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Ω ൌ׷ ൜ ݐሺܨሻ்ݐሺܨ|ሻݐሺܨ ൑ ,ܫ
 ൠ݈ܾ݁ܽݎݑݏܽ݁݉ ݁ݑ݃ݏܾ݈݁݁ ݏሻ݅ݐሺܨ

 
By applying output feedback controller in the following 

form: 
 

൜
ሻݐሶ௖ሺݔ ൌ ሻݐ௖ሺݔ௖ܣ ൅ ሻݐሺݕ௖ܤ
ሻݐሺݑ ൌ ሻݐ௖ሺݔ௖ܥ ൅ ሻݐሺݕ௖ܦ                                                     ሺ2ሻ 

 
to (1), the closed loop system will be: 
 

ቊ
ሶܺ௖௟ ൌ ൫ܣ௖௟ ൅ ሻݐሻ൯ܺ௖௟ሺݐ௖௟ሺܣ∆ ൅ ൫ܤ௖௟ ൅ ሻݐሻ൯߱ሺݐ௖௟ሺܤ∆

 ܼሺݐሻ ൌ ሻݐ௖௟ܺ௖௟ሺܥ ൅                                             ሻݐ௖௟߱ሺܦ
   ሺ3ሻ 

 
where 
 

௖௟ܣ ൌ ൤ܣ ൅ ଶܥ஼ܦଶܤ ஼ܥଶܤ
ଶܥ஼ܤ ஼ܣ

൨,   ܤ௖௟ ൌ ൤ܤଵ ൅ ଶଵܦ஼ܦଶܤ
ଶଵܦ஼ܤ

൨ 

௖௟ܥ ൌ ሾܥଵ ൅ ଶܥ஼ܦଵଶܦ ௖௟ܦ   ,஼ሿܥଵଶܦ ൌ ଵଵܦ ൅  ଶଵܦ஼ܦଵଶܦ
 
and the closed loop uncertainties ∆ܣ௖௟ and ∆ܤ௖௟ are: 
 
௖௟ܣ∆ ൌ ௖௟ܤ∆                , ଵ௖௟ܧ௖௟ܨ௖௟ܪ ൌ  ଶ௖௟ܧ௖௟ܨ௖௟ܪ
 
where 
 

௖௟ܪ ൌ ቂܪଵ ଶܪ
0 0 ቃ,                   ܨ௖௟ ൌ ൤ܨଵ 0

0 ଶܨ
൨ 

ଵ௖௟ܧ ൌ ൤ ଵܧ 0
ଶܥ஼ܦଶܧ ஼ܥଶܧ

൨,     ܧଶ௖௟ ൌ ൤ 0
ଶଵܦ஼ܦଶܧ

൨ 

 
Lemma 1: Suppose that system (4) is asymptotically 

stable. 
 

൜ݔሶ ሺݐሻ ൌ ሻݐሺݔܣ ൅ ሻݐሺݓܤ
ሻݐሺݖ ൌ ሻݐሺݔܥ ൅  ሻ                                                           ሺ4ሻݐሺݓܦ

 
let ௦ܶ ൌ ܵܫሺܥ െ ܤሻିଵܣ ൅  denote its transfer function. if ܦ
ܦ ൌ 0 then the following statements are equivalent: 
 
ሺܽሻ. ԡܶԡଶ ൏ γ 
 
ሺܾሻ.There exists ܺ ൌ ்ܺ ൐ 0 and ܼ such that: 
 

൤்ܺܣ ൅ ܣܺ ܤܺ
்ܺܤ െܫߛ൨ ൏ 0,ቂܺ ்ܥ

ܥ ܼ
ቃ ൐ 0, 

 
ሺܼሻ݁ܿܽݎݐ ൏  ሺ5ሻ                                                                             ߛ

 
Lemma 2 (Bounded Real Lemma): For system (4), ܪ∞ 

performance, with ߛ ൐ 0 is equivalent to the existence of 
ܺ ൐ 0 satisfying: 

 

൥
ܺܣ ൅ ்ܣܺ ܤ ்ܥܺ

்ܤ െܫߛ ்ܦ

ܺܥ ܦ െܫߛ
൩ ൏ 0                                              ሺ6ሻ 

Lemma 3 (Schur Complement): The Linear inequality: 
 

 ൤ ܳሺܺሻ ܵሺܺሻ
்ܵሺܺሻ ܴሺܺሻ൨ ൐ 0  

with ܳ ൌ ்ܳ, ܴ ൌ ்ܴ ൐ 0 and S is an affine function of  ܺ, 
is equivalent to: 
 

൜ܳሺܺሻ െ ܵሺܺሻܴିଵሺܺሻ்ܵሺܺሻ ൐ 0
ܴሺXሻ ൐ 0                                          

 
Lemma 4: Let Σ,Ω,Γ be matrices with appropriate 

dimensions which Ω  is a symmetric matrix Then for every 
matrix F with ்ܨܨ ൑ Ω ,ܫ ൅ ΓܨΣ ൅ ሺΓܨΣሻ் ൑0 is 
equivalent to the Ω ൅ ΓΓTߝ  ൅ ଵΣ்Σିߝ ൑0 , if and only if  
there exist a constant ߝ ൐ 0 [6]. 
 

III. MAIN RESULTS 

A. Robust Stability via Output Feedback 
The following theorem proposes an LMI for designing 
output feedback controller satisfying robust stability. 

Theorem 1: consider the change of controller variables 
as follows [3]:  

 
መ஼ܣ ൌ ܴܣܵ ൅ ଶܴܥ஼ܤܰ ൅ ்ܯ஼ܥଶܤܵ ൅ ்ܯ஼ܣܰ

൅  ଶܴܥ஼ܦଶܤܵ
෠஼ܤ ൌ ஼ܤܰ ൅  ஼ܦଶܤܵ
መ஼ܥ  ൌ ்ܯ஼ܥ ൅  ଶܴ                                                              ሺ7ሻܥ஼ܦ
෡஼ܦ ൌ  ஼ܦ
 
where ܯ and ܰ are invertible and should be chosen such 
that: 
 
்ܰܯ ൌ ܫ െ ܴܵ                                                                         ሺ8ሻ 
 
For system (1), there exists an output feedback controller in 
the form of system (2) such that closed loop system (3) for 
every admissible uncertainties, satisfies robust stability, if 
the following system of LMI's is feasible. 

Find ܴ ൌ ்ܴ א ܵ ,௡ൈ௡ࡾ ൌ ்ܵ א ,መ௖ܣ ,௡ൈ௡ࡾ ,෠௖ܤ ,መ௖ܥ  ෡஼ andܦ
scalar ߝ ൐ 0 such that: 
ቂܴ ܫ

ܫ ܵቃ ൐ 0                                                                                 ሺ9ሻ 
and 

൥
߰஺ ൅ ߰஺

் ߰ா
் ு߰ߝ

ז െܫߝ 0
ז ז െܫߝ

൩ ൏ 0                                             ሺ10ሻ 

where: 

 ߰஺ ൌ ቈܴܣ ൅ መ஼ܥଶܤ ܣ ൅ ଶܥ෡஼ܦଶܤ

መ஼ܣ ܣܵ ൅ ଶܥ෠஼ܤ
቉,  

߰ா ൌ ൤
ଵܴܧ ଵܧ

መ஼ܥଶܧ ଶܥ෡஼ܦଶܧ
൨,        ߰ு ൌ ൤ ଵܪ ଶܪ

ଵܪܵ ଶܪܵ
൨ 

The state matrices of the controller (ܣ஼, ,஼ܤ  ஼) canܦ ݀݊ܽ ஼ܤ
be recoverd from (7). Note that ז is used to show 
symmetric terms. 
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Proof: The system (3) is said to be stable for 
perturbations ∆ if there exists a matrix ܺ ൌ ்ܺ ൐ 0 such 
that: 

 
ሺܣ௖௟ ൅ ሻሻ்ܺݐ௖௟ሺܣ∆ ൅ ܺ൫ܣ௖௟ ൅ ሻ൯ݐ௖௟ሺܣ∆ ൏ 0                   ሺ11ሻ 
 
By separating uncertain part of inequality (11) and using 
lemma 4, the following inequality is obtained: 
 
௖௟ܺܣ ൅ ௖௟ܣܺ

் ൅ ௖௟ܪ௖௟ܪߝ
் ൅ ଵ௖௟ܧଵܺିߝ

் ଵ௖௟ܺܧ ൏ 0                ሺ12ሻ 
 
Using Schur complement for inequality (12), yields: 
 

൥
௖௟ܺܣ ൅ ௖௟ܣܺ

் ଵ௖௟ܧܺ
் ௖௟ܪߝ

ז െܫߝ 0
ז ז െܫߝ

൩ ൏ 0                                     ሺ13ሻ 

 
Since matrices ܣ௖௟ and ܺ are multiplied in inequality (13), 
it is non convex. Therefore  ܺ and ܺିଵare partitiond as 
follow: 
     
ܺ ൌ ቂ ܴ ܯ

்ܯ ܷቃ , ܺିଵ ൌ ቂ ܵ ܰ
்ܰ ܸቃ                                     ሺ14ሻ 

 
It is readily verified that ܺ satisfies the identity 
 
Πଵ ൌ ܺΠଶ , Πଵ=ቂ ܴ ܫ

்ܯ 0ቃ, Πଶ=ቂܫ ܵ
0 ்ܰቃ                         ሺ15ሻ  

 
with pre-and post multiplying inequality ܺ ൐ 0 by Πଶ

்  and 
Πଶ respectively, inequality (9) is obtained. Similarly, the last 
LMI condition (10) is derived from (13) by pre- and post 
multiplication by diag(Πଶ

் , ,ܫ ,and diag(Πଶ (ܫ ,ܫ  (ܫ
respectively. 

B. Robust ܪ∞ Control via Output Feedback 
The following theorem proposes an LMI for designing 

output feedback controller satisfying ܪ∞ performance. 
Theorem 2: For system (1), there exists an output 

feedback controller in the form of system (2) such that 
closed loop system (3) for every admissible uncertainties, 
satisfies ܪ∞ performance with ߛ ൐ 0, if the following system 
of LMI's is feasible. 

Find ܴ ൌ ்ܴ א ܵ ,௡ൈ௡ࡾ ൌ ்ܵ א ,መ௖ܣ  ,௡ൈ௡ࡾ ,෠௖ܤ ,መ௖ܥ  ෡஼ andܦ
scalar ߝ ൐ 0 such that: 

 
ቂܴ ܫ

ܫ ܵቃ ൐ 0                                                                           ሺ16ሻ 
 
and 
 

ۏ
ێ
ێ
ێ
஺߰ۍ ൅ ߰஺

் ߰஻  ߰஼
்

ז െܦ  ܫߛ௖௟
்

ז ז െܫߛ
         

߰ா
் ு߰ߝ

ଶ௖௟ܧ
் 0
0 0

ז        ז           ז
ז        ז          ז

െܫߝ  0
ז െܫߝ ے

ۑ
ۑ
ۑ
ې

൏ 0          ሺ17ሻ 

 

where 
 

 ߰஺ ൌ ቈܴܣ ൅ መ஼ܥଶܤ ܣ ൅ ଶܥ෡஼ܦଶܤ

መ஼ܣ ܣܵ ൅ ଶܥ෠஼ܤ
቉, ߰஻ ൌ ቈܤଵ ൅ ଶଵܦ෡஼ܦଶܤ

ଵܤܵ ൅ ଶଵܦ෠஼ܤ
቉ 

߰஼ ൌ ሾܥଵܴ ൅ መ஼ܥଵଶܦ ଵܥ ൅  ଶሿ                               ሺ18ሻܥ෡஼ܦଵଶܦ

߰ா ൌ ൤
ଵܴܧ ଵܧ

መ஼ܥଶܧ ଶܥ෡஼ܦଶܧ
൨,    ߰ு ൌ ൤ ଵܪ ଶܪ

ଵܪܵ ଶܪܵ
൨ 

 
where ܣመ௖, ,෠௖ܤ ,መ௖ܥ  .෡஼ are defined in (7)ܦ
 

Proof: By considering (6) for closed loop system (3), 
following inequality is obtained: 

 

቎
௖௟ܣሺ݉ݎ݁ܪ ൅ ௖௟ሻܺܣ∆ ሺܤ ൅ ௖௟ሻܤ∆ ௖௟ܥܺ

்

ז െܫߛ ௖௟ܦ
்

ז ז െܫߛ
቏ ൏ 0         ሺ19ሻ 

where ݉ݎ݁ܪ denotes the Hermitian transpose. 
By separating uncertain part of inequality (19) and using 

lemma 4, the following inequality is obtained: 
 

቎
௖௟ܺܣ ൅ ௖௟ܣܺ

் ൅ ௖௟ܪ௖௟ܪߝ
் ൅ ଵ௖௟ܧଵܺିߝ

் ଵ௖௟ܺܧ ז ז
௖௟ܤ

் ൅ ଶ௖௟ܧଵିߝ
் ଵ௖௟ܺܧ െܫߛ ൅ ଶ௖௟ܧଵିߝ

் ଶ௖௟ܧ ז
௖௟ܺܥ ௖௟ܦ െܫߛ

቏

൏ 0 
(20) 

Using Schur complement for inequality (20), yields: 
 

ۏ
ێ
ێ
ێ
௖௟ܺܣۍ ൅ ௖௟ܣܺ

் ௖௟ܤ ௖௟ܥܺ
்

௖௟ܦ ܫߛെ     ז
்

ז     ז െܫߛ
         

ଵ௖௟ܧܺ
் ௖௟ܪߝ

ଶ௖௟ܧ
் 0
0 0

ז     ז             ז
 ז        ז               ז

െܫߝ    0
ז െܫߝ ے

ۑ
ۑ
ۑ
ې

൏ 0  ሺ21ሻ  

 
Since matrices ܣ௖௟ and ܺ are multiplied in inequality (21), 
it is non convex. Therefore  ܺ and ܺିଵare partitioned the 
same as (14) and Πଵ and Πଶ are defined similar to (15). 
With pre-and post multiplying inequality ܺ ൐ 0 by Πଶ

்  
and Πଶ respectively, inequality (16) is obtained. Similarly, 
the last LMI condition (17) is derived from (21) by pre- and 
post multiplication by diag(Πଶ

் , ,ܫ ,ܫ ,ܫ  and (ܫ
diag(Πଶ, ,ܫ ,ܫ ,ܫ  .respectively (ܫ

Remark: Since ߝ and ߰ு are multiplied in (17), this 
inequality is non convex, but according to that ߝ is a scalar, 
this inequality can be easily solved by line search on ߝ. 
Suppose an arbitrary positive scalar, then if the problem 
was infeasible, change it with respect to this fact that the 
problem is feasible. 

 

C. Robust ܪଶ Control via Output Feedback 
The following theorem proposes an LMI for designing 

output feedback controller satisfying  ܪଶ performance. 
Theorem 3: For system (1), there exists an output 

feedback controller in the form of system (2) such that 
closed loop system (3) for every admissible uncertainties, 
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satisfies ܪଶ performance, if the following system of LMI's is 
feasible. 

Find ܴ ൌ ்ܴ א ܵ ,௡ൈ௡ࡾ ൌ ்ܵ א ,መ௖ܣ ௡ൈ௡, matricesࡾ ,෠௖ܤ  , መ௖ܥ
scalar ߝ ൐ 0 and ܼ such that: 

 

0

T

C

C

R I
I S

Z

ψ

ψ

⎡ ⎤
⎢ ⎥

>⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

                                                            (22) 

൦
߰஺ ൅ ߰஺

் ߰஻  
   ܫെ        ז

߰ா
் ு߰ߝ

ଶ௖௟ܧ
் 0

ז           ז
  ז           ז

െܫߝ 0
ז െܫߝ

൪ ൏ 0                            (23) 

ሺܼሻ݁ܿܽݎݐ ൏ ௖௟ܦ   ,ߛ ൌ 0 
 
where ߰஺, ߰஻, ߰஼, ߰ா, ߰ு are defined in (18) and 
,መ௖ܣ ,෠௖ܤ ,መ௖ܥ  .෡஼ are defined in (7)ܦ
 

Proof: By considering (5) for closed loop system (3), 
following inequalities is obtained: 

 

൤ܺ݉ݎ݁ܪሺܣ௖௟ ൅ ௖௟ሻܣ∆ ܺሺܤ ൅ ௖௟ሻܤ∆
ז െܫߛ ൨ ൏ 0, 

 ൤ ܺ ௖௟ܥ
்

௖௟ܥ ܼ ൨ ൐ 0 

ሺܼሻ݁ܿܽݎݐ ൏  ሺ24ሻ                                                                          ߛ
 

By separating uncertain part of inequality (24) and using 
lemma 4, the following inequality is obtained: 

 
ቈ
௖௟ܣ

் ܺ ൅ ௖௟ܣܺ ൅ ௖௟ܪ௖௟ܪܺߝ
் ܺ ൅ ଵ௖௟ܧଵିߝ

் ଵ௖௟ܧ ז
௖௟ܤ

்ܺ ൅ ଶ௖௟ܧଵିߝ
் ଵ௖௟ܧ ଶ௖௟ܧଵିߝ

் ଶ௖௟ܧ െ ܫ
቉   ൏ 0 

൤ ܺ ௖௟ܥ
்

௖௟ܥ ܼ ൨ ൐ 0,  

ሺܼሻ݁ܿܽݎݐ ൏  ሺ25ሻ                                                                         ߛ
 
Using Schur complement for inequality (25), yields: 
 

൦
݈ܿܣ

ܶ ܺ ൅ ݈ܿܣܺ ௖௟ܤܺ
   ܫെ        ז

ଵ௖௟ܧ
் ௖௟ܪܺߝ

ଶ௖௟ܧ
் 0

ז           ז
  ז           ז

െܫߝ 0
ז െܫߝ

൪ ൏ 0                        ሺ26ሻ 

 

൤ ܺ ௖௟ܥ
்

௖௟ܥ ܼ ൨ ൐ ሺܼሻ݁ܿܽݎݐ   ,0 ൏  ߛ

 
Since matrices ܣ௖௟ and ܺ are multiplied in inequality (26), 
it is non convex. Therefore  ܺ and ܺିଵare partitiond the 
same as (14) and Πଵ and Πଶ are defined similar to (15). 

With pre-and post multiplying inequality ൤ ܺ ௖௟ܥ
்

௖௟ܥ ܼ ൨ ൐ 0 

by ሺΠଵ, ,ሻ்  and ሺΠଵܫ  ሻ respectively, inequality (22) isܫ
obtained. Similarly, LMI condition (23) is derived from 
(26) by pre- and post multiplication by diag(Πଶ

் , ,ܫ ,ܫ  and (ܫ
diag(Πଶ, ,ܫ ,ܫ  .respectively (ܫ

IV. APPLICATION TO MAGNETIC BEARING 

A. Problem  Formulation 
A dynamical mathematical model for the AMB shown in 

Fig. 1, can be established as follows: 
 

ሷݍ݉ ൌ െ ఓబ஺ேమ

ସ
൤ቀ ூభ

௤బ ି௤
ቁ

ଶ
െ ቀ ூమ

௤బ ା௤
ቁ

ଶ
൨ ൅ ݂ ൅  (27)             ܨ

where 
݉        Mass of the rotor (kg); 
 ;Position displacement of the rotor (m)         ݍ
 ;଴        Nominal air gap (m)ݍ
 ;଴       Permeability of free space H/mߤ 
 ;Total pole-face area of each electromagnet (m )         ܣ
ܰ         Number of turns on each electromagnet coil; 
,ଵܫ  ;ଶ    Electromagnet coil currents (A)ܫ
݂         An unknown disturbance (N); 
 .Some known force acting on the rotor (N)         ܨ
 

When (1) is linearized at the equilibrium point, 
ଵܫ ൌ ଶܫ ൌ ,    ଴ܫ ݍ ൌ 0 

and augmented with the control structure shown in Fig. 2, 
the linearized model is obtained as the following second-
order system: 
ሷݍ െ ߱ଶݍ ൌ ݑߪ ൅ ଵ

௠
ሺ݂ ൅  ሻ                                       (28)ܨ

where 
߱ ൌ ఓబ஺ேమூబ

మ

௠௤బ
య ߪ                ൌ െ ఓబ஺ேమூబ

௠௤బ
మ                           (29) 

 

 
 
Fig. 2. Diagram of the control system. 
 

Due to inaccuracies in the measurement of some of the 
physical parameters and changing environmental 
conditions, the system parameters ߱ and ߪ are generally 
uncertain. However, without loss of generality, it can be 
assumed that their values lie within some known intervals: 

 
߱ א ሾ߱ଵ   ߱ଶሿ         ߪ א ሾߪଵ   ߪଶሿ 

 
where, ߱ଵ, ߱ଶ,  :ଶ are known scalars satisfyingߪ ଵandߪ
 

߱ଶ ൒ ߱ଵ ൐ ଵߪ         0 ൑ ଶߪ ൏ 0 
 
In order to avoid the need for velocity feedback, while at 

the same time achieving satisfactory stability, this paper 
addresses the control of the system (28) using a output 
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feedback controller. Assuming that only the rotor 
displacement position is measured, and denoting: 

 
ݔ ൌ ቂ

ݍ
ሶݍ ቃ       ݕ ൌ  ݍ

 
the system (28) can be converted into the following 
equivalent state-space form:[2] 
 

൜ݔሶ ൌ ሺܣ ൅ ݔሻܣ∆ ൅ ଵሺ݂ܤ ൅ ሻܨ ൅  ሺܤଶ ൅ ݑଶሻܤ∆
ݕ ൌ                                                                                     ݔܿ

 

ሺܣ ൅ ሻܣ∆ ൌ ቂ 0 1
߸ 0ቃ  ,  ܤଵ ൌ ቈ 

0
ଵ
௠

቉ ,  ሺܤଶ ൅ ଶሻܤ∆ ൌ ቂ0
       ቃߪ

 
ܿ ൌ ሾ1 0ሿ                                                                       (30) 
 
where, ߸ ൌ ߱ଶ, and  the parameters ߱ and ߪ satisfy 
߸ଶ ൒ ߸ ൒ ߸ଵ ൐ 0 and ߪଵ ൑ ߪ ൑ ଶߪ ൏ 0. By defining 
nominal values ߪ଴ ൌ׷ ఙభାఙమ

ଶ
  , ߸଴ ൌ׷ ధభାధమ

ଶ
 and scaled 

errors as Δଵ ൌ ఙିఙబ
ఙమିఙబ

  , Δଶ ൌ ధିధబ
ధమିధబ

, then they implies: 
ߪ ൌ ଴ߪ ൅ ଵܹΔଵ with ଵܹ ൌ ଶߪ െ ߸ ଴ andߪ ൌ ߸଴ ൅ ଶܹΔଶ 
with ଶܹ ൌ ߸ଶ െ ߸଴ by the class of uncertainties: 
 

∆௜ ൌ׷ ሼ∆௜א ܴ| െ 1 ൏ ∆௜൏ 1ሽ 
 

Note that the original parameters ߱ א ሾ߱ଵ   ߱ଶሿ, ߪ א
ሾߪଵ   ߪଶሿ  has been transformed into the new parameters  
,ଵ߂  ,଴, ߸଴and ଵܹߪ by using a nominal values (1 ,1−) א ଶ߂

ଶܹ as weights. Therefore: 
 

ܣ ൌ ൤ 0 1
߸଴ 0൨ , ∆ܣ ൌ ൤ 0 0

ଵܹ∆ଵ 0൨ ,  ܤଵ ൌ ቈ
0
ଵ
௠

቉ ,  ܤଶ ൌ ൤ 0
଴ߪ

൨      

 

ଶܤ∆ ൌ ൤ 0
ଶܹ∆ଶ

൨ , ܿଵ ൌ ܿଶ ൌ ሾ1 0ሿ,  ܦଵଵ ൌ ଵଶܦ ൌ ଶଵܦ ൌ 0 

 
and uncertain matrices are: 
 

ଵܪ ൌ ൤ 0 0
ଵܹ 0൨, ܪଶ ൌ ൤ 0 0

ଶܹ 0൨,  ܧଵ ൌ ቂ1 0
0 1ቃ,  ܧଶ ൌ ቂ1

0ቃ 
 

A general output feedback controller for the system (30) 
can be written in the following form: 

 

൜
ሻݐሶ௖ሺݔ ൌ ሻݐ௖ሺݔ௖ܣ ൅            ሻݐሺݕ௖ܤ
ሻݐሺݑ ൌ ሻݐ௖ሺݔ௖ܥ ൅ ሻݐሺݕ௖ܦ ൅  (31)                               ܨ௙ܭ

 
where ܣ௖, ,௖ܤ  ௖ are four scalar controllerܦ ௖ andܥ
coefficients, to be designed, and the term ܭ௙ is introduced 
to compensate for the effect of the force ܨ, the coefficient 
being given by [2]: 
 

௙ܭ ൌ െ
1

ߪ݉ ൌ
଴ݍ

ଶ

଴ܫଶܰܣ଴ߤ
 

B. Simulation Results 
The values of ߱ and, and those of the interval 

boundaries, ߱௜ and ߪ௜, ݅ ൌ 1,2, are given in Table 1.  
 

TABLE 1
Parameters ߱ and ߪ and lower 

and their upper bounds 
 

TABLE 2
Magnetic Parameters 

Parameter Value
߱
 ߪ

߱ଵ 
߱ଶ 
 ଵߪ
 ଶߪ

359.6
‐10.35 
240 
390 
‐22 
‐4.5 

Parameter  value
m 
A 
N 
 ଴ܫ
 ଴ݍ

6kg
4ൈ2.610ିସ݉ଶ 

40 
5 A 

.4mm 
 

 

  
Fig. 3. Closed-loop system response using robust stabilizer controller: ࢃ૚ 
 .૛=3 (dash)ࢃ ,૚ =0.4ࢃ ,૛=1 (dotted)ࢃ ,૚ =0.1ࢃ ,૛=6.5 (solid)ࢃ ,1.8=

The nominal parameters for the bearings are given in 
Table 2. The close loop system response with respect to 
robust stabilizer controller is shown in Fig. 3. The close 
loop system response with respect to robust ܪஶ controller 
is shown in Fig. 4 and its bode-magnitude diagram is 
shown in Fig. 5, Fig. 6 shows the ratio of regulated output 
energy to The disturbance energy of this system. The close 
loop system response with respect to robust ܪଶ controller is 
shown in Fig. 7 and its bode-magnitude diagram is shown 
in Fig. 8. The obtained value of ߛ from ܪஶ controller 
without uncertainty is 0.016, and the obtained value of ߛ 
from ܪଶ controller without uncertainty is 2.1538e-
006.Comparing Fig. 3, Fig. 4 and Fig. 7 shows that ܪஶ 
controller has a better robustness than the other controllers, 
but ܪଶ controller has a better transient response. 
 

V. CONCLUSION 
In this paper, we addressed robust stability, ܪஶ and ܪଶ 

performance via output feedback control for the class of 
uncertain linear systems. We presented the conditions of 
problem in terms of a number of linear matrix inequalities. 
Then these problems were applied to an active radial 
magnetic bearing system to support a high-speed energy 
storage flywheel. The effectiveness of the design was 
shown in simulation results. 
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Fig 4. Closed-loop system response using robust ܪஶ controller: ଵܹ =1.8, 

ଶܹ=6.5 (solid), ଵܹ =0.1, ଶܹ=1 (dotted), ଵܹ =0.4, ଶܹ=3(dash). 
 

 
Fig 5. Bode-magnitude diagram using robust ࡴஶ controller: ࢃ૚ =1.8, 
 .૛=3(dash)ࢃ ,૚ =0.4ࢃ ,૛=1 (dotted)ࢃ ,૚ =0.1ࢃ ,૛=6.5 (solid)ࢃ

 
Fig  6. The ratio of regulated output energy to the disturbance energy of 
the system. 

  
Fig 7. Closed-loop system response using robust ࡴ૛ controller: ࢃ૚ =1.8, 
 .૛=3(dash)ࢃ ,૚ =0.4ࢃ ,૛=1 (dotted)ࢃ ,૚ =0.1ࢃ ,૛=6.5 (solid)ࢃ

 

 
Fig 8. Bode-magnitude diagram using robust ࡴ૛ controller: ܅૚ =1.8, 
 .૛=3(dash)ࢃ ,૚ =0.4ࢃ ,૛=1 (dotted)ࢃ ,૚ =0.1ࢃ ,૛=6.5 (solid)ࢃ

 
Fig 9. Closed-loop system response: Robust stabilizer (dotted), ࡴஶ 
controller (dash), ࡴ૛ controller (solid). 
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