are known accurately.

Assumption 1:
(i) State of the system is measurable.
(ii)deSy={d:0<¢<d; <1,i=1,2,...,m}.
(iii) Let B = [BT (ByD)T)|T. Then rank(B) = n for all
de Sy

The objectives are:

1. Design a control signal wu(t) such that the state of the
plant follows asymptotically that of the following reference
model:

: Al Al ] [ By ]

Ly = * * Tm + * T, (2)

[ A3 22 B;

where z,, : Rt — R", x,,, = [#]; 21,]7, 201 : RT —
R™, 2,2 : RT — IR™, ni + na = n, denote the state of
the reference model, 7 : IRT™ — IR" is a vector of bounded
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piecewise continuous reference inputs, the matrix
A = |: ATl T2 ]
m * * Y
Az A
is asymptotically stable, and rank(B,,) = n.

2. Use only the x5 equation to design an adaptive observer
as a part of the overall adaptive control scheme.

Ideal Controller: Let:

A Ap By By
A= , B= , By = L.

|: A21 A22 BQD 32

In the case when Asy, Ags and D are known, the following
controller achieves the objective:

uw= BT (BBT) [ Az + A,z + Br1].
B. Parameter Estimation

In the case when these matrices are unknown, their esti-
mation will be carried out using the following reduced-order
adaptive observer:

572 = A2$+B2UCZ—|— Aég, (3)
where é2 = fg — X9, UdA = ﬁu, A2 = [A21 AQQ], and
A=AT <o.

Let 4 = /12 — Ay and ¢g = d — d. Tt can now be shown
using standard arguments [1] that the adaptive algorithms:

Ay =3, = -Taésa”, (4)
d=¢a = Projs,{~TaBUés}, )
where 'y = F£ > 0 and I'y = FdT > 0, result in

Ag,d € £ and é; € £ N L£2. The objective now is to
show that the use of the parameter estimates, generated by
the reduced-order observer, in the control law will result in
a stable system and that the control objective will be met.
This is discussed in the following section.

C. Adaptive Control

Let:
i Ay Ap ] A { By }
A= " . , B= -,
{ Azr Aao By D
and let the corresponding certainty-equivalence adaptive con-
troller be of the form:
uw= BY(BBT) ' [—Az + Ay + Bnr). (6)

Now the following theorem is considered:

Theorem IL.1: Closed-loop system (1), (6), (3), (4), (5) is
stable, and lim;_, e(t) = 0.
Proof: The following coordinate transformation is chosen:
2 =11, 22 =12,
so that z = [2] 2117 = [2T 217,
It follows that:
Anzy + Az + Biu

Agyzy + Aoy + BoDu + Agés.

2 =

Zy =

After substituting the control law (6) one obtains:
2= Anz+ Bpyr+ Més,

where M = [—AT Ay — A3T]T. Upon defining e,, =
z — x,, and subtracting the reference model equation, one
obtains:

m = Amem + Més. (7)

It is noted that e,,; = e;. Since ¢ is bounded, it follows that
em = Z— T, and z are bounded, as well as Z. It can now be
readily shown that all the signals in the system are bounded
and that lim;_, e(t) = 0.

The main feature of the proposed adaptive control scheme
is that the number of parameters that needs to be adjusted is
equal to the number of unknown parameters. The order of
the associated adaptive observer is equal to the order of the
largest subsystem affected by the uncertainty. This results
in substantially decreased computation if a small number of
parameters are unknown.

Comment: The proposed approach for relative degree one
plants can be readily extended to the controllable canonical
form with matched uncertainties:

il = X9
ig = X3
:tnfl = In
Tn, = Ax+ BDu,

where A and D are unknown and rank(BD) = dim(z,,).
The observer is based on the last equation only:

& = Az + BUd + Aé,,

where A = AT < 0. Adaptive laws are of the form:

e

= —Tyépa”
= Projg,{-TaUB"¢,},

SH

and the stability can be proved using the following coordinate
transformation:

21 =X, Z2 = Tn,

where Z = [z 2T ... 2 |]T. The state of the system will

follow the following reference model:

. % _ *
Ty = T2
.k o *
Ty = T3
.k _ *
Tp—1 = I,
n
% *
T, = - g kix; + kir,
i=1

where k; are chosen to assure the stability of the reference
model.
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III. PLANTS OF RELATIVE DEGREE TWO WITH
UNMATCHED UNCERTAINTIES

In this case the plant dynamics is of the form:

v {Am A22j|x+|:32:|U7 ®)
where 7 : RT — R", z = [z 2217, 2 : RT — R™,
zo :IRT - IR™, ny+ne =n, u: RY - R™, A1, Ao €
]Rn1><n1’ Ais, Ao € ]Rn2><n2’ and By € R™>™, Tt is
assumed that only A;; is unknown, while all other matrices
are known accurately. Hence one of the objectives is to
design an adaptive observer based on the x; equation only.
Also, the extensions to the case when a part of the state xo
also affected by uncertainty are straightforward. The above
system corresponds to the systems in the so-called triangular
form (see e.g. [3]), where a part of the uncertainty is not
matched (i.e. it does not appear in the same equation as u),
but is associated only with the variables of relative degree
two or higher.

Assumption 2:
(i) State of the system is measurable.
(ll) rank(Alng) =nNi.

For the Assumption 2(ii) to hold, a necessary condition
is that n; = mnq. While this appears fairly restrictive,
some important classes of plants satisfy this assumption, for
instance:

xo + A11x1
A1 + Aexa + Bou,

T =

To =
which, for A;; = 0, reduces to the controllable canonical
form. In addition, most of the models describing the dom-
inant dynamics of aircraft, spacecraft, helicopters and other
systems are of multivariable relative degree two.
Control Objective: The objective is to design a control
signal u(t) such that the state 2:5(¢) is bounded and the state

x1(t) of the plant follows asymptotically the state @, (¢) of
the reference model:

T2 ©)
(10)

j7m1
Tm2 = —Kixmi — Koxma + K7,

where the matrices K1, Ko > 0 are chosen such that the
matrix

0o I
=] ek

is asymptotically stable.

The main difficulty in this case is the fact that Ap; is
unknown, and appears in the equation not affected by u. In
this case there are several possible approaches to the design
of stable adaptive controllers. One of those is the so-called
back-stepping [3] which results in a complex design, and a
full-order observer is needed to estimate the parameters. The
focus here will be on approaches that are based on reduced-
order observers. Two possible approaches will be considered
as discussed below - one without an explicit observer, and

the other one with a reduced-order observer. Before that the
ideal controller is derived first.

Ideal Controller: The following coordinate transformation
is introduced:

i = 1

zy = Anar+ Az,

Upon differentiating z; from (8), one obtains:

21 = 25

25 = (A3 4+ A1)y + (A1 Ao+ A1 Ago) o+ A1a Bou.
The ideal controller is now chosen as:
(A12B2)(A12B2(A12B2)") " (—(A}; + A12421)21
—(A11 A1z + A12Ag2)z2 + Ay 2™ + Bpr).

u =

It is seen that z* rather than x is used in the control law.
This is because the entire state of the system cannot follow
a reference model in a controllable form, and only a part of
the system (i.e. 1) can follow a part of the reference model
state (i.e. Ty,1).

The resulting closed-loop system is now:
2= Apnz" + Bpr,
so that lim; oo [2*(t) — @ (t)] = 0, which implies that
limy oo [21 () — Tm1(t)] = 0, while z2(t) is bounded.
Local Observer: In this case the observer is chosen in the

form:

21 = Ajxy 4+ Araxa + Aiéy, (11)

where, to simplify the development, A; < 0 is chosen as a
diagonal matrix, and é; = #; — z;. Hence one can choose
Ay = —A, where A = diag[\; A2 ...\, ] and A; > 0.

Error Model: Upon subtracting (8) from the above expres-
sion, one obtains:

é1 = —Aéy + ®azy, (12)
where 4 = Ay — Aqy.
The following coordinate transformation is now chosen:
Z1 = I,
zo = Apai+ A,
resulting in:
21 = 22 — (I)A.’L'l
29 = Anmy + An[(An — ®a)a
+A1020] + A12(A2121 + Asoxs + By Du)
Allxl + A%ll'l + A11A12$2 - AH(I)ACCl
+A12(Ag121 + Aoz + BaDu).

The control law is now chosen in the form:
u = BT(BBT)il(—/illxl — /Alflzzrl — A11A12$2
—A12(An1x1 + Agaza) + v), (13)
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where v = —Kj 21 — Kozo + Kyr. It is seen that the term
Ay is kept as is for the time being. Upon substituting this
control law and subtracting the reference model, one obtains
the following error model:

ez — Pamy
—Kie1 — Koeg — A11Paxq,

é1 =
€y =
or
¢ = Ane— Bo®ax.
Theorem IIL.1: Adaptive Law:

Ap = —Téyal + 0BT Pea?, (14)

where T' = diag[y1 v2 ... Yoy} % >0, i =1,2,...,n1, and

Yo > 0, results in lim;_. e(t) = 0.
Proof: The following tentative Lyapunov function is chosen:

1
V= §(éfI‘é1 + yoe’ Pe + trace(®% @ 4)).

It can be readily verified that if A,, is stable, so is oA,
where 9 > 0. The Lyapunov Matrix Equation can now be
modified as:

(AP + PAy) = -Q,

or AL P+ PA,, = —Q, where Q = Q/7o.
Taking the first derivative of V' results in:
V o= —éfTAé +Té,®a21 —eTQe
+70eT PB® p21 + trace(DL® 4)
= —¢ITAé; — e Qe
+trace(®% (Té12T + 1o BT Peal + ,))
< —Analléal” = Agllel* < 0.
Hence all the signals are bounded. By integrating V' from 0
to 0o, it can be readily shown that (é1, ¢) € £2. The theorem
can now be proved using standard arguments. |
Comments:
1. The controller (13) is implemented by replacing the term

Ayy with the expression (14) It can be readily verified that
this controller has the same structure as the ideal certainty-
equivalence controller (11), and only differs from the latter
in terms that are bounded and depend on é; (¢) that has been
demonstrated to tend to zero asymptotically.

2. It is important to note that the stability proof will go
through even in the case when g is arbitrarily small. In
practice this means that one can adjust the parameters using
the observer only.

3. Case when A11 =0 and A =1 (controllable canonical
form), and when By = By D where rank(B;D) = no and
As1, Ags and D are unknown, can be studied using the same
approach as for the relative degree one plants. The major
difference is the control law that would be of the form:
(BQlj)il(BQD(BQD)T)il(—Azlxl — AQQ.IQ

— K71 — Kowa + Kir),

u =

and the parameter adjustment laws would have been derived
from the reduced-order observer:

fg = Aoéy + Aglwl + Aggl‘g + Bzf)u,

where Ay = AL < 0.

4. The proposed approach can be readily extended to the
following case:

T = A21 AQQ A23 T+ BQ u,
Aszp Aszy Ass BsD
where 2; : RY — TRY n; = no,
rank([(A12B2)T (BsD)T]T) = ni1 + nz, and

Aq1, A3y, Azs, A3z and D are unknown.

IV. EXTENSIONS TO NONLINEAR SYSTEM DYNAMICS

In this section it will be shown that the extension of the
reduced-order observer approach to three classes of nonlinear
plants is straightforward. These classes include: (i) Relative
degree one plants; (ii) Plants in controllable canonical form;
and (iii) Relative degree two plants.

A. Relative Degree One Plants

In this case the plant dynamics is of the form:

5)
(16)

i1 = fo(x)+go(x)u

o = F(x)a+ g(x)Du,

where z; : RT™ — IR™, i = 1,2, ny +no = n, u :
]RJr N ]Rm’ fo . ]Rn N ]Rnl, Jo : ]Rn N ]Rn1><m’
F:IR" - R™*P, and g : R® — IR™*™. In the above

equation, vector a € IR? and matrix D = diag[d; da ... d;]
are unknown.

The following assumption is made regarding the plant:

Assumption 3:
(a) State of the system is available at every instant;
(b) folx),go(x), F(x) and g(x) are sufficiently smooth;
(c) m > n;
(d) d € Sq; and
(e) Let §(z) = [go(x)T (9(x)D)TT. §(x)g(x)T is invertible
for all x on a domain and all d € Sy.
The reference model in this case is also of the form (2).

Now the following control objective is considered:
Control Objective: Design a control signal u(t) such that
all the signals in the system are bounded and the tracking

error e = T — x,, converges to zero asymptotically despite
the uncertainty in a and D.

Ideal Controller Design: In the case when a and D are
known, the following controller achieves the objective:

w=3" G @) FE) ]+ At B



Parameter Estimation: In this case the observer is chosen
in the form:

Bo = F(z)a + g(x)Ud + Asés,
where Ay = AL < 0 and é3 = 39 — 2.
Adaptive Laws:
—T1FT(2)éy
Projs {-T2Ug" (x)é2},

where I'; = 1—\;[ > 0, can be readily shown to result in
boundedness of parameter estimates and é; € £ N £2.

. o
|

d

Coordinate Transformation: The following coordinate
transformation is introduced:

21 =11, 22 =22,
resulting in

fo(®) + go(z)u R
22 = F(l‘)d+g(l’)Ud+A2é2

z1 =

Adaptive Control: Let §(z) = [go(z)” (g(z)D)T]T. The
control law is now chosen as:

w= 3@ G @) G ]+ At B
resulting in:

2=Anz+ Bnr+ [ ( —Aizl2 } .

Ay — ASy)én
Upon choosing €,,; = z; — Tmi, ¢ = 1,2, and subtracting
the reference model, one obtains:

—Az, R
Ay — A3, ] “
Using the BIBO arguments it follows that e,, is bounded,
and the proof that lim;_. e(t) = 0 is straightforward. The

only difference with respect to the linear case is that z rather
than x is used in the control law.

B. Controllable Canonical Form
This class of plants requires special attention since many
of the practical systems can be transformed into this form.
Let the plant dynamics be of the form:
i?l = X2
t2 = F(x)a+ g(z)Du,
where z; : RT — IR™, i = 1,2, n1 = no, ny + no =
n,u: Rt - R™ F:R" - R, and g : R" —
IR™*™ . In the above equation, vector a € IR? and matrix
D = diag[d; ds ... d,,] are unknown.

The following assumption is made regarding the plant:

Assumption 4:
(a) State of the system is available at every instant;
(b) F(x) and g(x) are sufficiently smooth;

(c) m >n;
(d) d € Syq; and

(e) (g(x)D)(g(x)D)T is invertible for all x on a domain
and all d € Sy.
Let the reference model be of the form:

jm = Amxm + erv
where z : R™ — IR",

0 I 0
wn= k| oome ]

and 7 : IR™ — IR"™?, denotes a vector of bounded piece-wise
continuous reference inputs.

Now the following control objective is considered:

Control Objective: Design a control signal u(t) such that
all the signals in the system are bounded and the tracking
error e = x — T, converges to zero asymptotically despite
the uncertainty in a and D.

Ideal Controller Design: In the case when a and D are
known, the following controller achieves the objective:

(9(x)D)" (9(2)D(g(z)D)") (= F(z)a — K21
—Koxo + Klf‘).

u =

Parameter Estimation and Adaptive Laws: In this case the
observer and adaptive laws for parameter adjustment are the
same as in the case of relative degree one nonlinear plants.

Coordinate Transformation is the same as above

21 =11, 22 =22,
but in this case it results in:
2.11 = z9 + éQ

Adaptive Control: The control law is now chosen as:

(9(x)D)" (g(x)D(g(x)D)") " (= F(x)a — K1z
—Koxo + Kir),

u =

resulting in:

21 = zté
Aoéy — K121 — Koxo + K1
= —K1z1 —K222—|—K1T+ (AQ —I—Kg)ég

Z2
Upon choosing e,,; = 2; — Tmi, ¢ = 1,2, and subtracting
the reference model, one obtains:

em2 + €2
= —Kiem — Kaema + (A2 + K2)és.

é1n1

ém2
Using the BIBO arguments it follows that e,, is bounded,
and the proof that lim;_. e(t) = 0 is straightforward.
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C. Relative Degree Two Plants with Unmatched Uncertainty

In this case the system model is of the form:

i?l = F(Il)CL—FfO(ZCQ)
f(@) +g(x)u
where z; : RY — R™, i = 1,2, ny = na, n1 + na = n,
vw:R" - R™ F:R" - R"*", f, : R" - R™,
f:IR" - IR", g: R" — IR"*™. In the above equation,
vector @ € IRP is unknown.

It is first noted that F'(z1)a = vazl fi(x1)a;, and that

a7)

By = (18)

N
Totor,0) = 25008 52, 204
where F'(z1) = [fi(z1) fo(z1) ... fN(:vl)]. We also have:
9fo
o) = 22)

Assumption 5:  J,,(z2)g(z) is invertible Vx on a domain.
Control Objective: Similarly as in the linear case, the
objective is to design a control signal u(t) such that z5(t)
is bounded and the state x1(t) of the plant follows asymp-
totically the state x,,1(t) of the reference model (9), (10).

The ideal controller is designed next. Let
z1 =1, 2= Fi(z1)a+ fo(x2).
It follows that
21 = 29
Zg = Ju, (21, 0)(F(21)a+ fo(w2))+ Ju, (w2) (f () +g(z)u).
Ideal Controller: Ideal controller is now chosen in the form:
= o (2)(Go(2)gg (@)~ (= Ja, (w1, 0) (F(21)a + fo(2))
—Ja (x2) f(x) — K121 — Kazo + Kq7),

where §,(z) = Jy,(22)g(z), and can be readily shown to
achieve the control objective.

In this case the focus will be on minimal parameterization
with a local observer.

Local Observer: The observer is chosen in the form:
i1 = F(z1)a+ folxs) — Aéy,
where A = diag[A\; A2 ...\,,] and \; > 0.

Error Model: Upon subtracting (17) from the observer
equation, and defining ¢, = @ — a, one obtains:

é1=—Aéei + F(l‘1)¢a.

19)

(20)
The coordinate transformation is now chosen in the form:
21 =121, z2=F(x1)a+ fo(ze),

resulting in:
21 = 29
F(fcl)éz + Jay (21, 0)(F(21)(@ — da)
+fo(@2)) + Jo,y (w2)(f (2) + g(2)u)

Z2

The control law is now chosen in the form:
Ja (2)(Go(2)75 (x)) (= F(z1)a
—Jzy (21, @) (F(21)a + fo(22)) — Jup (x2) f(2) +0)

Upon substituting this control law and subtracting the refer-
ence model, one obtains:

u =

é1 = ey
—Kie1 — Kaeg — (Juy (x1,a) + A)F(21)dq.
[0 1"
B(Jz, (21,0) + A)F(21)da.
Theorem IV.1: Adaptive Law:

a=—TeéerxT +4o(Je, (x1,a) + A) BT PexT

ey =

By choosing B = , this can be rewritten as:

ée=A,e—

2y

where T' = diag[y1 72 ... Yn,), vi >0, i =1,2,...,n1, and
Yo > 0, results in lim;_. e(t) = 0.
This theorem can be proved along the same lines as

theorem III.1.

V. CONCLUSIONS

In this paper a new systematic procedure is developed
for the design of stable adaptive controllers using local
reduced-order adaptive observers. It is shown that, for the
class of plants considered in the paper, even when the
unknown parameters are estimated using such lower-order
observers, the resulting closed-loop system will be stable,
and the asymptotic convergence of the tracking error to zero
is guaranteed.

It is shown in the paper that the proposed approach is
applicable to the plants whose multivariable relative degree
is up to two. In the case of relative degree one plants,
the proposed approach is based on a suitable coordinate
transformation after which the analysis is carried out on
a system that combines actual and estimated states. In the
case of relative degree two plants, the approach is based
on a coordinate transformation and a local observer, and is
shown to result in parameter adjustment that depends on both
the estimation and tracking errors. It is also shown that the
adaptive gain for the tracking error adjustment can be made
arbitrarily small, so that, in practice, the adjustment can be
carried out using the estimation error only. This demonstrates
that the certainty-equivalence principle carries over to this
case as well.

Our future work includes extensions of the proposed ap-
proach to nonlinear plant models of higher relative degrees.
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