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Abstract— In this paper we present both the modelling and
preliminary control results relative to a configuration of ducted-
fan MAV (Miniature Aerial Vehicle) which is characterized by
a mechanical and aerodynamical structure designed in order
to allow efficient forward flights at small values of the angle
of attack. Thanks to these modifications the system is able to
accomplish both stationary and fast forward flight by means
of a transition between two different operative configurations.
After deriving a nonlinear model capable to describe the system
dynamics in a general flight envelope, which include slow flights,
fast forward flights at low values of angle of attack and the
transition between the two previous conditions, we concentrate
on the fast forward flight presenting preliminary control results.

I. INTRODUCTION

Recent applications of both civil and military UAVs show
the effectiveness of VTOL configuration in succeeding in
a large variety of tasks, such as, besides others, surveil-
lance, image acquisition, enemy detection, etc. (see [1]).
Helicopters, ducted-fan and four rotor UAVs are examples of
vehicles adopted to cover these applications. A problem that
commonly affects these systems is the limitation in obtaining
reasonably fast forward flight without consuming a large
amount of the onboard energy. In fact all these VTOL con-
figurations have to compensate for the gravity force through
the main thrust generated by the rotor disc or the propeller
and present a forward motion characterized by high drag
coefficient value due to their particular shape. This problem
can be overcome by adopting configurations able to fly like
airplanes during the fast forward flight. These configurations
are able to use the aerodynamic lift forces generated by
proper aerodynamic surfaces in order to compensate for the
gravity, reducing the overall amount of energy necessary to
maintain the vehicle over the desired flight path. Inspired
by these considerations, we focus on the ducted-fan aerial
vehicle presented in [2] whose aerodynamical design has
been suitably modified to allow for fast forward flights with
small angles of attach. In particular the ducted-fan that we
are presenting is able to change its attitude at a certain speed
in order to use the duct itself and other fixed aerodynamic
surfaces as wings to let the system fly almost as efficiently as
a standard airplane. The change of configuration, which let
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the system to achieve really small values of angle of attack,
allow also to reduce significatively the overall drag force.

As a main contribution in this work we provide a nonlinear
dynamical model of the system which is able to describe
stationary flight, fast forward flight and the transitions
between the two flight conditions. This model, in future
work, will allow the design of control laws which stabilize
system dynamics in all flight conditions. The emphasis of
this preliminary work, with respect to recent contributions
focusing on control of ducted-fan miniature vehicles in case
of low speed or hovering flight (see for example [3]), is on
the analysis of the second scenario, in which the system is
flying at a certain reasonably high speed. For this particular
scenario we provide an analysis of a desired trim trajectory
and a simplified linear model useful for preliminary control
design by means of linear techniques. In order to stabilize
the vehicle over the desired trim trajectory, taking advantage
of the linear model previously derived, we design a linear
“frequency shaped” optimal control law.

The paper is structured as follow. Section II analyzes
the forces and torques acting on the system in case of a
general flight. Section III focuses the analysis to the case of
forward flight at low values of angle of attack, providing a
simplified nonlinear model for the system and a first order
linear approximation for control purpose. Section I'V presents
the synthesis of a linear optimal controller and simulation
results to show the effectiveness of the proposed results.

Notation - We use the compact notation C,, S,, Ty,
with @ € IR to denote respectively cosa, sina and tana.
For a vector w = col(wy,ws,ws), Skew(w) denoted the
3 x 3 skew-symmetric matrix with the first, second and
third row respectively given by [0, —ws, wa], [ws, 0, —w;] and
[—wa,w1, 0], I denotes the 3 x 3 identity matrix.

II. ANALYSIS OF THE FORCES AND TORQUES
ACTING ON THE VEHICLE

The ducted-fan MAV that we are considering can be
thought as divided into three different subsystems (see [2]
and Figure 1). The first subsystem is represented by a
fixed pitch propeller connected to an electric motor. This
subsystem is in charge of generating the necessary thrust in
order to actuate the overall vehicle. The second subsystem
is composed by a set of active flaps necessary to achieve
full authority control of vehicle’s attitude. Finally the third
subsystem is composed by the fixed aerodynamic surfaces,

2552



in particular the duct itself, which is designed to protect the
environment from the propeller and to improve the efficiency
of thrust’s generation mechanism, and a set of fixed wings
which are collocated on the vehicle in order to augment the
overall lift force during high speed flight and to balance the
overall momentum like it happens in standard airplanes.
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Fig. 1. The ducted-fan Micro Aerial Vehicle.

A mathematical model for the system could be de-
rived making use of Newton-Euler equations of motion
of a rigid body in the configuration space SE(3) =
IR? x SO(3). By considering an inertial coordinate frame
F;, = {Oi,7¢,7i, k;} and a coordinate frame F, =
{Op, 71,,717,?17} attached to the body, the model of the
MAV with respect to the inertial frame could be written as

follow
mpl = Ribfb

Ji® = —Skew(w®)Jw® + w.Gw® + 70 M

where f? and 7° represents respectively the vector of forces
and torques applied to the vehicle expressed in the body
frame, m the vehicle total mass, J = diag(Jy, Jy, J.) the
diagonal inertia matrix, p’ = col(z*, 3%, 2*) the position of
the center of mass expressed in the inertial frame, Wb the
angular velocity expressed in the body frame, R;;, the rotation
matrix relating the two reference frames. GG is the skew
symmetric matrix Skew(col(0,0,I,,;)) where I,,; € IR"
is the inertia of the propeller with respect to the spin axis.
Term weGw in (1) models the gyroscopic precession torque
effect of the rotating fan.

To avoid singularities in the description of system dynam-
ics both in stationary and in fast forward flight rotation matrix
R;, has been parameterized by means of unit quaternion
q = (qo.q) € IR*, where qo and ¢ = (g1, q2,q3)" denote
respectively the scalar and the vector part, satisfying the
constraint g3 + ||q||?> = 1. Accordingly R;;, is given by

1—2¢3 — 243

2q192 + 2q0g3
24193 — 29092

2q193 + 2q0q2

2g2q3 — 2q0q1
1—2q7 — 245

2q192 — 2qo0q3
1—2¢7 — 243
2243 + 2qoq1

Ry, =

and the cinematic equations are given by the following so-
called quaternion propagation equation

1

4= 5E(aw @)

in which

E(q) = ( wl +_quTeW(Q) ) '

A. Aerodynamic Simplifications

To model forces and torques generation mechanisms sim-
ple aerodynamic arguments are used. For an airfoil profile
with area S moving into air with relative wind velocity V/,
the lift and the drag forces (see [4]) are given respectively
by

1 1
L= ngQCL(oe)S D= 5pVQCR(oz)S (3)

where p is air density and C' («), C'p(«) are respectively the
lift and drag coefficients which depend on the angle of attack
a with respect to relative wind. In case of airfoil profiles
characterized by small Reynolds numbers and assuming
reasonably small angles of attack, it is possible to consider
the following simplified expressions

Cr(a) =cpa Cpla) = cpa’ “)

where c;, and cp are constant coefficients. As far as the
external disturbances are concerned we model wind velocity
Pw in the inertial frame as

p=| v,
2w

The relative wind vector r,, € IR? in the inertial frame is
then given by the following expression

rly = Bl — ' 5)
where the second term indicates the relative wind induced
by the forward speed of the aircraft. For medium to high
translational speed we assume that the magnitude of p¢, is
negligible compared to the magnitude of p'.
The relative wind vector measured in the center of mass in
the body frame is given by 7% = REr! . As an approxima-
tion we assume that the above expressions continues to hold
for all points belonging to the rigid body (i.e. we neglect
any aerodynamic effects due to angular velocity of the rigid
body). To simplify the notation, in the computation of the
aerodynamic pressure, we denote with V' the module of the
relative wind ||r,, || which is invariant in all reference frames.

B. Thrust Generation Subsystem

The modeling of the propeller subsystem can be done
accordingly to classical disc actuator theory or blade element
theory (see references [5], [6] and [7] for more details).
In order to simplify the thrust model, we approximate the
propeller thrust 7' and resistant torque () assuming only
forward motion of the propeller for Mach number M << 1
obtaining

T(Tfuzawc) =
Q(’I”Z)z,wc) =

in which ¢7, cg are constant parameters which depends
on local air density and [, is a constant parameter which

cr (1 — atan (vaz,wc)) w2

cQ (1 — atan (rfuz , lpwc)) wg

(6)
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depends on the geometry of the propeller. Output velocity
of the air generated by the propeller, denoted by vinduced 18
approximated by the following expression

Vinduced = Ci\/f . (7)

with ¢; a positive constant. Observe that the output velocity
represents also one of the components of the relative wind
velocity in the computation of the forces generated by each
active flap. In particular if we concentrate the analysis to the
case of low speed flight, this component represent the overall
relative wind in order to actuate the system through the set
of active flaps.

C. Flaps Subsystem

Iy . X(v)

Fig. 2. Flaps subsystems: anti-torque and lateral/longitudinal flaps.

To obtain full controllability of the attitude dynamics a
set of active flaps have been positioned below the propeller
in order to deviate the air flow. A first level of flaps
is responsible of controlling the yaw attitude dynamics,
counteracting the engine torque, whereas a second level is
in charge of controlling both the roll and pitch attitude
dynamics. We assume that effective wind velocity V, normal
to the propeller disc is given by Vi = vinduced + r&z. With
an eye at (3), (4) and at figure 2 it is possible to write the
expressions of the resultant forces along body frame axis as

FL'Tb = ZFIZM = CLF'a"/eQ

- i
AT s YR - s
Fp-Ky = > Ff = 0

BE - Y YR
j={zy,2} i
= [kDF ’ (a2 + bz) +kp, - 62] ’ Ve2

in which ¢r., kp, and kp, are constant parameters, c
represent the angle of attack of the flaps positioned in the
first level and a, b the angles of attack of the flaps positioned
in the second level respectively along the lateral y axis and
along the longitudinal  axis. The effects of the forces on the
rigid body can be calculated considering ¥ and F} applied
at a distance d from the center of mass, as shown in figure
1, and the points of application of any two opposite flaps
belonging to the anti-torque subsystem at a distance dp. The
torque vector Thaps i then given by

Thaps = AV 9)

with
v = col(a, b, ¢) (10)
and with
0 —C1 0
AVHY=V2|l ¢ 0 0 (1)
0 0 —C2

with ¢; = Cp,d and ¢y = 2C}  dr, where the coefficient
C7,. depends in the geometry of anti-torque flaps.

D. The Fixed Wings, the Duct and the Fuselage

In case of forward flight when the relative wind (5)
assumes significative values it is necessary to take into
account for the aerodynamic effects of all the aerodynamic
surfaces. According to [7] the angle of attach a(r% ) and the
sideslip angle 3(r%) which model the relative incidence of

the vehicle with respect to the relative wind are given by the
following expressions

b 1 -
= t - Wa
a(ry) an ) z
; (12)
B(rb) = sin™! Ty
w \%
Consider now the so-called wind frame F, =

{0y, T w, jw, kw} which is, by definition, related to
the body frame by the following rotation matrix

Co  SuSs SaCp
Row=| 0 C5 -5 (13)
—Sy CuSs CaCl

In this frame the aerodynamic forces of the wings, [,
of the duct, f{’ .., and of other non profiled surfaces as
the fuselage and the landing gear, f% __ have the following

wing
expression
_Lwing - Lduct
w o pw w W
facro — Jwing + fduct + ffus - —Sduct
Dwing + Dduct + Dfus

(14)
where Lying and Dying denote respectively the lift and drag
forces relative to the fixed wings (see also figure 1), Lquct,
Sduct and Dygyet the lift, side and drag forces associated to
the duct airfoil and Dy,s the drag associated to the fuselage
and other non profiled surfaces.

E. Momentum Drag

In presence of crosswind the vehicle must supply a force
to align the incoming air flow with the duct. According to
[5] and [6] this force can be written as

b
Wy
f, f;d = CfdVinduced Tfuy
0
The crosswind also cause a difference of pressure on the

propeller disc which cause a momentum approximated as
bofb
_rwy ”rwy H

T 70, |

0

b
Timd = €md
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ITII. ANALYSIS OF HIGH SPEED FLIGHT AT LOW
VALUES OF ANGLE OF ATTACK

The overall dynamical model of the system is a 12th
order system described by rigid body equations (1) and (2)
with a vector wrench given by all contributions described
in the previous section II. The dynamics of the system are
indeed driven by the three control inputs a, b, ¢ and the
angular rotor velocity w,. All the aerodynamic forces have
been introduced as external nonlinear forces which depend
on the particular flying envelope of the vehicle. This model is
sufficiently general to describe the vehicle in different flight
conditions including both the stationary and, in particular,
the fast forward flight. In order to deal with the last kind of
flight condition we consider a desired nominal trajectory for
the ducted-fan MAV which is given in the inertial frame as
a constant speed along the x axis

p' = col(V,0,0) (15)

with V' representing a positive constant velocity compatible
with system dynamics. In order to synthesize a controller to
stabilize the system over this kind of trajectories we intro-
duce first some simplifications in the equations governing the
system dynamics. We assume first that the angle of attack
« is small enough so that the inflow is almost perpendicular
to the propeller disc plane neglecting the momentum drag
effects. For the same approximation the normal airflow
component for the computation of propeller thrust 7' and
torque () is approximated as rgjz ~ V. The effective wind
velocity V., the propeller thrust and the propeller torque have
been simplified as follow

Vo(we, V)2 = ky.(Vwe +V  T(we, V) = kp(V)w?
Q(wca ‘7) = kQ(V)wg
(16)
in which
_ Vv _ 1%
kT(V) = Cr (1 — lp’LDC) kQ(V) = CQ (1 — lp’LDC)

ko, (V) = civVkr(V)

Since in fast forward flight the angle 3 is also small it is
possible to consider the approximations C, =~ 1, S, ~ «,
Cg =1, S3 ~ 3 and according to the definitions in (6)
2b 2b b \b
—Z —Z Y —Y
o = atan—— ~ 0 =asin—+ ~ ——.

zb Il 2
This makes it possible to simplify the rotation matrix in (13)
as

b

1 0 —«
Ryy=1| a8 1 (17)
a -0 1

The aerodynamic forces in (14) can be rewritten according
to the approximations introduced in (4) as

;éro = . _S(ﬁ’pz) .
Da(avpz) + Dﬁ(ﬁ’pl) + Dflls(pl)
(18)

in which

L(O‘api) = Clift(pr)a S(ﬁ,pl) = CLguct (pr)ﬁ
Da(aapi) = Cdrag(pr o? Dﬁ(ﬁapz) = CDayet (pr)ﬁQ
Dfus(pi) - Cfus(pT ) .
with ¢ = CLauer T CLying
compute the resultant torque generated by the aerodynamic
forces we consider each force applied in its center of pressure

obtaining

and Cdrag = CDgue; + CD To

wing *

Cr,
Teo= | 0 | ("P)B (19)

0
in which ¢,;, = —cr,,..dq. Observe that as a design con-

straint no significant torque contribution due to the lift force
of the duct and of the main wing is taken into account since
we assume that the vehicle is designed to have balanced
pitching momentum for small angles of attack. Also torque
effects of the drag forces are considered of second order.
The overall nonlinear external wrench vector that governs
the dynamics in case of high speed flight is given as follow

crpa(ky,, we + V)32

fb = CLFb(kUcwC + ‘7)2 + waf;l::ro+
—kTwz
0
+ Ry 0
mg
—c1 0 a
™ = (kywe+V)?2| 1 0 0 b |+
0 0 —Ca c
0
+ 0 | w?+ Tacro
kq

(20)

A. Linear Approximation of Forward Flight Dynamics

In order to simplify the synthesis of a controller for
the forward flight, we consider in this section a linear
approximation of the dynamics of the systems. The forward
motion trajectory (15) is characterized by the following unit
quaternion
G = C-rz-a)

0
2 = S_(/2-a)
2
0

3y

0
I

With an eye at (20) the four control inputs necessary to
maintain the system’s dynamics over the desired trajectory
are -
a = b=0

kQﬁ)g
CQ(k'UcwC + ‘7)2
Cdragv2642 + Cfus‘_/2

ko

and the angle of attack & is given by the unique real and
positive solution of the equation

(22)

-2
wg =

mg

C(drago_[3 + (Clift + Cfus)& - W
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Finally the sideslip angle 8 = 0. Neglecting higher
order terms, the linear model of the ducted-fan MAV
for fast forward flight is given by the following linear
system with state (omitting the superscript ) z =
col(dz, 0,0y, 0y, 02, 0%, 00, 0q10G2, 0q3, 0wy, dwy, Ow,)
and inputs u = col(da, db, dc, dw,)

méi = cnnV2a (4q20q2 — 2q0adq2 — 2q200q0) +
+  cppa(ky,we + V)*da+
— 2V (2¢arag@® + Crus) Ot
+  2krWedwe + V2a (clite — 2Cdrag) 0
mdy = —2ciV?a (G2 — Q@) dq1+
= 2aiV?a(Go + @) dgz+
+  crp (ko we +V)?6b - cp,,. V303
méz = iV ?a@[2q20q0 + (2q0 + 432) dga] +
+  crp(ko,we +V)?6a — 20y V adi+
- C]iftVQ(SOé B B
bty = —ILwedwy — c1(ky, We + V)20 + ¢, V263
Jy 01y L 0e0w, + ¢ (ky, We + V)?6a
- 2kq Vi
L0, = —ca(k, We + V)20¢ + —2— 5w,
w co(ky, We + V) c+ka@c+Vw
(23)
where
1+a? .
da = Va 0% + 2q206q0 — (4G2 — 2Go@)dq2
1o _
op = 75.@ +2q20q1 — 24odqs3
and with
5@ 9 —@ 9 dwy
o | _ 1 @ 0 @ Sw
iy 2 0 g 0 5 Y
. _ _ Wy
53 -2 0 q

IV. DESIGN OF THE CONTROL LAW

In order to stabilize the system over the desired trajectory,
taking advantage of the linear approximated model previ-
ously derived, we consider a linear optimal controller with
integral action on the lateral and vertical position in order
to obtain asymptotic robustness to constant external distur-
bances such as small constant wind disturbances (readers are
referred to [8] and [9] for more details about the following
linear control techniques). To this purpose we chose to
minimize the following integral cost function

S A ;
=1 X(w) QUuw)X(jw)dw

— 00

in which X (jw) = [ X(jw) U(jw) ] and
Aoy | QUw) 0
Q(jw) = [ (j) R(jw) ]

where X (jw) and U(jw) denotes Fourier transforms of
respectively x(t) and u(t), R(jw) is chosen as the following
diagonal real matrix

TABLE I
PARAMETERS OF THE DUCTED-FAN MAV

m = 1.286 kg , J = diag(1.8,1.7,0.8) 102 kg - m
d,dy,d7, dwi, dwy, 1y = 0.19,0.10,0.16, —0.05, —0.16, 0.1 m
cLF,ciF,chuCt = 0.0486,0.028,0.2 Kg - m/rad
cr1. ,cr2  =0.18,0.068 Kg-m/rad

wing’ Lwin

CDying: Cfuss €D g = 0-15,0.004,0.20 N/(mrad?)
cr = 1.02-107° N/rad? , ¢; = 2.60 m/(s - sqrtN)
ctg =0.02 N -s/m
V =15m/s , We = 445 rad/s
a=0.12rad,,a=b=p0=0rad, ¢=0.0062 rad
a,b.,c. = 0.0244, —0.0023, 5.7220 - 10~°

whereas the matrix Q(jw) is chosen as

Qjw) = diag{q;}, i€{1,12}

with ¢; = 1/w? for i = 3,5 (corresponding the the y and z
state variable) and ¢; = 1 otherwise. To avoid eigenvalues
closed to the imaginary axis we impose also a stability
margin v = 0.3 in order to have

lim —Hx(t)” < +00.

tsoo et
In order to test the controller we consider the following tra-
jectory which corresponds to a forward ascending trajectory
with

o (t) = Vit
y*(t) = 0 (24)
2X(t) = a.-t24b,tP 4, 10,
with initial conditions y(0) = —0.6 m, z(0) = 0.2 m and
#(0) = 14.5 m/s. A constant wind disturbance w’; , =

(0,—0.3,0) m/s is considered from time ¢ = 20. Despite the
presence of this disturbance, which effect is visible in the y
inertial coordinate in figures 3 and 4, the closed-loop system
is able to achieve small asymptotic error and in particular
the y and z positions, converge to the desired one thanks
to the integral action embedded in the control law. Figure
4 shows the velocity trajectory of the system. Even in this
case observe that after a transient the ducted-fan recovers
the default trajectory (15). Figures 5 and 6 show respectively
the flight path angles (see [7]), the angle of attack and the
sideslip angle. Observe that during the transient both bank
and the sideslip angles are used in order to displace the
vehicle. This happens because with the particular annular
fuselage of the MAV the side force is relevant and can be
used to govern the lateral dynamics. Observe also that the
angle of attack « acts as a virtual control input for the vertical
dynamics in order to increase the lift during the first part
of the transient to let the system reach the desired altitude.
Finally the four control inputs are shown in figure 7.

V. CONCLUSIONS

In this paper we presented the modelling of a particular
configuration of ducted-fan MAV in case of a general flight
envelope that include in particular high speed flight at low
values of angles of attack. By means of a linear approxi-
mation of system dynamics we also design a linear optimal
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controller to stabilize the system over a particular high speed
trajectory despite the presence of small disturbances. Future
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Fig. 7. The four control inputs a, b, ¢ and we.

works on this topic will be focused, besides others, on the
problem of controlling in a robust way the transition of
the aircraft between the hovering and fast forward flight
configuration and on experimental validation of the proposed
architecture.
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