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Robust Inverse Control for Combustion Engine Test Benches

Engelbert Gruenbacher”, L. del Ret

Abstract—1In this paper the application of a robust inverse
tracking method to the test bench control in order to achieve a
high tracking performance is presented. This controller consists
of a feedforward part which is the inverse realization of the
approximate model of the combustion engine test bench and
a robustifying feedback controller, which is for compensating
the approximation error or unknown input disturbances. The
robustifying controller is simply an extension of a central robust
stabilizing controller which usually is the solution of a Hamilton
Jacobi inequality. To this end, an iterative way to find a solution
of this partial differential equation is applied here. Finally, the
presented tracking controller for the combustion engine test
bench is compared to a standard decoupled control strategy in
a simulation environment.

I. INTRODUCTION

Robust tracking control strategy consisting of a feedfor-
ward control part and a feedback control have recently been
published (see [3]). In the present paper this theory will be
applied to the tracking control of a combustion engine test
bench. Combustion engine test benches are commonly used
to parameterize the engine control unit (ECU) of combustion
engines. To do so, real vehicle load patterns are simulated on
the engine test bench. Therefore, the trajectories measured
once in a real car have to be reconstructed on the test bench.
Hence, it is necessary to track given patterns of engine speed
and engine torque.

The problem of controlling combustion engine test
benches is by far not a new application. In [1] a robust
MIMO controller is applied to control the test bench. Another
strategy is used in [2] where adaptive methods are imple-
mented in order to deal with the often unknown behavior
of combustion engines. The main challenge of test bench
control is to achieve good tracking performance, even if
the test bench system, especially the combustion engine test
bench behavior, is not well known. In this paper we do a total
different approach. We assume a rough model of the system
and we develop an inverse controller for this rough model.
Model uncertainties are then considered by an additional
robustifying feedback controller. As it will be shown in
simulation this approach is quite powerful and results in a
very good performance.

The paper is organized as follows: in the next chapter we
shortly introduce the reader to the mathematical model of
the combustion engine test bench. Then the main theoretical
results of the paper about robust tracking (see [3]) will
be presented and repeated. In section IV the nonlinear

# 1+ Engelbert Gruenbacher and Prof. Luigi del Re are with the
Institute for Design and Control of Mechatronical Systems, Johannes
Kepler University Linz, Altenbergerstrale 69, A-4020 Linz, Austria
[engelbert.gruenbacher, luigi.delre]@jku.at

978-1-4244-2079-7/08/$25.00 ©2008 AACC.

speed measurement
device (encoder)

shaft torque
measurement

adapter
flange I1

device damping
clement

connection shaft

control
input

A

adapter
flange T

Fig. 1.

Engine test bench system

robust tracking controller is calculated. Finally, the controller
will be applied in simulation. Conclusions including future
aspects will complete the paper.

II. MATHEMATICAL MODEL OF A COMBUSTION ENGINE
TEST BENCH

A typical combustion engine test bench system is illus-
trated in Figure 1. The main parts of such a dynamical engine
test bench are the dynamometer, the connection shaft and the
combustion engine. Considering the torque of the combustion
engine and the air gap torque of the dynamometer as the
inputs to the mechanical part of the engine test bench system,
the model description can be reduced to a lumped engine
connected to the dynamometer inertia by a damped torsional
flexibility (see [6]). Hence, the model of the mechanical part
of the test bench system is

AQO WE — Wp (13)
wg = HE’l (TEdyn —cAp —d(wg —wp)) (1b)
wp = 9071 (cAp+d(wg —wp) — Tpset) (lc)

where g is the inertia of the combustion engine, p the
inertia of the dynamometer, wg and wp are the engine and
the dynamometer speed, c is the spring constant and d the
damping constant. Finally, T4y, and Tpge; are the torque
of the combustion engine and the air gap torque of the
dynamometer respectively.

The most critical part of the system is the combustion en-
gine. Due to the complexity of the ECU (including switching,
dead zones, delays, scheduling) we will not concentrate on
a detailed combustion engine model, but on a very simple
system description containing some uncertainties which can
be generated with much less effort. In fact, this means that
the engine system behavior is approximated by a so called
extended Hammerstein system (see [5]), i.e.

TE = — (ag + a1wg + agw%) Tg (2a)
+m (WE’a TE7 aacc)
TEdyn = Tg (2b)
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where m (wg, TE, Quce) 18 a static nonlinear map which is
continuous but not continuously differentiable.

The composite model of the engine test bench is the result
of the connection between the mechanical part of system (1)
and the engine model (2). With Tgg, Ay, wro, wpo and the
corresponding g0 defining the operating point and AT,
max (Ap), Awg and Awp defining the maximum expected
distance from the operating point we get

i1 = — (G + ar1ws + a273) 1 — dzxs — dsxi + v (3a)
1‘2 = ﬂ (333 — .134) (3b)
iy = Op (B lar—cflaa—d(zs — 1)) (o)
i = O0p7t (8w +d(ws —wi) — Tosa) ()
where
o Te — Tro _ Ap — Apg
! ATy max (Ayp)
T WE — WEO . _ WD —Wpo
3 7AwE ; 4 7AwD
are the scaled state variables and
T acc
v =M (23,1, Agec) = %
_m (wE0, TR0, Cacco) | ws—:
ATgo Tg—“f
~ Tpset — Tro
Thset = ———
DSet Awp

are the scaled nonlinear static input map and the scaled dy-
namometer torque. Furthermore, ag, a1, a2, a3 and a4 are the
scaled system parameters of the system and § = ﬁ‘zw)'

Consider system (3) and notice that it possesses two control
inputs (v and Tpset), which are not the physical control
inputs of the test bench. The physical inputs are the ac-
celerator pedal and the dynamometer torque. Hence, the
nonlinear static map in the combustion engine path v =
m (23,21, Qaee) has to be locally inverted with respect to the
real input .. which is done by an approximative inversion.
On this account the nonlinear static map is not exactly
compensated what yields an uncertainty. Additionally to this
uncertainty, the dynamical behavior of the accelerator pedal
actuator, consisting of a delay time and linear dynamics,
is not considered in the system description (3). However,
the error caused by the approximation and by neglecting
the accelerator pedal actuator affects the system in the
same direction as the input and, hence, it is possible to
add a multiplicative error model as shown in Figure 2.
Likewise it is possible to consider the neglected dynamics
of the dynamometer (see Figure 2). Furthermore, the system
possesses four outputs, since we assume that the full state is
measurable, hence y = x. The performance variable is

z = (h(x) u)/ )

where h (x) will be discussed below.

v _ ¥ T, |m,
[N acmatorH noqllnear ::perfonnance output
static map test bench z=(h(x), u)

7 —»
T, system = }measured output
dynamics
| performance output

T
Dsel [ J (system state x)
oy
v restructured =3 2=(h(x), u)

w,
~ ) test bench = }measured output
Tps., system 3 J (system state x)

Fig. 2. Error model of the system

III. PREMILIARIES AND THEORETICAL ASPECTS
A. Problem Statement

Consider a nonlinear uncertain system that has well a
defined relative degree:

& o= f(z)+g(@)(utw) (5a)
= hy(2) (5b)
= h,(x)+d(z)u (5¢)

where x € R™ is the state, © € R™ the control input,
y € RP the output variable and z € RP the performance
variable for a stabilizing optimal L, or suboptimal H,
controller (see section [4]) and w € R™ is the disturbance
input. Note by this definition it is possible to consider input
disturbances caused e.g. by actuator uncertainties as well as
model uncertainties.

For system (5) we assume that x = 0 is an equilibrium
point, i.e. f(0) = 0, and that ho(0) = 0. Moreover, we
also assume that f(z) is a smooth vector field and that
g(x), h.(z) and hy(z) are smooth mappings. Without loss
of generality it is assumed that d(x)'h.(xz) = 0. Finally,
assume that g(z) and d(z) has full column rank. In particular,
d(x)'d(z) = R(x) > 0, for each x.

For w = 0 we assume that there exists a feedforward
control law that guarantees perfect tracking y = ¢ for any
reference output §y as long as ¢ € X C R (z is the
corresponding desired state trajectory), Z exists, and the
initial state is well known. This feedforward control law,
called k¢ (%,), can be calculated using different methods
(see [7], [8], [11] and [9]). It is obvious that if w # 0
the feedforward control law fails and a tracking error will
occur. Hence, we want to solve a problem which is called
Robustifying the Feedforward Control (RFC) problem.

B. Definitions and Preliminaries

Definition 1 (RFC problem): Consider the nonlinear sys-
tem with matched disturbances (5) and the feedforward con-
trol law k¢ (i,i) Find an additional feedback controller
gy (Z,x) such that the control law

u=kyys (i’,i‘)-ﬁ-k’ﬂ, (Z,x) (6)
with
kpy (2,2)],_; =0

asymptotically stabilizes the closed loop system Vz € X and
the state error

e=xr—2x 7
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is bounded in L5 as long as the input disturbance is bounded
in L2.

Remark 1: For validating the performance of the con-
troller that satisfies the RFC problem, we introduce an
additional performance variable z, = h. (e) where h.(e)
is the state error depending output map.

Definition 2 (Gradient difference field): The gradient dif-
ference field in x is defined as difference of the gradients of
a scalar function V (z) at two different points z and = + e
for x,e € R".

(o) = 257 - o5 ®)

xr+e O x

Lemma 1: For any point x the gradient difference field
T, (e) defines the gradient of a local scalar function V, (e)
(scalar function of e which is locally varying with z.

T, (e) = 2l

Lemma 2: If V(z) is a scalar convex function in the
convex set x € C' C X then the local scalar function V, (e)
from Lemma 1 is convex, too. Furthermore with V, (0) = 0
the function is greater than or equal to zero.

For the proof of these lemmas we want to refer to [3]
Remark 2: The local scalar function can be calculated
using the path independent line integral

Vi () = / T, (¢) de. )
0
Setting V, (0) = O ensures that the scalar function is
positive and if it is convex it is positive definite. Hence,
this function may be a candidate Lyapunov function.
Definition 3: The distribution of the error vector field
along a given trajectory caused by an imperfect feedforward

tracking law is called the feedforward tracking error vector
field and is defined as

Lz (€)= f (@4 ¢) + 9 (T +e)kyy (3,7) — &
Definition 4: The maximum eigenvalue of the input
weighting matrix is defined as follows

Ap = gcnea))é Amax (R (2))

C. Solution of the RFC problem

Consider a system given by (5) and assume that a stabilizing
controller with guaranteed robustness bounds exists. As
shown in [12], [4] and also in [10] such a controller for
a given system (5) is

u=—R(z) " g(z) ngf)/

where V (x) is a control Lyapunov function which guar-
antees robustness and which may be the solution of the
Hamilton Jacobi Bellman (HJB) for the Lo optimal control
law or the Hamilton Jacobi Isaac for the suboptimal H,
control law. For the latter approaches it has been shown that
robustness (see [13] for linear systems and [4] for nonlinear
systems) in terms of a maximum H, attenuation level from
the input disturbance w to the performance output variable
z can be guaranteed and calculated a priori.

(10)

D. Sufficient conditions for solving the RFC problem

Assume that there exists a stabilizing control law (10) which
is either an optimal Ly controller or a suboptimal H,
controller. Thus there exists a solution - called V() - of the
HIB or of the HJI for which it should be assumed that V' (z)
is strictly convex and its Hessian matrix does not vanish.

(1)

Since V' (z) is a convex function we can now apply Lemma
2 and the Remark 2 to define a local scalar positive definite
function V, (e) by using the gradient difference field (see
Definition 2). The following theorem is then sufficient for
solving the RFC problem.

Theorem 1: If there exists a positive definite scalar func-
tion V' (x) which obeys (11) such that the controller (10)
guarantees robustness and if there exist positive constants
k>0, xk>1land 0 < a < Ii/(k};\R) such that the scalar
function V; (e) satisfies

8%V (z)

7.2~ > 0, Vo € X.

m || OVz(e OVz(e
w20 1OV () 4 Ehe (6) B (0

«

/
kP2 g(Fre)g(@+e) 22D <0 (12)

for all € X, for a proper but constraint error region
el < E and for m > maxvy ||z (t)| ,» then a robust tracking
controller which solves the RFC problem is defined by

kpy (#,2) = —R (x) "7z (e)

13)

with

v (€) = g (@ + ¢) 22

R(z) = R(x)/k

Theo_rem 2: If there exists a solution for (12) with o =

K / (214:)\ R) then the controller (13) ensures an H., attenua-
tion level |77, .||, <7, where

_ ArVZ2k

For the proof it should be referﬁed to [3].

(14)

IV. DESIGN OF A ROBUST TRACKING CONTROLLER

As shown in Figure 3 the following tracking controller
consists of a feedforward part which is an inverse controller
and a robustifying feedback part. The output of the inverse
controller is added to the output of the robust controller
and the sum is used for the approximated inversion of
the nonlinear static map. Since the inversion is only an
approximated inversion, the feedback controller has to be
sufficiently robust. In the following we will assume that the

performance output

r N T

! reference k (} %) map ¢ testbench [ (@ ;- error)
r — system |ff 7 inversion| system measured state:
2 Tps. A, 0, 0, T,

1(/}'
X ~
ky, (%.x) l
Fig. 3. Structure of the robust tracking controller

state variables of the system are fully available.
Remark 3: It should be stressed that the engine torque,
which is a state of the system, is in practice not measurable.
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However, a thorough discussion on the technological and
theoretical problems underneath the torque computation or
estimation is out of the scope of the present paper.

A. Inverse control of the combustion engine test bench

For the system inversion the system (3) is brought into
control normal form. Therefore the outputs to be tracked
have to be defined. In this application the outputs of the
system are the engine torque (rescaled variable z;) and
the engine speed (rescaled variable x:3). Using the regular
transformation matrix

211 1
221 _ | *s
20 || 55 (11— @2) — g (w3 — 74)
n T2

the system is transformed into the control normal form

1 = — (50 + G1299 + 52252) 211 — Y1221 — Y229y + U
21 = %22
_ c (. _ 9 d c
Zog = *@ <Co + C1292 + Ca25y + 0, d) 211
c 2 c
T 0.8 (71221 +72221) + mv - mTDSEt
(d20p — pbp + d*05) ¢
— i 222 + dGEﬂn
n = % (c(z11 —n) — Opfz22)

The inverse realization can now be easily calculated. The
inputs of the inverse system are the desired engine torque,
the derivative of the desired engine torque, the engine speed
and the first and the second derivative of the engine speed.
Thus, a necessary condition for the reference trajectory of
the engine torque is that it is differentiable and a necessary
condition for the reference trajectory of the engine torque
is that it is twice differentiable. The output of the inverse
system is the control input, which yields perfect tracking
if the initial state is well known and the system is exactly
described by the mathematical model.

tp + (50 + CiwE + 52@?3) tg +M0E + 1ed%

v =
~ chp - 050p . c ch _
TDset 6§E_EdDQE+ﬁ<1_d§>tE
chEbp\ - A0p .
—<9E+9D— 2 >WE+dQﬁ77

where tg is the desired normalized engine torque, t E its
derivative, wg is the desired normalized engine speed, wg
the first and (g the second derivative, and 7 the state of the
inverse system (zero dynamics)

s_Co_ Cy _cpp
=TT AP T Ty

WE.

B. Reference system

A reference system is important if the reference trajectory
is not known a priori since for inverse control it is necessary
to know the derivatives of the desired trajectories. The refer-
ence system must imply the performance limits of the system

in order to desire feasible trajectories. Furthermore, the order
of the reference system depends on the relative degree of the
test bench system which is 3. For our application we choose
a linear and decoupled reference system which e.g. is

Z11 = —a1Zn tain

te = Zn
for the combustion engine torque and

221

= Z
299 = —QgZ91 — G3Z22 + Q2T
Wgp = Zo1

for the engine speed where a;, a2, as define the dynamics
of the reference system taking into account the physical
performance limits of the system. For a detailed discussion
of a reference system including the performance limits the
reader is referred to [15]. r; and ro are the inputs of the
reference system.

The reference system defines the reference trajectory of the
first three states of the system in normal form. The reference
trajectory of the fourth state 7} is calculated by the differential
equation

Using the reference system the inverse control law yields

—a1Z11 + airy + (50 + C1291 + 52551) Z11

71201 + 7275

cbp , . . c cip\ .
-z tar)+—=s(1—— )2
(—a1zn 171) 3 < 7 11

(—a2221 — G3Z02 + Gar2)

Bd

_0glp
C@EQD - 029D ~
& )= e

Tpset =

d
—(9E+9D—

The reference state trajectories are computed for the
system in normal form. Since the robustifying state feeback
controller is designed for the system (3) the reference state
has to be transformed into the state space of system (3).

C. Robust stabilizing controller

Recalling the error model as shown in Figure 2 before
searching for a robust stabilizing controller it is necessary
to fix the required H, attenuation level from w to z. From
the uncertainties it is possible to estimate the L, gain from
the disturbance input w to the controller output u (note that
this defines one performance output (4)) which in worst
case is 1.85. This value is calculated by assuming a worst
case phase shift and a sufficient phase margin for the model
uncertainties. The resulting worst case phase shift is then
interpreted as worst case Lo gain. Thus, the H, attenuation
level from w to z is 1.85.

Note that with (4) the maps h(x) and d(z) are orthog-
onal and d () d(x) = Iyxo. Note also that for this first
consideration we assume an input disturbance which has no
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offset. For designing the robustifying feedback controller we
apply the v recalibration strategy recently presented in [4].
Referring to Theorem 2 in [4] it is possible to recalibrate the
Ly gain according to

zyO
= o)y g
The recalibrated H., attenuation level v used for the
controller design and which still guarantees an attenuation
level of v° = 1.85 is 3.51 which corresponds to a robust
controller much closer to the optimal one. Hence, following
e.g. [10] we search for a positive definite solution V (x) of

GV f(x) + $h(z) h(z)
B (bt A o =

where the robust state feedback control law then is

—g(a) (6‘37?))/

To find a solution of (16) we now perform an iterative
procedure. In order to simplify the search for positive definite
scalar function, we restrict the possible state operating range
with ||z]l«c < 1. For the considered application example
this restriction is admissible since the state variables are
restricted from the physical point of view, too. For solving
(16) we first define the structure (but not the parameters)
of a candidate Lyapunov function V' (z) and a performance
matrix H (z) - with 2’H (z)x = h(x) h(z) - such that
(16) is solvable. Note that by a proper choice of V(z) and
H(x) the performance matrix has some degrees of freedom
which can be used for tuning the performance. However,
after calculating the parameters of the candidate Lyapunov
function and the missing parameters of the performance
matrix (some of them are design parameters), the perfor-
mance of the resulting controller has to be evaluated. If it is
not satisfactory, the same procedure has to be repeated by
defining a different candidate Lyapunov function. After some
iteration steps we found the following candidate Lyapunov
function (parameters need still to be found)

5)

(16)

u =

= kll‘% + k‘gl‘g + k‘3$§ + k4$i
+  ksxoxy + k’gx%mg + k7x1x§(l7)

V (.1'171'2, x3, I‘4)

for which the constants k; to k; are such that
V (z1,%2,23,24) > 0 Va inside the considered range
(|z|loo < 1). This solution of (16) can be found if we choose
a specific structure of the performance matrix such that

h,% 0 h13 (I) 0
0 h2 has 0
H = 2
(@) hig(x) has h% + h3s, 23 + h33$§ e
0 0 h3g h3
where

his(z) = his1 + higox1 — hiz3T2 + hizaxs + Rz 524
2
+hizer122 + hiz 72173 + hi138T1%4 + h13977
2 2 3 3
+hi31075 + his 112125 + his.a223 + k13132125

By setting the tuning parameters hi, ho, hs, hg, hss and
h1s_13 it is then possible to compute the constants k; to
k7, hi1s.1 to his_12 and hog by comparing the coefficients.
Note that in this case it is absolutely necessary to check
whether the performance matrix H(x) is positive definite
Vz inside the considered range (||z||c < 1). With the tuning
parameters

h1 = 7, hg = 025, h3 = h4 = 5, h33 = —3, h13713 = 08

the remaining parameters of the performance matrix turn out
to be those given in Table I for v = 3.51, the performance
matrix is positive definite and the performance is sufficiently.

k1 =157 | k2 =0.0014 | k3 =0.56
ks =070 | ks = —0.009 | k¢ = 0.12
k7 = —0.32
TABLE I

PARAMETERS OF V (1, 22, €3, 24)

D. Robustifying feedback control law

The robust stabilizing central controller is now extended
to be used for robustifying the feedforward control law. The
proposed controller, which solves the RFC problem, is given
by (13). For the actual problem the input weights are set to
R (x) = Ioxo. The presented approach is possible if (17)
is strictly convex and the Hessian matrix of it is positive
definite. Furthermore, condition (12) in Theorem 1 has to be
satisfied.

Using the controller parameters in Table I the Hessian
matrix of the scalar function V (x1,z2,x3,24) is positive
definite for all ||z||.c < 1. Hence, it is a candidate to
calculate the gradient difference field T', (¢) which yields

b b
2€2 + K5€4
Tz (e) = 72 (e)
2koeq + kseo

where

y1(e) = (2ke(e1 + T1) + kv) €3 + (2ky + 2kei3) €1

+ (4kg (€1 + &1) &3 + 2k7T3) €3
w(e) = (sz (ex + F1)% + 2k7 (1 + 1) + 2k3) es

+2k6536% + (4k6f11~73 + 2k7i‘3) €1

Note that in order to get a robust feedback control law
it is necessary to achieve a Lo gain from w to wu that
is less than 1.85. Hence, the performance output for the
robustness analysis is equal to the controller output. With
he(e) = rz(e), Ag = 1 and with rnva;xHaLc(t)H2 =4l =m
it can numerically be shown that (12) is true for Kk = 3,
o = 0.1 and £ = 15. In that case Theorem 2 is valid and
the guaranteed robustness level is v = 1.83.

According to this, the robustifying state feedback control
law is

VEp = — (2/6‘1 + 4keZzes + 2k‘6€§ + Qkﬁi‘g) el
+ (2]’»’6.%1 + k7) 6% + (4]{36%1{%3 + 2]€753) €3
— 1
Tpset.fp = ~a- (2k4e4 + kses)
D
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V. SIMULATION RESULTS

The presented controller is now applied to the engine test
bench system and compared to the standard control approach.
The standard control approach consists of two decoupled PI
loops whose parameters are tuned by solving a numerical op-
timization problem. A precise simulation environment is used
in order to test the controller’s performance. Therefore, the
test bench model includes control input delays, measurement
noise, the combustion oscillations and not ideal actuators.
Furthermore, since the engine torque is not measurable, it has
to be observed. To this end a simple engine torque observer
as presented in [14] is implemented.

Figure 4 shows the engine speed signal and the simulated
real engine torque and the desired engine torque value for
both, the robust tracking controller and the standard control
approach. Figure 5 shows the inputs to the engine test
bench system for both. The main advantage of the robust
tracking controller is the feedforward control which allows
a very good tracking performance while the control inputs
is without measurement noise. This is very important for
test bench control because if the accelerator pedal varies
more than in a standard application, the engine will also
generate more exhausts and hence the tests become useless.
In the comparison of the controller we see that for the robust
tracking controller the performance is better and the noise in
the dynamometer torque is less.

Robust engine torque and speed control
T T T

desired engine torque
= = = engine torque
++ engine torque with Pl control

150 |+

engine torque in Nm
>
3

o
S

3500 - = = engine speed [

desired engine speed
++ engine torque with Pl control|_|

@
S
=1
]

2500

engine speed in rpm

N
o
S
)

1500 L L L L L L L L L
0

time in sec.

Fig. 4. Tracking results
VI. CONCLUSIONS

In this paper a recently presented method for robust
tracking of nonlinear systems has been applied to an engine
test bench system. For such systems tracking is an important
but also difficult task. The main problem thereby is that
the model is never known exactly. Nevertheless we showed
that an inverse control approach in combination with a
robustifying feedback controller solves the problem quite
well. The advantage of the presented controller is that once
having a central stabilizing controller and a control Lyapunov
function it is very easy to calculate the tracking controller.
Future work will be concentrated in considering a preview

Actuator signals
T T T

@
S

robust tracking controller
= = = standard controller

~
S S o

S S

accelerator pedal signal in %

P N N =)
S

=)

T T
robust tracking controller
'+ standard controller

toruge of the dynamometer in Nm
o

time in sec.

Fig. 5. Control inputs

in the feedback controller structure as well. Furthermore, the
controller will be tested in a real environment.
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