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A New Algorithm for Simultaneous Input and State Estimation

Huazhen Fang, Yang Shi, and Jingang Yi

Abstract—Input and state estimation of a dynamic system
can find many applications in fault detection and diagnosis,
target tracking, and so on. This paper presents a new simultane-
ous input and state estimation scheme. A recursive algorithm is
developed based on the idea of achieving minimum mean square
error and minimum error variance. The convergence property
of the proposed algorithm is also analyzed. Numerical examples
are provided to illustrate the effectiveness of the algorithm.

I. INTRODUCTION

The problem of simultaneous input and state estimation for
dynamic systems has wide applications in fault detection and
diagnosis [1], maneuvering target tracking [2], geophysics
and environmentology [3], in which cases inputs are often
unmeasurable or inaccessible. It is also potentially useful
in networked control systems with unknown input package
delays and even losses [4]. Due to its practical applications,
simultaneous input and state estimation has received much
attention during the past several decades.

For different applications, related research in the existing
literature can be mainly classified into three types:

« State estimation subject to unknown inputs: Kitanidis
develops an unbiased minimum-variance linear state
filter that has the state estimation independently with the
unknown inputs [5]. Darouacha et. al. extend Kitanidis’s
design by giving a more general filter structure and the
convergence conditions for the time-invariant case [6].
Further, in [7], Darouacha et. al. consider the same
problem for a system with direct feedthrough, and
present an optimal filter design as well as stability
conditions. Without much optimization involved, matrix
calculations are also popular in state observer design
with unknown inputs, see [8], [9], [10]. Sliding mode
observer is another promising way to estimate states of
a system subject to unknown inputs. In [11], it is proven
that the proposed sliding mode observer can converge
asymptotically or in finite time.

« Unknown input estimation: In many cases, it is prac-
tically demanding to determine the unknown inputs of
a dynamic system, e.g., in fault detection and diagnosis.
In literature there exist numerous works on this topic,
see [12]-[15] and the references therein.

« Simultaneous input and state estimation: It is worth
noting that state and input estimations are inherently
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interconnected and coupled. In [16], a two-stage Kalman
filter and an input filtering technique are combined to
achieve joint estimation. Gillijns and Moor propose a
set of multi-step recursive filters to jointly estimate
inputs and states by minimizing the error variance
for discrete-time linear systems without and with the
direct feedthrough [17] [18], respectively. However,
convergence analysis of the proposed algorithms is not
discussed in [17] [18].

The goal of this paper is to present an estimator design
to simultaneously predict the input and state variables for an
LTT system. An algorithm for input and state co-estimation
for linear discrete-time systems is developed. The estimation
algorithm is unbiased and minimizes both mean square
errors and error variances. Comparing the approach given
in [18] for the similar problem, the approach in this paper
is completely different and gives a more straightforward
solution.

The rest of the paper is organized as follows. In Section II,
we briefly formulate the problem of interest. Section III
presents the algorithm, providing the proof of optimality and
some insights into convergence properties. Section IV gives
illustrative examples to demonstrate the effectiveness of the
proposed algorithm. Finally, some concluding remarks are
offered in Section V.

II. PROBLEM FORMULATION

The problem setting is shown in Fig. 1. Consider the linear
time-invariant dynamic system

{ Xk+1 =

Yk =
where x; € R” denotes the system state at time instant k,
ur € R™ is the unknown input and y; € R? is the measure-
ment. The transition matrices, A, B, C and D, are assumed
observable and have compatible dimensions. The process

noise wy and measurement noise v are mutually uncorrelated
zero-mean white noises with known covariances, i.e.,

Axy + Buy + wy,

Cxy, + Duy, + vy, M

E{WkW;r} = Rw5k—la E{vkvlT} = Rv6k—l; E{ka;r} = O,

where 0 is the Kronecker delta function.

This paper is to build recursive input and state estimators
for the system in (1). The estimators are expected to be
convergent and as optimal as possible. Here the optimality is
defined in the sense of both MMSE and MV. According to
the theory of input and state observer design for deterministic
linear systems [23], we assume that the input and state
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Fig. 1. Blockdiagram for simultaneous input and state estimation.

estimators have the following form
e = Hi(ye—CR), 2
fer1 = Afk+ By + Li (i — CXy — Dily) 3)

where £ represents the state estimate and i the input
estimate. Hy and L; are estimators’ gain matrices that are
needed to be defined later. The mean square errors of input
and state estimation are defined, respectively, as

~T ~
Ji = E{}, 4)
X _ ~T =
i1 = E {xk+1xk+1}, (5
where i, and Xy are estimation errors:
Uk = U — gy K1 = Xpep1 — Kp1-

We also define some estimation covariance matrices

P = E{iiy}, (6)
P = E{i}, 7)
Py = E{fail), (8)

where P and P | are symmetric and positive definite.

Centered around developing the algorithm for simultane-
ous input and state estimation with MMSE and MYV, this
paper focuses on three tasks:

1. Design the optimal input estimator given in (3) by
determining Hj that simultaneously minimizes Ji,
and B .

2. Design the optimal state estimator given in (2) by
determining L; that simultaneously minimizes state
estimation error and variance, i.e., J;' and P;

3. Analyze the convergence properties of the proposed

algorithm.

IIT. MAIN RESULTS

This section begins with some preliminary lemmas, fol-
lowed immediately by development of the state and input
estimators. An algorithm will then be presented and its
convergence will be analyzed.

A. Preliminaries

Some facts about matrix traces will be used in this section
and stated as follows.

Lemma 1: [22] For matrices X € R?<! and Y € R4, we
have

tr(XY) = tr(YX), % =yT,
u(yx™) Ju(Xyx’) _ p
“ox N Tax o XA

where tr represents the trace of a matrix.

The following property of nonnegative definite matrices
will also be used.

Lemma 2: 1f matrix X € R7%? is nonnegative definite, for
any matrix ¥ € R/*9 | YXYT is also nonnegative definite,
namely, YXY T >0.

We are looking for an input and state estimation scheme
that minimizes both mean square error and error variance. A
necessary condition is that the estimates are unbiased.

Lemma 3: For the considered system (1), in order for the
state and input estimators in (2) and (3) to be unbiased,
D must be of full column rank, and the following initial
condition must be satisfied:

E(%o) = E(xo). ©)
Proof: Substituting equations in (1) to (2) and (3), we
obtain

iy = —Hp(CXx+vi)+ (I —HiD)uy, (10

Fry1 = (A= LC) X+ (B — LiD) ity — Livi +wy, (11)

where [ is the identity matrix. Recursively using the above
dynamics until k =0, it is then straightforward to obtain that
the estimates are unbiased, that is, E(ii;) =0 and E(%;) =
0, when both (9) and the following input unbiasedness
constraint is satisfied

HD=I, (12)

where Hy € R"™*? and I € R™. Only when D has a full

column rank, there exists an H; such that (12) holds. Proof

of Lemma 3 is complete. |
With (12) satisfied, (10) becomes

IZkZ—Hk(ka—FVk). (13)

B. Input Estimation

The optimal H, — H; — can be found by solving the
following constrained simultaneous optimization problem on
Ji and P

ming, {J;, P},
s.t. D =1.

Theorem 1 in the following presents a solution that mini-
mizes J; subject to (12). Theorem 2 further shows that, with
the proposed solution H/, P will be minimized as well.

Theorem 1: Assume that input estimation is unbiased.

Then if Hy is designed as
« TR _
H{ = (D"o;'D) D O, (14)

where Q; = CP,fCT +R,, the mean square error J;' is mini-
mized.
Proof: Using (13), J}! can be expanded as

B o= E {(ka ) "HTH (R + vk)}

= E{f"«CTH{H\C%}+E{v'H Hvy}
tr {HCPC"H}' } +tr {H\R,H " }
tr { H OcH,' } .
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The Lagrange multipliers with an equality constraint can be
applied here. Let A be a matrix of appropriate dimensions,
and rewrite the expression of J equivalently as

J¢ =t {HQH" " +A(I—H(D)}. (15)

Since Ji is wanted to be minimal, we equate its partial
derivative with respect to (w.r.t.) Hy to 0. Then from Lemma
1 it follows that

T}
J0H}
Combining (16) with (12), we can easily get the final solution

=2H,;0r—ATDT =0. (16)

H, = (DQ;'D) ' Do, . (17)

This proves Theorem 1. |
Let us consider the input estimation covariance, P,é‘. From
the definition of A and (13), it follows that

P! = HyQyHy . (18)

The next theorem indicates that P has a lower bound, which
can be achieved with Hy = Hj'.

Theorem 2: For any Hj satisfying the unbiasedness con-
straint, the following relation holds true:

P> (D"0;'D) ", (19)

where the equality is held if and only if Hy = H.
Proof: Using (12), (14), (18) and Lemma 2, we obtain

1 ]
[Hi—H] O [H —H]" = H.QH{ — (D"Q;'D)
— P—(D"Q;'D)' >0.

Hence (19) is proven. The two sides obviously are equal
when H = H;'. The uniqueness of H; comes directly from
the fact that Qy is positive definite. |
C. State Estimation

Now consider the state estimation problem. Likewise we
define L; by

Ly = argming, {J¢y 1, Py b

The equation above indicates that L; is the optimal Lj
for minimization of Ji,; and P , produced by the state
estimator in (3).

Denote M = [A B] and N = [C D] and define the following
matrices

Sy = MOMT,
T, = MONT —BH{R,,
Uc. = NONT+R,—DH{R,—RH;™D",

where T
Or = [ Ifgx (P}(ju) :|
k k
We are now ready to show the optimal state estimation design

in the following two theorems in order.
Theorem 3: If the state estimator gain L is designed as

Li=TU " (20)

then the mean square error of state estimation, J;_, ;, achieves

k+1°
its minimum value.
Proof: The proof is analogous to that of Theorem 1.
From (5) and (11) it follows that
B = E{FA-LCTA- L)%}
+E {iiy [B— LD]" [B — Ly Dliiy }
+2E {5 [A — LiC]"[B— LiDliiy }
—2E {i{ [B— LD Lyvi }
+E {vZLszvk} +E {wak}
= w{[A-LCP[A-LC]"}
+tr {[B— LyD|P![B—LD]"}
+2tr {[B— LyD|P“[A — LiC] "}
—2tr { Lyvyity [B— LD }
+tr { LR Ly } +tr(Ry,)
= t{S—TiL{ — LTS+ LULL +R,} .

We note that the partial derivative of Ji | w.r.t Ly is

9
= 2T + 2L, Uy.
oL k2L Uy

Replacing L; with L;, the partial derivative above will be

equal to 0. This shows that L; minimizes J; | and concludes

the proof. |
Theorem 4: Assume that Ly = L holds. Then the variance

of state estimation, Py 1 is minimized.

Proof: Using (8) and (11), we expand P, as follows:

PLy = Sk— LTy — TiLi + LUy + R,
which can be written equivalently as
_ _ _I\T
Pl =Si— U T + (L= TU ) U (L= TU') Ry,

Because Uy is positive definite, if setting Ly = L; = TkUk’l,

P will achieve minimum
Py =Sk~ TU " TN+ Ry = Sy — LT +R,. (1)
This completes the proof. |

It is noteworthy that the calculation of Oy involves updat-
ing P*. From its definition, we have

P = E{—H[Cip+vil] ¥ ¢} = —HCP. (22)

Theorems 3 and 4 establish an optimal design procedure
for the state estimator. However, the proposed state estimator
has two potential problems: 1) its convergence is hard to
analyze with a complex structure; and 2) U; may be singular
in numerical simulation. Thus we would introduce slight
modifications to 7; and Uj:

T, = MOWNT,
U, = NONT+R,.
With new T; and Uy, the proofs of Theorems 3 and 4 still

proceed identically if the loose correlation between i and
Vi 1s ignored.
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D. Algorithm summary

The input and state estimation scheme is summarized in
Algorithm 1.

Algorithm 1: The simultaneous input and state estima-
tion algorithm

Initialization: E(£y) = E(xo), Pj = pol, where py is a
large positive value

for k=11t N do

Or =CPCT+R,

H; = [D':D] ' DT

i = Hy} [yr — C&]

P =H; QH;",

if kK < N then
P = —HCP;}
Or = { Pfi (PI?Z)T ]
By By

Ss=[A BloJfA B

To=[A Bl C D]

U=[C D]O[C DIT+R,

Li =TU; !

Xpr1 = AR+ Biy + L, [y — C% — Dily]
P =Si— LT +R,

end
end

Remark 1: We can extend conveniently Algorithm 1 to
linear time-varying discrete-time systems just by replacing
A, B, C and D with their time-varying counterparts Ay, By, Cy
and Dy. The proof can be done in analogy to the above. Note
that the new system matrices are required to be observable
for any k.

E. Convergence Analysis

The convergence properties of the proposed Algorithm 1
can be done by formulating a Riccati-like matrix equation
and by analyzing its solutions. It is found that the conver-
gence of both the state and input estimation depends on P ;.
Therefore, convergence analysis of Algorithm 1 is reduced
to that of P}, ,.

To analyze the convergence property of Py, ,, we first

rewrite (21) as
Py = MOM'—MOWN' (NOKN'"+R,) NOM
+Ry, (23)
where Oy can be considered a generalized function of P.

From (23) we can define a generalized algebraic Riccati
equation (GARE) as follows:

g(X) = MOX)M'—MO(X)N" (NO(X)N'+R,)”"
NOX)M" +R,,. (24)

Here O(X) has exactly the same structure as Oy, with P}
replaced by X. As P is positive definite, we assume that X
is also positive definite. From (24) and (23) it follows that

P = g(B)-

Theorem 5: Consider the Riccati operator ¢ (K,X) =
FOX)F'+V, where F =M+KN,V = KR,K'+R,,. Assume
that there exits a K and a P > 0 such that

P> ¢(K,P).
Then, for any Fj > 0, the sequence from P}, = g(FP})
converges:

lim P, =P
kgl;lo k 5
where P satisfies B B
P=g(P).
Proof: The proof is omitted because of limited space,
and will be included in an extended version. [ |

IV. NUMERICAL EXAMPLES

In this section, we illustrate Algorithm 1 through two
numerical examples.
Example 1: Consider an LTI system described by

06 0 1]
A‘[o 0.8}’ B_[o.s_’
03 1 0.4
C‘[o 0.5]’ D‘[o.s]’

0.082 0 [ 0072 0
Rw_{ 0 0.082}’ RV‘_ 0 0.072]

In this example, the input {u;} is taken as a uniformly-
distributed sequence that satisfies:

E(u) =0, E(u})=10, E (uu;)=0 for k #1.

No information about {u;} is available. Present to us is only
{y«}, from which Algorithm 1 is applied to estimate simul-
taneously the system inputs and states. The input estimation
results are shown in Fig 2. It is seen that the input estimates
are close to the original inputs. We also make a comparison
between the state estimates and their true values in Figs. 3(a)
and 3(b), and observe that only trivial differences exist.

p—y )
o fl,k

o 4

<

. .
80 90 100

k

Fig. 2. Example 1: Comparison between the original input u; and input
estimates .

On certain occasions such as in maneuvering target track-
ing, some information can be determined a priori or assumed
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Fig. 3.  Example 1: Comparisons between the true state values and their
estimates. (a) x; and state estimate £j. (b) xp; and state estimates foy.

about the input, then it is likely to help improve estimation
performance.

Example 2: We use the same system as in Example 1.
Instead of assuming the random binary-value signal as the
input, we assume that the two values, —10 and 10, are
known. It is shown in Fig 4 that the inputs and their
estimates are accurately superimposed. The state estimation
also becomes more accurate in accordance, as illustrated in
Figs. 5(a) and 5(b).

V. CONCLUSION

Simultaneous estimation of system inputs and states is
a challenge. This paper considers the problem in view of
both MMSE and MV and develops optimal estimator design
procedures. Theoretical analysis of the optimality is carried
out. Further, we propose an input and state co-estimation
algorithm and analyze its convergence. Simulation results
demonstrate the effectiveness of the proposed algorithm..

REFERENCES

[1]1 R. Patton, P. Frank and R. Clark, Editors, Fault diagnosis in dynamic
systems: Theory and application, Prentice Hall, London, 1989.

106000 oo o ” PPN
8F o Uy |
6L ,
ab ,
& o 1
% L |
g oo
_4t 4
—6F 4
8t ]
-10 So-¢——Gasd ‘ seae
50 60 70 80 90 100
k
Fig. 4. Example 2: Comparison between the original input u; and input

estimates .

L1k VS. X1k

T2k VS. Tok

50 60 70 80 90 100

(b)

Fig. 5. Example 2: Comparisons between the true state values and their
estimates. (a) x; and state estimate £j. (b) xp; and state estimates foy.

[2] X.R. Li and V.P. Jilkov, “A Survey of Maneuvering Target Tracking—
Part IV: Decision-Based Methods,” in Proc. of SPIE Conf. on Signal
and Data Processing of Small Targets, Orlando, FL, vol. 4728, pp.
511-534, 2002.

[3] M. Sharan and S. Raman, Editors, Weather and Climate: The M.P.

2425



Singh Volume Part 11, Birkhduser, Birkhduser, Basel, 2005.

[4] W. Zhang, M. Branicky and S.M. Phillips, “Stability of networked
control systems,” IEEE Contr. Syst. Mag., vol. 21, no. 1, pp. 84-99,
2004.

[5] P.K. Kitanidis, “Unbiased minimum-variance linear state estimation,”’
Automatica, vol. 23, pp. 775-778, 1987.

[6] M. Darouach and M. Zasadzinski, ‘“Unbiased minimum variance
estimation for systems with unknown exogenous inputs,” Automatica,
vol. 33, pp. 717-719, 1997.

[71 M. Darouach, M. Zasadzinski and M. Boutayeb, “Extension of
minimum variance estimation for systems with unknown inputs,”
Automatica, vol. 39, pp. 867-876, 1993.

[8] F. Yang and R.W. Wilde, “Observers for linear systems with unknown
inputs,” IEEE Trans. Automat. Contr., vol. 33, pp. 677-681, 1988.

[9]1 M. Darouach, M. Zasadzinski and S.J. Xu, “Full-order observers for
linear systems with unknown inputs,” IEEE Trans. Automat. Contr.,
vol. 39, pp. 606-609, 1994.

[10] S. Sundaram and C.N. Hadjicostis, “On delayed observers for linear
systems with unknown inputs,” Proc. 44th IEEE Conf. on Decision
and Control, pp. 7210-7215, 2005.

[11] T. Floquet, C. Edwards and S.K. Spurgeon, “On sliding mode ob-
servers for systems with unknown inputs,” Int’l J. Adapt. Contr. &
Signal Proc., vol. 21, pp. 638-656, 2007.

[12] M. Hou and R.J. Patton, “Input observabiltiy and input reconsrtruc-
tion,” Automatica, vol. 34, pp. 789-794, 1998.

[13] D. Wang and K.Y. Lum, “Adaptive unknown input observer approach
for aircraft actuator fault detection and isolation,” Int. J. Adapt. Contr.
& Sig. Proc., vol. 21, pp. 31-48, 2007.

[14] G-R. Duan and R.J. Patton, “Robust fault detection using Luenberger-
type unknown input observers-a parametric approach,” Int’l of Systems
Science, vol. 32, pp. 533-540, 2001.

[15] Y. Xiong and M. Saif, “Unknown disturbance inputs estimation based
on a state functional observer design ,” Int’l of Systems Science, vol.
39, pp. 1389-1398, 2003.

[16] C.S. Hsieh, “Robust two-stage Kalman filters for systems with un-
known inputs,” IEEE Trans. Automat. Contr., vol. 45, pp. 2374-2378,
2000.

[17] S. Gillijns and B. De Moor, “Unbiased minimum-variance input and
state estimation for linear discrete-time systems,” Automatica, vol. 43,
pp. 111-116, 2007.

[18] S. Gillijns and B. De Moor, “Unbiased minimum-variance input
and state estimation for linear discrete-time systems with direct
feedthrough,” Automatica, vol. 43, pp. 934-937, 2007.

[19] M. Corless and J. Tu, “State and input estimation for a class of
uncertain systems,” Automatica, vol. 34, pp. 757-764, 1998.

[20] Q.P. Ha and H. Trinh, “State and input simultaneous estimation for a
class of nonlinear systems,” Automatica, vol. 40, pp. 1779-1785, 2004.

[21] H. Lee and M.J. Tahk, “Generalized input-estimation technique for
tracking maneuvering targets,” IEEE Trans. Aeros. & Electr. Syst.,
vol. 35, pp. 1388-1402, 1999.

[22] K.M. Zhou and J.C. Doyle, Essentials Of Robust Control, Prentica
hall, Englewood Cliffs, 1998.

[23] C.T. Chen, Linear system theory and design, 3rd Edition, Oxford
University Press, New York, 1999.

2426



