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Dynamic Output Feedback Covariance Control of Linear Stochastic
Dissipative Partial Differential Equations

Gangshi Hu, Yiming Lou and Panagiotis D. Christofides

Abstract—1In this work, we develop a method for dynamic
output feedback covariance control of the state covariance
of linear dissipative stochastic partial differential equations
(PDEs) using spatially distributed control actuation and sensing
with noise. Such stochastic PDEs arise naturally in the modeling
of surface height profile evolution in thin film growth and
sputtering processes. We begin with the formulation of the
stochastic PDE into a system of infinite stochastic ordinary
differential equations (ODEs) by using modal decomposition.
A finite-dimensional approximation is then obtained to capture
the dominant mode contribution to the surface roughness profile
(i.e., the covariance of the surface height profile). Subsequently,
a state feedback controller and a Kalman-Bucy filter are
designed on the basis of the finite-dimensional approximation.
The dynamic output feedback covariance controller is subse-
quently obtained by combining the state feedback controller
and the state estimator. The steady-state expected surface
covariance under the dynamic output feedback controller is
then estimated on the basis of the closed-loop finite-dimensional
system. An analysis is performed to obtain a theoretical estimate
of the expected surface covariance of the closed-loop infinite-
dimensional system. Applications of the linear dynamic output
feedback controller to the linearized stochastic Kuramoto-
Sivashinsky equation are presented.

I. INTRODUCTION

The recent efforts on feedback control and optimization of
thin film growth processes to achieve desired material micro-
structure (see, for example, [4], [6], [7] and the references
therein) have been motivated by the fact that the electrical
and mechanical properties of thin films strongly depend
on microstructural features such as interface width, island
density and size distributions [2], [17], which significantly
affect device performance. To fabricate thin film devices
with high and consistent performance, it is desirable that the
operation of thin film growth processes is tightly controlled.

Stochastic PDEs arise naturally in the modeling of surface
morphology of ultra thin films in a variety of material
preparation processes [11], [24], [25], [10]. Methods for
state feedback covariance control for linear [19], [18], [21]
and nonlinear [20] stochastic PDEs have been developed.
However, in the design of a state feedback controller, it is
assumed that the full state of the PDE can be measured in
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real-time at all positions and times. This assumption is not
practical in many applications, where process output mea-
surements are typically available from a finite (usually small)
number of measurement sensors. Therefore, there is a strong
motivation to develop dynamic output feedback covariance
control methods for stochastic PDEs, which couple a state
feedback control law to a dynamic state-observer that utilizes
information from a few measurement sensors. The observer-
based covariance control structure for linear stochastic ODE
systems was proposed in [12], [15], in which a Kalman
filter is used as a state estimator and the estimated state
is used by the feedback controller. However, the problem
of output feedback covariance control for nonlinear systems
and infinite-dimensional systems has not been studied.

In this work, a method is developed for dynamic output
feedback covariance control of the state covariance of linear
dissipative stochastic PDEs. Spatially distributed control ac-
tuation and sensor measurements with noise are considered
when designing the dynamic output feedback controller.
We initially formulate the stochastic PDE into a system of
infinite stochastic ODEs by using modal decomposition and
construct a finite-dimensional approximation to capture the
dominant mode contribution to the surface covariance of the
height profile. Subsequently, a state feedback controller and
a Kalman-Bucy filter are designed on the basis of the finite-
dimensional approximation. The dynamic output feedback
controller is obtained by combining the state feedback con-
troller and the state estimator. Analysis of the closed-loop
stability and the steady-state surface covariance under the dy-
namic output feedback controller are provided for the finite-
dimensional approximation and the infinite-dimensional sys-
tem. Applications of the linear dynamic output feedback
controller to the linearized stochastic Kuramoto-Sivashinsky
equation (KSE) are presented.

II. PRELIMINARIES
A. Stochastic PDEs with Distributed Control

We focus on linear dissipative stochastic PDEs with dis-
tributed control of the following form:
oh _ o h 3 b 1
5t = o L) +8 () (1)
subject to homogeneous boundary conditions and the initial
condition A(x,0) = ho(x), where x € [—m, @] is the spatial
coordinate, ¢ is the time, h(x,7) is the state of the PDE
which corresponds to the height of the surface in a thin film
growth process at position x and time ¢, 7 is a dissipative
spatial differential operator, u;(t) is the i’ manipulated input,
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p is the number of manipulated inputs and b;(x) is the i
actuator distribution function (i.e., b;(x) determines how the
control action computed by the 1”1 control actuator, u;(t),
is distributed (e.g., point or distributed actuation) in the
spatial interval [—x,7]). &(x,¢) is a Gaussian noise with the
following expressions for its mean and covariance:

(E(or) = 0
E@NEW) = o?8a—x)sc—r) @

where © is a real number, 6(-) is the Dirac function, and (-)
denotes the expected value.

Our objective is to control the surface covariance of the
process, Covy,, which is represented by the expected value of
the standard deviation of the surface height from the desired
height and is given as follows:

T

Covi(t) = < / lh(x,) —hd]zdx> 3)
-7

where hy(t) is the desired surface height.

To study the dynamics of Eq.1, we initially consider the
eigenvalue problem of the linear spatial differential opera-
tor of Eq.1 subject to the operator homogenous boundary
conditions, which takes the form:

JZ{‘l_’n(x) = ln(ﬁn(x)a

where A, and ¢, denote the n'" eigenvalue and eigenfunction,
respectively. To simplify our development and motivated by
most practical applications, we consider stochastic PDEs for
which & is a highly dissipative operator (i.e., a second-
order or fourth-order linear self-adjoint operator) and has
eigenvalues which are real and satisfy A; > A;--- and the

n=1,2 4)

sum Z

i=1
more, the eigenfunctions {; (x), 2 (x),- -
orthonormal set.

To present the method for feedback controller design, we
initially formulate Eq.1 into an infinite-dimensional stochas-
tic ODE system using modal decomposition. To this end,
we first expand the solution of Eq.l into an infinite series
in terms of the eigenfunctions of the operator of Eq.4 as

follows: -
= Z OCn(t)(ﬁn(x) (5)
n=1

where o, (1) (n=1,2,--- ) are time-varying coefficients.
Substituting the above expansion for the solution, %(x,t), into
Eq.1 and taking the inner product with the adjoint eigenfunc-
tion, @, (x), the following system of infinite stochastic ODEs
is obtained:

— | converges to a finite positive number. Further-

} form a complete

doc,,
dt

A n+zbo¢ ul

)+8at)n=1,...,0  (6)

where

ba, = [ & 0bix)dx R

and

- [ exngieas ®

The covariance of &£[(r) can be computed by using the
following result:

Result 1: If (1) f(x) is a deterministic function, (2)
N(x) is a random variable with (n(x)) = 0 and covariance
ME)N()) = 628(x—x'), and (3) & = [ f(x)n (x)dx, then
€ is a real random number with (¢) = 0 and covariance
(€2) = 02 [} f2(x)dx [1].

Using Result 1, we obtain (EZ(¢)EX(1)) = 628(t —1').

In this work, the controlled variable is the surface covari-
ance defined in Eq.3. Without loss of generality, we pick
ha(t) = 0. Therefore, Covy(f) can be rewritten in terms of
o, (1) as follows [19]:

Conlt) = ([ [htx.)~0Pd)
5 a0Pan = (F a?) = L)
= )

Eq.9 provides a direct link between the surface covariance
and the state covariance of the system of infinite stochastic
ODE:s of Eq.6.

—

B. Model Reduction

Owing to its infinite-dimensional nature, the system of
Eq.6 cannot be directly used as a basis for feedback con-
troller design that can be implemented in practice (i.e., the
practical implementation of such a controller will require
the computation of infinite sums which cannot be done
by a computer). Instead, we will use finite-dimensional
approximations of the system of Eq.6 for the purpose of
model-based output feedback controller design. Specifically,
we rewrite the system of Eq.6 as follows:

dx
dTS = Agxy +Bgu+ &
i (10)
— = Agxp+Bru+&f
where
xo=[oq - am]TT xXp= [Cni1  Omi2 T}T
és: [gol[ é(’;ﬂ g [gam+l§m+2 }
Ay =diaghy -+ Ay
Ap=diag Ani1 Amya -]
b1y bpa (11)
By = : :
blam bpolm
b Loy, 11 bpam+1
Bf — b]am+2 bl"xm+2

Note that the x; subsystem is m'"-order and the x r subsystem
is infinite-dimensional.
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The expression of Covy, in Eq.9 can be re-written in the
following form:
oo m oo

(0i(t)?) = Z<06i(f)2>+ Z (0i(t)%)

1 i=1 i=m+1
x5(1)) + (up(6) xp (2)) = TrlPy(1)] + Tr[Py(1)]
12)

|
o~
&
—~
-~
—
\]

where P; and Py are covariance matrices of the x, and
x; which are defined as Py = (xx]) and Py = (xsx}),
respectively. T[] denotes the trace of a matrix.

Neglecting the x; subsystem, the following finite-

dimensional approximation is obtained:
dXx
dt

and the surface covariance of the infinite-dimensional
stochastic system, Cov,, can be approximated by Covy,
which is computed from the state of the finite-dimensional
approximation of Eq.13 as follows:

Cova(t) = Tr{P, (1)

= A&y +Bu+ & (13)

(14)

where the tilde symbol denotes that the variable is associated
with the finite-dimensional system. The reader may refer
to [9], [23], [5] for further results on model reduction of
dissipative PDEs.

C. State Feedback Control

When the state of the finite-dimensional system of Eq.13
is available, a linear state feedback controller can be designed
to regulate the surface covariance:

u = G¥, 15)

where G is the gain matrix, which should be carefully
designed so as to stabilize the closed-loop finite-dimensional
system and obtain the desired closed-loop surface covariance.
Note that the linear state feedback controller of Eq.15 has
been used, in our previous work, to control the surface
covariance in both thin film growth and ion-sputtering pro-
cesses [19], [18].

Since the above state feedback control assumes a full
knowledge of the states of the process at all positions and
times, which may be a restrictive requirement for certain
practical applications, we proceed to design output feedback
controllers by combining the state feedback control law and
a state observer.

III. OuTPUT FEEDBACK CONTROL

In this section, we design linear output feedback con-
trollers by combining the state feedback control law of Eq.15
and a dynamic state observer which estimates the state of
the finite-dimensional system of Eq.13 using the measured
process output with sensor noise. First, a dynamic state
observer is developed using a Kalman-Bucy filter approach,
which yields an optimal estimate of the state of the finite-
dimensional system by minimizing the mean square estima-
tion error. The dynamic state observer is then coupled to the
state feedback controller of Eq.15 to construct a dynamic
output feedback controller. For the special case where the

number of measurement sensors is equal to the order of the
finite-dimensional system, a static output feedback controller
may be designed by following a static state estimation
approach proposed in [3], [8].

A. Measured Output with Sensor Noise

The state feedback controller of Eq.15 requires the avail-
ability of the state X;, which implies that the value of the
surface height profile, h(x,7), is available at any location and
time. However, from a practical point of view, measurements
of the surface height profile are only available at a finite
number of locations. Motivated by this, we design an output
feedback controller that uses measurements of the surface
height at distinct locations to enforce a desired closed-
loop surface covariance. The sensor noise is modeled as
a Gaussian white noise and is added to the surface height
measurements. Specifically, the measured process output is
expressed as follows:

() =

[0+ &/ (1) h(xa.t)+E}(0) h<xq,r>+é;f<r2]l;
where x; (i = 1,2,---,g9) denotes a location of a point
measurement sensor and ¢ is the number of measurement
sensors. & (1), &X(t), -+, &!(r) are independent Gaussian
white noises with the following expressions for their means
and covariances:

(&(1)) =0
(Ei(nNE/ (1) = 028;8(1 1) (17
1:1727(] j:1,2,q

where o is a constant and J;; is the Kronecker delta function.
Note that the sensor noises are independent of the system
noises, & and &;.

Using Eq.3, the vector of measured outputs, y(z), can be
written in terms of x; and x; as follows:

(1) P (x1) +§y1 (t)

i vel

 agki

(o (t) On (x2) + €)2 (t)

<
=
-~
=
|
=
[
=

(18)

ianwn(xmé;(r)
= Co(0) +Crp ) + &)
where

o1 (x1)
¢1(x2)

01(x)) r(x)

Omi1 (xl )
i1 (xZ)

P2 (x1)
P2 (x2)

Om(x1)
Om (x2)

Om ('xq)

(19)
Omia(x1)
Omi2 (XZ)

¢m+é (xq)

O (3)
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and
&)= [\ &) gin]”

Consequently, the system of Eq.10 with the measured
process output vector can be written as follows:

(20)

dx,
jxl = Asxs +Bou+ és

X
= At But gy e

y=Cux;+Crxr+§&,
Neglecting the x; subsystem, the following finite-
dimensional stochastic ODE system can be obtained:

dx .
71: = A +Bsu+ és

}7 = Csi.\' + éy
where the tilde symbols in %; and j denote the correspon-

dence to a reduced-order system. The system of Eq.22 is
used as the basis for output feedback controller design.

(22)

B. Dynamic Output Feedback Control

To design a dynamic output feedback controller, we first
construct a dynamic state estimator using information from
the measured output vector. Specifically, a Kalman-Bucy
filter is designed for the optimal estimation of the state of
the finite-dimensional system of Eq.22 as follows [12]:

% = Ak + Bsu+ K(y — CsRy),

where £ is the estimate of the state and K is a gain matrix,
which is computed as follows [12]:

%5(0) = %50 (23)

K=0clv, ! (24)

where V), is the sensor noise intensity matrix defined by
(&O&E)T) =8t —1) (25)

and Q is the covariance matrix for the state estimation error
and is defined as

0 = lim(&(r)e(r)") (26)
where &(z) is the estimation error:
&=F,— % 27

The covariance matrix for the state estimation error, Q,
is the unique nonnegative-definite solution of the following
algebraic Riccati equation [12]:

AsQ+ QA —OC{V, ' C0+V, =0 (28)
where V; is the noise intensity matrix of the & defined by

()& ()Y =V8(t—1") (29)

The dynamic output feedback controller is designed by
combining the state feedback controller of Eq.15 and the
state estimator of Eq.23 and takes the form:

dx . " . «
d—; Ak + Bsu+K(y—Ceky), £(0) = %50 (30)
u = Gx

By applying the dynamic output feedback controller of Eq.30
to the finite-dimensional system of Eq.22, the following
closed-loop finite dimensional system can be obtained:

% = A&+ B+
Jo= Guth 31)
d—; = A +Bu+KGF—Cik)

u = Gk

The closed-loop finite dimensional system of Eq.31 can be
written in terms of X; and e using Eq.27 as follows:

di
% = (AS+BSG)X:S_BSGE+€S

gt ) 32)
o (A —KCy)é+ & — K&,

The stability of the closed-loop finite-dimensional system
of Eq.32 depends on the stability properties of the matrices
(As+B,G) and (A;— KCy). Specifically, the stability of (A;+
B;G) depends on the appropriate design of the state feedback
controller and the stability of (A; — KCs) depends on the
appropriate design of the Kalman-Bucy filter. Owing to its
cascaded structure, the system of Eq.32 is asymptotically
stable if both (A;+ B;G) and (A; — KCy) are stable matrices.
This results in the existence of a steady-state covariance
matrix (e.g., a covariance matrix as t — oo) of the closed-
loop stochastic system [12]. To investigate the steady-state
covariance matrix of the closed-loop system of Eq.32, we
rewrite Eq.32 as follows:

dfx]

dt | e |

{ANLBSG —B,G }{is]Jr[ls 0 }{;}
0 A-—KC || e I K ||§&

(33)
where I is a m'"-order elementary matrix and 0 denotes a
zero matrix with an appropriate size.
The steady-state covariance matrix of the system of Eq.33
is defined as follows:

Pt (| 50 o ewr)=| § 5

where B, P., P,, and P, are covariance matrices of the form:

} (34)

iiS PSE

ppm(| ) | e0n)=| 5 %

} (35)

P is the unique positive-definite solution of the following
Lyapunov equation [12]:

[As—i—BSG ~B,G ]p+p[AS+BSG _B,G ]T
0 Ay —KG, 0 Ay —KGC,

Lo Jfve 0[5 o " _,

fn Sl w ]l -

(36)

When the solution of P is availabl/e,vthe surface covariance
of the finite-dimensional system, Cov,, can be obtained by
using only ;.
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C. Analysis of Closed-loop Infinite-dimensional System

We now proceed to characterize the accuracy with which
the surface covariance in the closed-loop infinite-dimensional
system is controlled by the finite-dimensional linear dynamic
output feedback controller. By applying the controller of
Eq.30 to the infinite-dimensional system of Eq.10 and substi-
tuting the estimation error in Eq.27, the infinite-dimensional
closed-loop system takes the following form:

d
g": —  (Ay+B,G)x, — B,Ge+ &,
e
E = (AS—KCs)e—KCfo-l—és—Ké:y (37)
dJCf
gW = Agexs+ 8(Bfo_g — BfGE) + Eéf
A
where € = M| , and A re = €A+ is an infinite-dimensional

A f f
11

stable matrix.

The infinite-dimensional system of Eq.37 is then a
singularly-perturbed system driven by white noise. We now
proceed to characterize the accuracy with which the sur-
face covariance is controlled in the closed-loop infinite-
dimensional system. Theorem 1 provides a characteriza-
tion of the surface covariance enforced by dynamic output
feedback controller in the closed-loop infinite dimensional
system. The proof of Theorem 1 can be found in the journal
version of this paper [13] and is omitted here due to space
limitation.

Theorem 1: Consider the surface covariance of the finite-
dimensional system of Eq.32, Covy,

By = 1lim (%,(1)% (1)), Covy =Tr{B;}

t—o0

(38)

and the surface covariance of the infinite-dimensional system
of Eq.37, Covy,

T

x=1] x! x; 17, P=lim{x(t)x(r)"),

[—o0

Covy, =Tr{P}
(39
where (-) denotes the expected value. Then, there exists £* >
0 such that if € € (0,€*], Cov;, and Covy, satisfy:
Covy, = Covy+ 0(+/¢) (40)
IV. APPLICATION TO THE LINEARIZED STOCHASTIC
KSE

In this section, we present applications of the proposed
linear output feedback covariance controller to the linearized
stochastic KSE to demonstrate the effectiveness of the pro-
posed output feedback covariance controllers. The stochastic
KSE is a fourth-order nonlinear stochastic partial differential
equation that describes the evolution of the height fluctuation
for surfaces in a variety of material preparation processes
including surface erosion by ion sputtering [10], [16], surface
smoothing by energetic clusters [14] and ZrO; thin film
growth by reactive ion beam sputtering [22]. The linearized
stochastic KSE around the zero solution (h(x,7) = 0) takes

the following form:
oh 9°h *h L
— =—=5 — K55+ ) bi(x)ui(r)+&(x,1)
ot ox? ox* I:Z{
y(t) =

[ 0) + &) () h(xa,t) +E2(1) h(xgst) +E4()]

(41)
subject to periodic boundary conditions:
d’h d’h )

and the initial condition &(x,0) = h(x), where x € [—7, 7] is
the spatial coordinate and x > 0 is the instability parameter
of the stochastic KSE.

The eigenvalue problem of the linear operator of Eq.41
takes the form:

Y _ dz(ﬁn(x) d4(]3n(x) oz
5 A Pp(x) ;](; a2 K P A (%)
T R = s =03 n= e
(43)

A direct computation of the solution of the above eigenvalue
problem yields Ay = 0 with yy = 1/v/2x, and A, = n> — kn*
(A4 is an eigenvalue of multiplicity two) with eigenfunc-
tions ¢, = (1/y/7)sin(nx) and v, = (1/4/7)cos(nx) for
n=1,---,0. Note that the ¢, in the general eigenvalue
problem formulation of Eq.4 denotes either ¢, or y,. From
the expression of the eigenvalues, it follows that for a fixed
value of k¥ > 0, the number of unstable eigenvalues of the
operator </ in Eq.43 is finite and the distance between two
consecutive eigenvalues (i.e. A, and A,.]) increases as n
increases.

For 0 < k < 1, the operator of Eq.4 possesses unstable
eigenvalues. Thus, the zero solution of the open-loop system
of Eq.41 is unstable, which implies that the surface covari-
ance increases with time due to the open-loop instability
of the zero solution. An appropriately designed feedback
controller is necessary to regulate the surface covariance to
a desired value.

Using modal decomposition, the linearized stochastic KSE
is formulated into an infinite-dimensional stochastic ODE
system as follows:

day, 2 4 < n

7 =(n"—kn )(Xn—i-Zbianui(t)—Féa(t) n=1,...,0
i=1

ar =(n"—xn )ﬁn-f—zi iﬁnui(l)-i-éﬁ(t) n=0,1,...,0
i=

(44)
A finite-dimensional approximation of Eq.44 can be then
derived by neglecting the fast modes (i.e., modes of order
m+1 and higher) and a system of the form of Eq.13 is
obtained for covariance controller design.

A linear state feedback controller is initially designed
on the basis of the finite-dimensional approximation by
following the method proposed in [18], which takes the
following form:

u=B;" (A — Ay) %

N

(45)
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where the matrix A, contains the desired poles of the
closed-loop system; Acs = diaglAcgy Acal ++ Acoam Acpi

Acpml- Acpos Acai and Aeg; (i =1,---,m) are desired
poles of the closed-loop finite-dimensional system, which
satisfy Re{Acqi} <O for i=1,---,m and Re{A.g;} <O for
i=0,1,---,m.

To simplify the development, we assume that p =2m+ 1
(i.e., the number of control actuators is equal to the dimen-
sion of the finite dimensional system) and pick the actuator
distribution functions, b;(x), in the following form:

1/V2m; i=1
bi(x)=1{ (1/y/m)sin[(i— 1)x]; i=2,mt1
(1/y/T)cos|[(i—m—1)x]; i=m+2,---,2m+1

(46)
Note that the actuator distribution functions are selected such
that B;! exists. The following parameters are used in the
simulation:

k=01 6=01 m=5 A7)

We design the linear state feedback controller such that all
the desired poles in A, are equal to —10.0. The surface
covariance of the infinite-dimensional system under the state
feedback controller is 0.55. The method to determine the
values of the closed-loop poles to regulate the surface
covariance to a set-point value can be found in [18] and
is omitted here for brevity.

Eleven measurement sensors are used and are evenly
placed on the spatial domain [—7, ]. A perfect initial surface
is assumed and zero initial state estimates are used for all
simulations.

ho(x) =0 x,(0)=%£,(0)=0 x;(0)=0  (48)

A 50" order stochastic ODE approximation of Eq.41 is
used to simulate the process (a higher-order approximation
leads to identical numerical results). The Dirac delta function
involved in the covariances of &2 and ég is approximated

by e where Ar is the integration time step. Since it is a

stochastic process, the surface covariance profile is obtained
by averaging the results of 1000 independent simulation runs
using the same parameters.

In the closed-loop simulation under linear dynamic output
feedback control, a Kalman-Bucy filter is designed to esti-
mate the state of the finite-dimensional system. The gain ma-
trix K is obtained from the solution of the algebraic Riccati
equation of Eqgs.24 and 28. Covy, is the surface covariance of
the closed-loop finite-dimensional system under the finite-
dimensional output feedback covariance controller and is
the solution of the Lyapunov equation of Eq.36. According
to Theorem 1, Cov, is an O(y/€) approximation of the
closed-loop surface covariance of the infinite-dimensional
system, Covy, i.e., the closed-loop surface covariance of the
infinite-dimensional system is an O(y/€) approximation of
the desired value. To regulate the surface covariance to a
desired value, the € should be sufficiently small, which can
be achieved by appropriately selecting the size of the finite-
dimensional approximation used for covariance controller

design. In this design, when m =5, € = 0.01, which is a
sufficiently small number compared to the desired closed-
loop surface covariance.

Since we use 11 measurement sensors, ¢ = 2m+ 1 and
the observer gain matrix is a square matrix. The desired
surface covariance is 1.1347. The gain matrices for both
the state observer, K, and the state feedback control law,
G, are determined based on this desired surface covariance
Note that because of the existence of the sensor noise, the
surface covariance under the output feedback covariance
controller is higher than the one under state feedback control
where the same gain matrix, G is used and the full state
of the surface is accessible. The closed-loop simulation
result under the dynamic output feedback controller with
11 measurement sensors is shown in Fig.1. The controller
successfully drives the surface covariance of the closed-loop
infinite-dimensional system to a level which is within the
range of the t@retical estimate of Theorem 1, i.e., /€ ~0.1
and Covy, = Cov, + 0(0.1). The result shown in Fig.1 also
confirms that the surface covariance contribution from the x
subsystem is negligible and that the contribution from the x;
subsystem is dominant. Therefore, the design of the output
feedback covariance controller based on the x; subsystem can
regulate the surface covariance of the infinite-dimensional
closed-loop system to the desired level.

Linearized Stochastic KSE

1.4

1ef " o T T T 1A
) - ~ IS r It <y o3 Cov
o 2 h
% 1? """""""""""""""""
=
©
>0.8r
o
O
©06f
8 - - -Covariance from x
‘Co4t S
c?) ... Covariance from X,

0.2} —Surface Covariance |

0 L U S

0 0.2 0.4 0.6 0.8 1

“Time

Fig. 1. The closed-loop surface covariance under linear dynamic output
feedback control using 11 measurement sensors. The horizontal dashed lines
represent the range in which the surface covariance Covj, is expected to be
based on the theoretical estimates of Theorem 1.

For dynamic output feedback control design, the number
of the measurements is not needed to be equal to the
dimension of the finite-dimensional system. A number of
measurement sensors that is larger than the dimension of
the finite-dimensional system results in a more accurate
state estimation from the Kalman-Bucy filter. Therefore, the
closed-loop surface covariance can be closer to the set-
point value compared to the one in which the number of
measurement sensors is equal to the dimension of the finite-
dimensional system. On the other hand, when the number of
the measurement sensors is smaller than the dimension of the
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finite-dimensional system but is equal to or larger than the
number of unstable modes of the system, it is still possible
to design a stable Kalman-Bucy filter for state estimation.
Fig.2 shows the comparison of closed-loop simulation results
when different numbers of measurement sensors are used for
state estimation. The feedback control law is the same for
all simulations. Specifically, Fig.2 shows results from three
closed-loop simulation runs with 7, 11 and 15 measurement
sensors. It is clear that the control system which uses a larger
number of measurement sensors is capable to control the
surface covariance to a lower level. On the other hand, since
the dimension of the finite-dimensional system is 11, it is
possible to stabilize the surface covariance to a finite value
when the number of measurement sensors is smaller than the
dimension of the finite-dimensional system.

Linearized Stochastic KSE
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Fig. 2. Comparison of the surface covariance under linear dynamic output
feedback controllers with 7, 11 and 15 measurement sensors.

However, there is a minimum number of measurement
sensors required by the dynamic output feedback controller
to stabilize the system. In this study, a minimum of 7
measurement sensors are required. When the number of
measurement sensors is fewer than the minimum number, 7,
the output feedback controller cannot stabilize the closed-
loop system. The results for a number of measurement
sensors less than the minimum can be found in the journal
version of this paper and thus omitted here due to the page
limit [13].

V. CONCLUSIONS

In this work, we developed a method for dynamic output
feedback covariance control of the state covariance of linear
dissipative stochastic PDEs using spatially distributed control
actuation and sensing with measurement noise. Application
of the linear dynamic output feedback controller to the
linearized stochastic Kuramoto-Sivashinsky equations was
presented.

REFERENCES

[11 K. J. Astrém. Introduction to Stochastic Control Theory. Academic
Press, New York, 1970.

(2]

(31

(4]

[5]

(6]

(71

(81

(91

[10]

[11]

[12]

[13]

[14]

[15]

[16]

(171

[18]

[19]

[20]

[21]

[22]

(23]

[24]

[25]

266

Y. Akiyama, N. Imaishi, Y. S. Shin, and S. C. Jung. Macro- and
micro-scale simulation of growth rate and composition in MOCVD of
yttria-stabilized ziroconia. Journal of Crystal Growth, 241:352-362,
2002.

J. Baker and P. D. Christofides. Output feedback control of parabolic
PDE systems with nonlinear spatial differential operators. Industrial
& Engineering Chemistry Research, 38:4372-4380, 1999.

J. O. Choo, R. A. Adomaitis, L. Henn-Lecordier, Y Cai, and G. W.
Rubloff. Development of a spatially controllable chemical vapor
deposition reactor with combinatorial processing capabilities. Review
of Scientific Instruments, 76:062217, 2005.

P. D. Christofides. Nonlinear and Robust Control of PDE Sys-
tems: Methods and Applications to Transport-Reaction Processes.
Birkhduser, Boston, 2001.

P. D. Christofides and A. Armaou.
multiscale process systems.
30:1670-1686, 2006.

P. D. Christofides, A. Armaou, Y. Lou, and A. Varshney. Control and
Optimization of Multiscale Process Systems, accepted for publication.
Birkhduser, Boston, 2008.

P. D. Christofides and J. Baker. Robust output feedback control
of quasi-linear parabolic PDE systems. Systems & Control Letters,
36:307-316, 1999.

P. D. Christofides and P. Daoutidis. Finite-dimensional control of
parabolic PDE systems using approximate inertial manifolds. Journal
of Mathematical Analysis and Applications, 216:398-420, 1997.

R. Cuerno, H. A. Makse, S. Tomassone, S. T. Harrington, and H. E.
Stanley. Stochastic model for surface erosion via ion sputtering:
Dynamical evolution from ripple morphology to rough morphology.
Physical Review Letters, 75:4464-4467, 1995.

S. F. Edwards and D. R. Wilkinson. The surface statistics of a granular
aggregate. Proceedings of the Royal Society of London Series A -
Mathematical Physical and Engineering Sciences, 381:17-31, 1982.
A. Hotz and R. E. Skelton. Covariance control theory. International
Journal of Control, 46:13-32, 1987.

G. Hu, Y. Lou, and P. D. Christofides. Dynamic output feedback co-
variance control of stochastic dissipative partial differential equations.
Chemical Engineering Science, submitted, 2008.

Z. Insepov, 1. Yamada, and M. Sosnowski. Surface smoothing with
energetic cluster beams. Journal of Vacuum Science & Technology A
- Vacuum Surfaces and Films, 15:981-984, 1997.

T. Iwasaki and R. E. Skelton. On the observer-based structure of
covariance controllers. Systems & Control Letters, 22:17-25, 1994.
K. B. Lauritsen, R. Cuerno, and H. A. Makse. Noisy Kuramote-
Sivashinsky equation for an erosion model. Physical Review E,
54:3577-3580, 1996.

Y. H. Lee, Y. S. Kim, B. K. Ju, and M. H. Oh. Roughness of
ZnS : Pr,Ce/Ta;Os interface and its effects on electrical performance
of alternating current thin-film electroluminescent devices. I[EEE
Transactions on Electron Devices, 46:892—896, 1999.

Y. Lou and P. D. Christofides. Feedback control of surface roughness
in sputtering processes using the stochastic Kuramoto-Sivashinsky
equation. Computers & Chemical Engineering, 29:741-759, 2005.
Y. Lou and P. D. Christofides. Feedback control of surface roughness
using stochastic PDEs. AIChE Journal, 51:345-352, 2005.

Y. Lou and P. D. Christofides. Nonlinear feedback control of surface
roughness using a stochastic PDE: Design and application to a
sputtering process,. Industrial & Engineering Chemistry Research,
45:7177-7189, 2006.

D. Ni and P. D. Christofides.
thin film deposition using a stochastic PDE model.
Engineering Chemistry Research, 44:2416-2427, 2005.
H.J. Qi, L. H. Huang, Z. S. Tang, C. F. Cheng, J. D. Shao, and Z. X.
Fan. Roughness evolution of ZrO; thin films grown by reactive ion
beam sputtering. Thin Solid Films, 444:146-152, 2003.

A. Theodoropoulou, R. A. Adomaitis, and E. Zafiriou. Model
reduction for optimization of rapid thermal chemical vapor deposition
systems. IEEE Transactions on Semiconductor Manufacturing, 11:85—
98, 1998.

J. Villain. Continuum models of crystal growth from atomic beams
with and without desorption. Journal de physique I, 1:19-42, 1991.
D. D. Vvedensky, A. Zangwill, C. N. Luse, and M. R. Wilby.
Stochastic equations of motion for epitaxial growth. Physical Review
E, 48:852-862, 1993.

Control and optimization of
Computers & Chemical Engineering,

Multivariable predictive control of
Industrial &



