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On Finite-Time Stability of State Dependent Impulsive Dynamical
Systems

R. Ambrosinof, F. Calabreset, C. Cosentino, G. De Tommasi*

Abstract— This paper extends the finite-time stability prob-
lem to state dependent impulsive dynamical systems. For this
class of hybrid systems, the state jumps when the trajectory
reaches a resetting set, which is a subset of the state space. A
sufficient condition for finite-time stability of state dependent
impulsive dynamical systems is provided. Moreover, S — pro-
cedure arguments are exploited to obtain a formulation of this
sufficient condition which is numerically tractable by means
of Differential Linear Matrix Inequalities (DLMIs). Such a
formulation may be in general more conservative, for this
reason a procedure which allows to automate its verification,
without introduce conservatism, is given both for second order
systems, and when the resetting set is ellispoidal.

I. INTRODUCTION

The concept of finite-time stability (FTS) dates back to
the Sixties, when it was introduced in the control litera-
ture [1], [2]. A system is said to be finite-time stable if,
given a bound on the initial condition, its state does not
exceed a certain threshold during a specified time interval.
It is important to recall that FTS and Lyapunov Asymptotic
Stability (LAS) are independent concepts; indeed a system
can be FTS but not LAS, and vice versa. While LAS
deals with the behavior of a system within a sufficiently
long (in principle infinite) time interval, FTS is a more
practical concept, useful to study the behavior of the system
within a finite (possibly short) interval, and therefore it finds
application whenever it is desired that the state variables
do not exceed a given threshold (for example to avoid
saturations or the excitation of nonlinear dynamics) during
the transients.

In [3], [4], [5] sufficient conditions for FTS and finite-
time stabilization of continuous-time linear systems have
been provided; such conditions are based on the solution of
a feasibility problem involving either Linear Matrix Inequal-
ities (LMIs [6]) or Differential Linear Matrix Inequalities
(DLMIs [7]). The former approach is less demanding from
the computational point of view, while the latter is less
conservative.

The increasing interest that the researchers have devoted
in the last decade to the theory and application of hybrid
systems represents a natural stimulus to the extension of
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the FTS concept to such context, which is the objective of
the present work. Indeed, in this paper, we will focus on a
class of hybrid systems, namely state dependent impulsive
dynamical systems [8], where the state jumps occur when
the trajectory reaches an assigned subset of the state space,
the so-called resetting set. Classical examples which fall
in this category of systems are the bouncing ball, whose
velocity jumps from positive to negative values when the
ball hits the ground and the automatic gear-box in cruise
control (for more details and further examples see [9]).

Many results concerning the classical Lyapunov asymp-
totic stability for hybrid systems have been proposed in the
literature (see for instance the monographs [9], [10], [8]
and references therein). In this paper, as in [11] and [12],
we exploit S-procedure arguments, in order to end up
with numerically tractable analysis conditions formulated as
DLMIs. The main result of the paper is a sufficient condition
which guarantees the FTS of a given state dependent impul-
sive system. Moreover it is shown that, either in presence of
second order systems or when the resetting set is ellipsoidal,
the S-procedure does not introduce conservatism in the FTS
analysis.

The paper is structured as follows. The next section
presents the notation, the class of hybrid systems we deal
with, and some preliminary results exploited throughout the
paper. The main results are given in Section IIl. In Sec-
tion IV the conservatism introduced by the S-procedure is
discussed, and two procedures are presented to reduce such
conservatism. The applicability of the proposed results is
illustrated through a numerical example. Some conclusions
and plans for future works are given in Section V.

II. PRELIMINARIES

The notation used throughout the paper is presented in
this section, together with the FTS problem statement for
the class of state dependent impulsive systems. Preliminary
results on quadratic forms, which will be exploited in the
sequel of the paper, are also provided at the end of the
section.

A. Problem Statement

Let us consider the state dependent impulsive dynamical
linear system described by

N
B(t) = A@)a(t), x(0)=xz0, a(t)eR™\ ]Sk
k=1 (13)
x(t+) ZAd7kJJ(t), x(t) eSy, k=1,...,.N (1b)
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where A(-) : Rar — R"" Ag, € R, k=1,...,N.
The sets S, C R™, k=1,..., N, are connected and closed
pairwise disjoint sets (i.e. S; N S; = 0,V i # j), such
that 0 ¢ Si. We refer to the differential equation (1a) as the
continuous-time dynamics, to the difference equations (1b)
as the resetting laws, and to the sets Sy as the resetting
sets [8].

Let us denote by x(-) the solution of the impulsive
dynamical system (la)-(1b). We assume that the resetting
laws keep x(-) away from Sk, therefore no trajectory can
intersect the interior of S, k=1,..., N.

Definition 1 (FTS of impulsive systems): Given a posi-
tive scalar 7T, a positive definite matrix R, a positive
definite matrix-valued function I'(-) defined over [0,T],
with I'(0) < R, system (1) is said to be finite-time stable
with respect to (T, R,T'(+)) if

ttRrg <1=z)'T(t)x(t) <1 Vte[0,T]. Q)
9

Fig. 1.
system.

Example of evolution of a state dependent impulsive dynamical

Fig. 1 shows an example of finite-time stable trajectory
of a state dependent impulsive system. The trajectory starts
inside the sphere D; defined by a positive definite matrix
R, and remains inside the sphere D5 defined by a positive
definite matrix I', V ¢ € [0, 7]. When the trajectory reaches
one of the two resetting sets S; or So, the system state
jumps.

B. Some Useful Definitions

The following definitions will be useful throughout the

paper.
Definition 2 (Conical Hull [13], p. 28): Given a set
S C R", the set

cone(S) = {1z + -+ Mgy : {21, ..

is said to be the conical hull of S [13]. The notation
cone(—S) denotes the set

cone(—8) := { Mz + -+ Mgxg s {zq, ..
O

Definition 3 (Projection with respect to the origin):
Consider a hyper-surface H C R™ and a set S C R". The
projection of & on H with respect to the origin is defined
as

Sy ={yeH:y=X x, \eR, z € S}.

O
The projection with respect to the origin is a perspective
projection [14], where the point of perspective is the origin
of the state space, and the projection’s surface is the hyper-
surface H.
Definition 4 (Convex hull [13], p. 4): Given a set of
points K = {z(M ... 2"} c R", the convex hull of
K is defined as

conv(K) :=
k
= {Alx(l) ot a® N >0, N = 1} ,
i=1
i.e. as the smallest convex set containing K. O
Definition 5 (Chebyshev center [15]): The Chebyshev
center of a set S C R™ is
0s := arg gréliRI}L (rglea‘é( lx — 9)||Oo> .
o

C. Preliminary results on quadratic forms

As it will be shown later, the main result of the paper
requires to check whether, given a connected and closed
set S C R™ and a symmetric matrix @y € R™*", the
inequality

" Qoz <0, xe8\{0}, 3)

is satisfied.

In the following, our goal is to find some numerically
tractable conditions which guarantee the satisfaction of (3).
Exploiting & — procedure arguments ([6], p. 24), it is
readily seen that () satisfies (3) if the following feasibility
problem admits a solution.

Problem 1: Given a connected and closed set S C R"™,
a symmetric matrix Qg € R™ "™ and symmetric matrices
Q; € R™*™ satisfying

TQix <0, zeS8, i=1,...,p, (4a)
find nonnegative scalars ¢;, ¢ = 1,...,p, such that
p
Qo— Y ciQi<0. (4b)
i=1
O

Remark 1: The usefulness of Problem 1 relies in the

.ot © S, \; > 0} fact that it can be recast in the LMIs framework, where
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the coefficients c¢; are the optimization variables of the
LMI (4b). Clearly, one needs a method to choose the
matrices ();; in the next section we provide a procedure to
build a suitable set of matrices @);, which can be exploited
when the set S satisfies some assumptions. O

As mentioned above, if Problem 1 admits a feasible
solution, then (3) is satisfied. In general, the converse is
not true. Therefore it makes sense to investigate under
which conditions solving Problem 1 is equivalent to check
condition (3); the answer is given by the following lemma.

Lemma 1: Given a connected and closed set S C R"
and a symmetric matrix Qg € R™*"™, assume there exists
a symmetric matrix Q) € R™*™ such that

2"Qx <0 V x € (cone(S)Ucone(—S)) \ {0} (Sa)
2"Qz >0 VzeR"\ (cone(S)Ucone(—S)) (5b)
JzesS\{0}: iTQi<o0; (5¢)

then condition (3) the feasibility Problem 1 with p = 1 and
Q1=0Q.
Proof: The proof is trivial once recognized that:

D) 27Qox < 0 for all z € S iff 27Qpz < 0 for all
x € cone(S) U cone(—S) (see Lemma 2 in the
Appendix).

2) solving Problem 2 with p = 1 and Q; = Q, is
equivalent to applying lossless S-procedure, since Q
satisfies (15) of Lemma 3 reported in the Appendix.

|

In Section IV we shall see that when the set S satis-

fies certain assumptions, the hypotheses of Lemma 1 are
fulfilled and the approach via Problem 1 does not add
conservatism in the FTS analysis.

III. MAIN RESULTS
The following theorem gives a sufficient condition for
FTS of system (1).
Theorem 1: System (1) is FTS with respect to
(T, R,T(-)) if the following coupled differential/difference
Lyapunov inequalities with terminal and initial conditions,

P(t)+ A{t)TP(t) + P(H)A(t) < 0, (62)

a (AfP(t)Aar — P()) 2 <0, (6b)
VeeS,, k=1,...,N

P(t) > T(t), (6¢)

P0) <R, (6d)

admit a continuously differentiable symmetric solution P(-)
over the interval [0, T7.

Proof: Let V(t,z) = 2T P(t)z. If z ¢ U;ICV:1 Sk, then
the derivative of V' along the trajectories of system (la)
yields

V(t,z) =T (P(t) + AT P(t) + P(t)A(t)) z,

which is negative definite by virtue of (6a).

At the discontinuity points (z € Si) we have
V(t+, x) — V(t, .Z‘) =7 (Ad’}gP(t-’_)Ad)k — P(ﬁ)) T,

which is negative definite in view of (6b).

We can conclude that V' (¢, x) is strictly decreasing along
the trajectories of system (la)—(1b); hence, given zy such
that 28 Rro < 1, we have, for all ¢ € [0, 7],

a(t)T(t)x(t) < ()" P(t)z(t) by (6¢)
< z(0)TP(0)z(0)
< z(0)"Rz(0) <1 by (6d).
| ]
Note that, for a given k and ¢, condition (6b) is equal to
3) if we let Q() = Agkp(t)Ad,k — P(t) and S = S;.
Therefore, by exploiting the machinery introduced in Sec-

tion II-C, we can relax inequality (6b) and replace it with
(see Problem 1)

p
AT P(t)Agy — P(t) — Zci,k(t)Qi,k <0

=1

where @); ;; are given symmetric matrices satisfying
2TQirr <0 2 €Sy i=1,...

and ¢; (t) > 0,t€[0,T), fori=1,...,p.

On the basis of this consideration, we can immediately
derive the following corollary of Theorem 1.

Theorem 2: Given a set of symmetric matrices @; k.,
i = 1,...,pk, k=1,..., N, satisfying

27 Qi <0, ok k=1,...,N,

(N

assume there exist a continuously differentiable symmet-
ric matrix function P(-) and nonnegative scalar functions

» Pk s

zeSg,i=1,...

¢ir(), i =1,...,pk k = 1,...,N, such that, for all
te[0,T7,
P(t)+ A®t)TP(t) + P(t)A(t) <0, (8a)
Pk
AL P(t)Aqk — P(t) = > cin(t)Qix <0 (8b)
=1
k=1,...,N
P(t) = T(t) (8¢)
P(0) < R, (8d)

then system (la)—(1b) is FTS with respect to (T, R,T(-)).

Remark 2: In view of the results given in Theorem 2, it
is now possible to clarify the usefulness of the formulation
introduced in Problem 1. Such formulation, indeed, allows
to replace condition (6b) with condition (8b). Note that
the former requires to solve a number of time-varying
inequalities, depending on the matrices Ag j, over the sets
Si; the latter, instead, is just a set of LMIs, therefore it can
be easily solved.

For the sake of simplicity, in the following we will
assume that there is only one resetting set S, i.e. N = 1.
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IV. ANALYSIS OF SOME CASES OF INTEREST

Theorem 2 may introduce conservatism with respect to
Theorem 1 since, in general, the S-procedure is lossy.
However, if there exists a symmetric matrix-valued function
Q(t) which satisfies the conditions (5) for each ¢t € [0,77,
then the S-procedure is lossless and Theorem 2 is equivalent
to Theorem 1.

In the sequel we will discuss two cases where Theorem 2
does not introduce conservatism: resetting sets in R2, and
ellipsoidal resetting sets; we prove that the conservatism can
be eliminated in both cases, except for the following trivial
cases:

1) § C R" lies on a hyperplane which intersect the origin;
2) § € R”™ has dimension less than n — 1.

The definition of ellipsoidal resetting set is based on the
following constructive geometrical procedure.

Procedure 1 (Construction of £ ): Given a connected
and closed set S C R™, construct the set £g as follows:

1) denote with Sy the projection, with respect to the
origin, of S on the unit sphere 7z = 1;

2) denote with Oy the Chebyshev center of S;;

3) denote with H the hyper-plane of dimension n — 1
orthogonal to the line that joins the origin to Os, and
such that 0, € H;

4) &4 is the projection, with respect to the origin, of S
on the hyper-plane H.

An example of construction of the set £ is shown in Fig. 2.

O

Fig. 2.

Construction of the set £ .

Definition 6 (Ellipsoidal resetting set): Consider a non-
trivial resetting set S C R™ and construct the set £ using
Procedure 1. If &4 is an hyper-ellipsoid of dimension n—1,
then S is called ellipsoidal resetting set. O

Remark 3: Since E is constructed using two projections
with respect to the origin it follows that

cone(S) = cone(Ex) .

A. Resetting set S in R?

The following theorem provides a necessary and suffi-
cient condition which enables to find a symmetric matrix
Q € RZ*2 that verifies conditions (5).

Theorem 3: Every non-trivial resetting set S in R? ad-
mits a symmetric matrix Q € R?*? that verifies condi-
tions (5).

Proof: To prove our statement, we provide a procedure
to calculate a matrix @ satisfying conditions (5).

Let s1, s2 € S such that, said S = conv({s1, s2}), we

have

cone(S) = cone(S) .
Then, taking into account Lemmz{ 1, condition (5) can be
equivalently evaluated on the set S. In particular, consider-

ing the properties of the quadratic forms, it is easy to verify
that such condition can be replaced by the following

2TQr <0 Vuxeint(S) (9a)
TQr =0 for z=s1, so (9b)
2'Qx >0 VreH\S. (9¢)

where H is the hyperplane on which S lies, and int(S)
denotes the interior of the set S. Letting s, = %, a
symmetric matrix @ € R**? such that

S{QSI = 07 SgQSQ = Oa

verifies conditions (9). [ |

sLQsm < 0.

B. Ellipsoidal resetting sets S

The following theorem provides a sufficient condition to
find a matrix Q € R™*" that verifies conditions (5).
Theorem 4: If S is an ellipsoidal resetting set, then there
exists a matrix ) € R™*" that verifies conditions (5).
Proof: If S is an ellipsoidal resetting set then (see
Remark 3)
cone(S) = cone(Ex) .

Taking into account Lemma 1, it follows that conditions (5)
can be equivalently evaluated on the set . In particular,
considering the properties of the quadratic forms, it is
easy to verify that such conditions can be replaced by the
following

2TQr <0 Vaxeint(&y) (10a)
'Qr =0 Vaxedly (10b)
T'Qr>0 VYrxecH\Ey. (10c)

To conclude the proof we need to show that the assumption
of ellipsoidal set £y is sufficient to find a matrix ¢Q which
verifies conditions (10).
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In the sequel of the proof we will make the following
assumptions:

e 0, is on the n-th coordinated axis , i.e.

0s = (0 0 T‘)T7 r e R.
o The hyper-plane H is orthogonal to the n-th coordi-
nated axis.

As a matter of fact, it is always possible, by means of
opportune rotations, to satisfy these assumptions.

In view of the assumptions made above, it is possible to
describe the set €y by the system of equations

2 2
T To_
% 4+t ’21 1 1 ,
al an—l
Lp =T,
where a; > 0,¢=1,...,n— 1. Hence, it is straightforward
to check that the matrix
. 1 1 1
Q:dlag (E ai_l _772) 9
satisfies conditions (10). [ |

The following example illustrates the effectiveness of the
proposed procedure.

Example 1 (Impulsive system in R2): Let consider the
following second order impulsive system

0 1
A= ( -1 -0.25 ) )
1.6 —1.4 1 0.1
Agn = ( —-1.4 3.2 ) » Age = ( 01 1 ) )

where the two resetting sets S1 and S are given by

s —eonr((32).(81)).
oo (7). ().

Note that the two discrete dynamics Ag 1 and Ay o are
not Schur stable.

We want to analyze the FTS for such impulsive system,
for

1 0 5 0
T=1s, T=(§ o5 ). R=(3 25 )-

Theorem 3 assures that for each of the considered re-
setting sets in R? there exist a matrix () which verifies
the conditions (5). Applying the procedure proposed in
the proof of Theorem 3, the following matrices have been
found:

—0.2222  0.3889 —0.16
Qi = ( 0.3889  —0.5556 ) ; Q2= ( —0.144
Using matrices 1 and )2, Theorem 2 admits a solution,

therefore the considered system is FTS with respect to
(T,R,I‘). O

—0.144
—0.0896 '

V. CONCLUSIONS

An extension of the finite-time stability concept to a
class of hybrid systems has been presented in this paper. In
particular a sufficient condition for FTS of state dependent
impulsive dynamical systems has been provided. A DLMIs
formulation of this condition for FTS has been provided
as well, in order to check it in a numerically tractable
way. Such a formulation has been obtained exploiting S-
procedure arguments, and it may be in general more con-
servative than the original sufficient condition. In general,
it also requires the definition of a set of specific symmetric
matrices for each resetting set, which is not a straightfor-
ward task. To deal with these problems, a procedure which
allows to automate the building of the symmetric matrices,
without introduce conservatism, is provided both when the
resetting sets are ellispoidal, and when dealing with second
order systems.

APPENDIX

The two results presented in this appendix are needed to
prove Lemma 1 in Section II.

Lemma 2: Consider a nonempty, connected and closed
set S C R”™ and a symmetric matrix @y € R"*";
then (3) is satisfied if and only if

27Qor <0, V€ (cone(S)Ucone(—S))\{0}. (11)
Proof: (11) = (3). Trivial, since S C cone(S) U
cone(—3S).

(3)=(11). Any point Z € cone(S) \ {0} can be written
as

=Mz + -+ A,

where {z1,...,2x} € S, and \; > 0. Since S is a
connected set, it follows that therg exists a scalar A\ > 0
and a vector T € S such that £ = AZ. Therefore

T Qoz = N237Qui < 0.

A similar statement can be made for every point T €
cone(—S8) \ {0}. The implication easily follows. [ |
From Lemma 2 it follows that, when

cone(S) U cone(—S) =R"™, (12)

the satisfaction of (3) is equivalent to require the negative
definiteness of (Qg. Note that condition (12) is verified
whenever the set S surrounds the origin.

Lemma 3 (S-Procedure [16]): Let
Qo,Q1,...,Qp, € R™™ be p+ 1 symmetric matrices.
Consider the following condition on Qq, Q1,...,Qp

2T Qox < 0 Vm:x;«éO/\xTQixgo,
1=1,...,p.

(13)

It is obvious that if

P
36120,...,61320:QosziQi<0, (14)

i=1
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then condition (13) holds. It is not a trivial fact that when
p = 1, the converse holds, provided that

3% suchthat #TQ# <0. (15)

|

Proof: Let p =1, we will prove that if (13) and (15)

hold, then it is always possible to find a constant ¢; > 0
such that (14) is verified.

Define the mapping p(z) : R"

p(x) = (+"Quz, 2" Qox), xeR".

It can be easily shown that the set ©(R™) is convex.
If

— R? as follows:

F:{(217ZQ)ER2 ‘ 21§0,22>0},

then condition (13) implies that the set ¢(R™) does not
intersect the second quadrant, that is @(R™) Ncl(F) = 0'.

Since p(R™) is convex, then the sets ¢(R™) and cl(F)
do not have common interior points. It follows that ¢ (R™)
and cl(F') are separated, i.e. exist A\;, A2 € R not all zero
such that

)\12’1 + )\222 S 0
A1z1 + Xz >0

V (21, 22) € cl (p(R™)),
V (21, 22) € cl(F).

(16a)
(16b)

Since (0,1) € cl(F) then Ay > 0. Similarly A; < 0.
Moreover Ay # 0, otherwise \1Z7 Q% < 0 with \; < 0,
which contradicts (15).

Thus Ay > 0 and Ay < 0, and (13) follows from (16a)
setting ¢; = —A1/Aq. [ |

If condition (15) holds the S-procedure is said to be
lossless, otherwise it is said to be lossy [16]. Hence con-
dition (15) must be satisfied, in order to do not introduce
conservatism when applying the S-procedure to check (3).
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