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Two-stage Unscented Kalman Filter for Nonlinear Systems in the
Presence of Unknown Random Bias
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Abstract—The two-stage Unscented Kalman Filter (TUKF) is
proposed to consider the nonlinear system in the presence of
unknown random bias in a number of practical situations. The
adaptive fading UKF is designed by using the forgetting factor to
compensate the effects of incomplete information. The TUKF to
estimate unknown random bias is designed by using the adaptive
fading UKF. This filter can be used for nonlinear systems with
unknown random bias on the assumption that the stochastic
information of a random bias is incomplete. The stability of the
TUKEF is analyzed and ensured under certain conditions. The
performance of the TUKF is verified by using MATLAB
simulation on the high-update rate Wheel Mobile Robot (WMR).

I. INTRODUCTION

HE well-known Unscented Kalman filtering (UKF)[1]

has been widely used in many industrial areas as it aims at
the nonlinear system directly [2]-[4]. The difference from
Extended Kalman Filter (EKF) is that UKF need not the
linearization of the system models by Jacobian matrix. This
avoids the error produced by the interruption of higher-order
terms and the precision can reach second-order even higher
(as precise as third-order to the Gauss noise). Unscented
Transformation (UT) is introduced into the UKF, so it is free
to debug. The resemblances between the UKF and the EKF is
that the implementations of the two algorithms all consist of
the prediction of the state mean and covariance and the update
of the measurement [5], [6].

In order to satisfy the conditions of Kalman filter, the
standard UKF requires an accurate system model and exact
stochastic information. However, in a number of practical
situations, these models contain parameters, which may
deviate from their nominal values by unknown constant or
unknown random bias. Although, some procedures for
estimating the dynamic states of a linear system in the
presence of unknown constant bias [7], [8] or a random bias
[9]-[13] were suggested as the two-stage Kalman filter
(TKF)[14], few of scholars researched on the filter for
nonlinear systems in the presence of random bias based on the
UKF.

Because the information of unknown random bias is
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incomplete, the adaptive fading UKF is proposed using the
innovation covariance in Section 3. The proposed adaptive
fading UKF compensates the effect of inaccuracy information
by rescaling of the error covariance and Kalman gain through
the forgetting factor. Then the two-stage Unscented Kalman
filter (TUKF) is proposed by using the adaptive fading UKF in
Section 3. This TUKF can be used for system with the
unknown random bias on the assumption that the stochastic
information of the random bias is incomplete. In Section 4,
some techniques based on an augmented-state TUKF
equivalent to the TUKF [15]-[17] are used. We show that the
augmented-state UKF is uniformly asymptotically stable and
the stability of the augmented-state TUKF means the stability
of the TUKF. Finally in Section 5, the performance of the
TUKEF is verified by MATLAB simulation on the high-update
rate Wheel Mobile Robot (WMR) [18] and the results show
the effectiveness of the algorithm.

II. PROBLEM STATEMENT

Consider the following nonlinear discrete-time stochastic
system represented by:

Xy = f(x)+Bb, +w, (13)
by =A4b, + W/’: (lb)
z, =h(x,)+ Db+, (1c)

where x, is the nxl state vector and z is the mxI

measurement vector. The nonlinear function f(-) and i(-) are
state transition function and observation function, respectively,
which are assumed to continuously differentiable with respect
tox, . b, is the px1 bias vector of unknown magnitude. All
matrices have the appropriate dimensions. The noise sequence
w, w, and v, are zero mean uncorrelated Gaussian random

sequences with
T

we || wy o 0 0
E|lw||w| |=| 0 O 018, (1d)
v, || v, 0 0 R,

J J
where 0; >0, 0/ >0, R >0 and §, is the Kronecker delta.
The initial states x, and b, are assumed to be uncorrelated
with the white noise processes. Assume that x, and 5, are
Gaussian random variables with

Elx,1=x; , E[(x,—x3)(x,—x;) ]=P >0
Elb,)=by > El(b,=b))by=5)"1=F' >0
El(x, = x;)(b,— b)) 1= " >0
The problem is to design a two-stage Unscented Kalman
filter (TUKF) to give a solution for nonlinear system with the
unknown random bias on the assumption that the stochastic
information of the random bias is incomplete.
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III. ADAPTIVE TWO-STAGE UNSCENTED KALMAN FILTER

However, the optimal TKF assumes that 4, and Q! are
known. In most cases, these are unknown. If this information
is incomplete, the performance of the TKF may be degraded
or diverged. To solve this problem, the TUKF in the section
has to be adapted to environment of incomplete random bias
information. Firstly we propose an adaptive fading UKF using
innovation information and secondly propose a TUKF using
this adaptive filter.

A. Adaptive Fading UKF Using Innovation Covariance

Consider the following nonlinear discrete-time stochastic

system represented by:
X = f(x)+w, (Za)
z, =h(x,)+v, (2b)
where, x, is the nx1 state vector and z is the mxI
measurement vector. The nonlinear function f(-) and i(-) are
state transition function and observation function, respectively,
which are assumed to continuously differentiable with respect
tox, . w, and v, denote sequences of uncorrelated Gaussian
random vectors with zero means. Each covariance matrix is
Elwwi1=0,8,, Elvv1=R, and E[wyv;]=0 where §, is the
Kronecker delta function. The initial state x, is a random
variable with mean % and covariance matrix P, and is
independent of w, and v, .

Under UKF, the n-dimensional random variable x, with
mean %, and covariance A, can be approximated by sigma
points y, selected from the columns of % *(aLB), ,
i=0,...2L . The opposite weight o, is @, =1-(/a*), o =1/2Ld*
(i=1, 2,..., 2L).

The predicted mean and covariance are computed as

2n
Kik (H)= f(i/i,l:fl) , (0= z DN, i (+)
BO)= 0D = 5N ()= %, () 40,

R =AR()=4 [Z I AN O REAC) PARCOREACRET N

where, 4, is the forgetting factor introduced into the error
covariance equation. The measurement update can be
performed with the equations as

2 (D =h(Z,) 5 7()= Zw (), &=2-7()

P =E[eé€l]= Zw( (B =2 (NE e (D=7 +R,
P.= Zw(z (OEEAC) EPMCEENCHY
K,=P.P', x, <+> =x,()+K, (2, ~%(), B+ =R()-KP.K/
P = FYam —;ﬂ g,

_ 2
P.=o4P.=q, [z a)i(zi,k—l )=z, (Nz (P -z, (_))T +R]

The scalar variable ¢, can be estimated by
tr(P,)
te(P.)

From P(-)=A4PR(-) and P.=¢,P., we can obtain the new
Kalman gain and the forgetting factor 4, .

1 -
a, =max{l,—t(P_P.")} Or o, =max{l,
m

1

=~ A A
K, =7kKk = 7/:[;”1);
al\ aA

2n
tr[a/( z ; (Z,',/(_l (+) —Z (_))(Z,',/(_l (+) —Z (_))T + (a/( - I)Rk ]
ﬂA - i=0

P >, A 21
Y @z, (D) =2, (N, (D=2, ()]
i=0

Then it gives
(D=5 +K (z,~z()), RH=R(E)-KP.K]

The proposed adaptive filter has several characteristics.
First, the adaptive fading UKF proposed in this section has a
unified filter structure for system with incomplete dynamic or
measurement equation. Secondly, the forgetting factor using
innovation information is adaptively adjusted for system with
incomplete information. The method using this forgetting
factor requires a low computation time. Also the forgetting
factor is calculated simply. Hence the proposed adaptive
fading UKF can be used for complex nonlinear stochastic
system without a heavy burden.

B. Two-stage UKF in the Presence of Random Bias

The TUKF can be designed by the proposed adaptive
fading UKF. This TUKF can be used when the information of
4, and @ are incomplete. Several equations related to the
innovation are arranged as follows.

Z‘k}?:zk—zk(_)_ngk(_) (3)

[):Iz) = E[‘?:/:7 Ekm] = ;@(Zi.k—l * —Z; (_))(Zi,k—l G —Z; (_))T +R, +N/j{ (_)N/T (4)
e > & )
To compensate the effects of incomplete information in the
bias filter of the TUKF, the calculated innovation covariance
and the estimated innovation covariance are defined by (4)
and (5). We use the adaptive fading UKF with rescaling 2,(-)
because the dynamic equation of the bias filter is incomplete.
Then ¢ is equal to the forgetting factor 4’ where P’ =o/P’.
By the forgetting factor calculated from (4) and (5), the error
covariance equation is changed into P*(-)=A4P’(-) .
Next, we consider the modified bias free filter of the TUKF
which has «, and ¢;. For convenience, u, and g of TUKF
are rewritten as

u, = (UM _UAH)A/(I;/( (+)
_(77 7 br Db -1 " 77 br b -1 4 (6)
=(Te =T [1-QUB 1)) Ak, (+) =T, QB O A, (+)
QAX = Q; + U/(+1QAI)U/(+1 (7)

In (6), u, is related to the incomplete 4, and Q. Also in
(7), O is related to the incomplete Q). These mean that the
dynamic equation of the modified bias free filter is incomplete.
Therefore we use the adaptive fading UKF with rescaling £.(-) .
Several equations related to the innovation are arranged as
follows:

2n

Ekx =z,-z,(-)=z,— Za)ih(li.k—]) (8)
P =HEE =Y 0z, (-2 (N, (D-2O) +R, (9)
i=0

(10)

— 1 k
Pi — z E,:E,:T
TOM-1G
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To compensate the effects of incomplete information in the
modified bias free filter of the TUKF, each innovation
covariance is defined by (9) and (10). Here, ¢; is equal to the
forgetting factor 4° where P! =o;P:. By the forgetting factor
calculated from (9) and (10), the error covariance equation is
changed into P = 4B’ (-) . From equations above, the TUKF
of Definition 1 is proposed.

Definition 1. A discrete-time two-stage Unscented Kalman
filter (TUKF) is given by the following coupled difference
equations when the information of nonlinear stochastic system
given by (1) is incomplete:
() =% () +UD() 5 {(H) =T+ Vb (+)
B O=B"O+UR U], BE@O=E O+ @V

(11a)
(11b)

where 4, and Q) are partially known. Here, %, %, and b, are
the state vectors of the TUKF, the modified bias-free filter and
the bias filter, respectively.

The modified bias free filter is

L= LT > B =S 0z, () +u,,
i=0

B )= KLY 0 (0= F N (-5, ) + 1]

2n

Zipa (D =1L i) » 5= Z Dz, +)
=0
& =z,-z(-)=z— z"wih(li./ﬂ)
im0

P =EEE =Y 0/, () -2 (N, (D -2 () +R,
i=0

Br_ axpr  gx B 1 SR
PI=XP, A 21, P =mi:k;+]£k5k1-
tr(P2)
tr(P2)

& =max{l—u[PX(P)" ]} or 4 =maxil, W)
m

B =3 0 () =B Ny (D) =2 )
K =P (P!
(P =% +K E , B°(+H)=B"()-K PIK")
and the bias filter is
EA(_) = A/:*][i*] (+), 13/{[7« )= /,)':[Akflpl:fl»(_'—)AI:l + Qlill]

K =R" (—)M»T[iw,(z,;kf] B =2 (D =2,6)" +R+ NE N T
i=0
B (0)=[-K'NJE" (), b(+)=b()+KE
& =2, -2,()-Nb () =& -Nb,(-)

k

P =3 (2 () - 2Oz, ()= 2, () + Ry + N, B (AN

i=0

_ _ 1 k
Pl=AP, A =21, P_-f=m > e

— Lo+
tr(P2)
tr(P2)

A =max{l, LB (P} or 4 =max(l, "),
m

with the coupling equations
N, = HU+D,, U =U,,[I- KO BT ],
Vi=U =KI'N;, Uy =(B®, Y, + B, )AL,
u, = Uy ~Up )AL (+) s OF =07 +U,,,0U,,

where, @ :(af(x) ] and H; =[ah(x) J .
ox x=3 ox Xx=%¢

And the wunknown instrumental diagonal matrices
B =diag(B,. Brss s Bys) and Ve = diag(y 4, Voo s Vs AI€
introduced in order to take these residuals into account and
obtain a more exact equality.
Also, the initial conditions are

X,(H)=x Vb, b(H)=by, V,=R"(B)",

R =R -V,RV,, R (+)=FR

Remark 1. To compensate the effects of incomplete
information in the modified bias free filter of the TUKF, the
forgetting factor 4, is introduced into the predicted
covariance P,(-) . The error covariance equation is changed
into B~ = 4B’ (-) . This enlarges the predicted covariance P,(-)
and make more error, which is not established in the model, be
included. Then the algorithm is simpler and more reliable.

IV. STABILITY ANALYSIS

In this section, the stability of the TUKF of Definition 1 is
analyzed. Firstly, instrumental time-varying matrices are
introduced to give a formulation for the UT technique. Then
an augmented-state TUKF can be obtained as a simple
structure of the TUKF. Secondly, we show that the
augmented-state TUKF is uniformly asymptotically stable by
Theorem 1 in order to discuss the stability of the TUKF
further more.

A. Instrumental diagonal matrix and equivalence system
Expanding f(-) and #(-) in (1) by a Taylor series about z,
yields an approximate equality
X0 = BDx, +Bb, +w,
by

z = YHx, + Db + v,

] and Hy :[ah(x) J .

ox

It is obvious that there always exist residuals of state
prediction. In order to take these residuals into account and
obtain a more exact equality, the unknown instrumental
diagonal matrices [15] B, =diag(B,,.0B,,..Bv;) and
7, =diag(¥,,, %"y ) are introduced, so that the nonlinear
system can be transformed into the equivalence linear system
as follow.

_ b
=A4,b, +w,

where, @) = [af(x)
ox

X = B ®yx, + B, +w; (lza)
by = Ab, +Wf (IZb)
z, =y.H,x, + Db, +v, (120)

Here, if x,(-)and 5 (-) are augmented as the system state,
we can sample the system as follow.
(13a)

zi =H/x/ +v, (13b)

where x () represents the estimate of the modified bias-free
filter of the TUKF of Definition 1, 5(-) represents the
estimate of the bias filter of the TUKF of Definition 1.
g ol 2o oo 7] o ]

And the augmented-state TUKF can be given by the
following coupled equations when the information of the
nonlinear stochastic system given by (1) is partially known.

4 _ gy a a
x/(+1 _q)kx/( +Wk
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I EAC) I b o
o= 20 & 5 (140)
e B¢ B"()|_ .| B¢ B
B ()= £ = oo 14b
© [(H*“(-))T Pf‘(-)} [(Pib"(-)) P (-)} (140)
x x b
A;:F*O’" ‘“‘ﬂjf‘ )Uk}, s, el (14c)
U, =B IR 1" (14d)

We use the following two-stage U-V transformation. Two-
stage U-V transformation [13] is

¥ =TU)T (), X+ =TU)X ) (152)
B =TWU)R T WU, , B®H=TE)E"®I'(¥,) (15b)
Ki =T(W)K" (15¢)

where , T(M):LI) Aﬂ, V.= P @B T

Two-stage U-V transformation has a good advantage as
T'(M)=T(-M) .

B. Stability Analysis

For stability analysis of the TUKF, some standard results
[16]-[17] about should be recalled.

Lemma 1. If the system given by (2) with complete
information is stochastically controllable and stochastically
observable, the system y, =P'(H)[F O] @Ok k-1)y,, Iis
uniformly asymptotically stable.
Lemma 2. The augmented-state TUKF (14) is equivalent to
the TUKF of Definition 1 with
40 (HZP +)
' b, (+)
To show that the augmented-state TUKF (14) is uniformly
asymptotically stable, Theorem 1 is proposed below. The
system given by (12) is said to be stochastically controllable if
there exist positive numbers x4 and x,, 0<y <u, <, and a
positive integer N such that, forall #> N,

} =B BB O @k, k-Di (1 + Kz, (16)

k-1
Ul <Y Ok,i+ DO (ki +1)< 1,1

i=k=N

(17)

and the system given by (12) is said to be stochastically
observable if there exist positive numbers 5 and 7, ,
0<n, <n, < ,and a positive integer N such that, for all x>~ ,
k
nd< Y G OH! R HI DG, k) <i,] (18)
i=k—N

where the transition matrix @®(k+1,k) has the following chara-
cteristics. dk+1Lk)=d , ®(k,i)=D(k, k- D)D(k—1,k—2)--- D(i+1,i) ,
DG k)=Dd"(k,i) and Dk, k)=1 Here, M,>M, means
(M,-M,)>0,1.e. (M,-M,) is positive semidefinite.

The system y, is assumed as y, = B'(+H)[F (O] ' ®(k,k-1y,, . If
there exist real scalar functions v (y,.k), &(lv. I)> &y, ) and
&.(», 1) such that for some finite N >0

0<&Uly DV LO<EUY S V=3B ®y,, »,20 (19)

§O=5(0)=0, limg(p)== (20)
V0ok) =V k=N <&y <0, k2N, p#0 (21)

then the system y, =P (+)[B (9] ®(k k-1)y,, is uniformly
asymptotically stable. These equations (19)-(21) are the
requirement for 7 (y,,k) to be a Lyapunov function.

From Lemma 1, if the system given by (12) with complete
information is stochastically controllable and stochastically
observable, then the system y, for (14) is uniformly asympto-
tically stable. Also, the upper bound of P’(+)is

k 2 k-1
ALY O R H DGR+ S @k i+ 10D (ki +1)

=N | iSkN
2
< Ly N ATy, 1)
U

and a lower bound on ¥ (y,,k) is

V(e k) =y B Oy 2 (e XAy e ) (22)

1 11

Also the upper bound of [P/(+)]" is

(OS5 00+ D 0]+ S 0t 0

i=k—N I i=k-N
2
(L NATLy, (23)
H M

and an upper bound on ¥ (y,,k) is

V(30k) = 5B )Ty, < (ﬂi MBIy =gl D (24)

1 17N

Finally, we can obtain
k.
Vok) =V k=N <= 3 [y H R H y +ul (B ()],

i=k=N+1
<=7, <=1y P<E U D <0 (25)

The bound conditions of (21)-(25) are used for Theorem 1.
Additionally, the following equations are needed to obtain the
upper bounds of AP (-) and A{P”(+):

P =AB ()AL B =G OB () = AB(-) (26)

O =X GOR @ =4P) (27)

where || is Frobenius norm and o;, is a singular value of A; .

RO S AR ()<

A

Theorem 1. Assume that the system given by (12) with
incomplete information is stochastically controllable and
observable. Then, the augmented-state TUKF (14) is
uniformly asymptotically stable.

Proof. From Lemma 2, A posteriori estimate of the
augmented-state TUKF is derived as (16).

car | %) = PP VT D K — 15 £
)= | % (DB G @k, k=Dx, (H) + Kz,
The homogeneous part of (16) is defined as

y, = BB ()] Dk, k-1)y,, - From (14), the error covariance has
a relation such as P/(+») =P+ and P#H<AE+) . From (27),
there exists 4, where P(H)2P'+) and BB SAB HSAE(H) .
As the forgetting factor A{ is inserted into the error covariance
equation, (22) and (24) are changed as

2
7 (k) = IR (HT ', 2%(L+M)4 Iy P=Edl v D (28)
T M,
7,0 k) = 9B (] 3, < (ﬂhmrl Iy P=&x v ) (29)

Therefore, conditions (19) and (20) are satisfied by (28) and
(29). From (15), (25) and (26),
k

V(5 k) =V vy k=NYS= Y [T HTRH y, +u] (B (O] u,]

i=k—N+1

3533



k Tr pa/_y1-1
<_ z TH R Hy, + Y [P/(l( )] ”1]
i=k—N+1 i
maxi 30
; (0)

o —
s —f Iy P&y In<0

max i ‘max i

IN

where A4, =max(1), k-N+1<i<k. By (28), (29) and (30),
the augmented-state TUKF (14) is uniformly asymptotically
stable when the system given by (12) is stochastically

controllable and stochastically observable. ]

Remark 2. g, and 7, are unknown instrumental diagonal
matrices introduced to evaluate the residuals introduced by the
UT. And the stability of the augmented-state TUKF (14) does
not depend on the magnitude of 8, and y, . According to (28),
(29) and (30), although different g, and y, may change the
value of @;, H; in (30), V,(y.k)—V,(y_y.k—N) will remain
negative and the relationship shown in (30) will not be
changed.

Remark 3. from lemma 2, the augmented-state TUKF (14)
equivalent to the TUKF of Definition 1. Therefore, the
stability of the augmented-state TUKF (14) means the stability
of the TUKF when the system given by (12) is stochastically
controllable and stochastically observable. Because the
stability of the augmented-state TUKF (14) does not depend
on the magnitude of g, and y, , the stability of the augmented-
state TUKF (14) also means the stability of the TUKF when
the system given by (1) is stochastically controllable and
stochastically observable.

V. SIMULATION RESULTS

The results in the preceding two sections clarify the TUKF
for Nonlinear Systems in the Presence of Unknown Random
Bias and the stability analysis of the TUKF, respectively.

In order to show the efficiency of the TUKEF, it is applied to
the high-update rate Wheel Mobile Robot (WMR) posture,
velocities, and perturbation estimation using Real-time
Kinematic Global Positioning System (RTK-GPS) and
inertial sensors for WMR control in the presence of wheel
skidding and slipping [18] in comparison with the TKF.

The discretized equations of the WMR are

Yeu = f(x)+Bb +w., b, =b, +W:
z = h(x)+v,
where

X, +AtV,  cos(6,)— AV, sin(6),) X,

Y, + A, 5in(8,) - A, cos(@)) Y
f(xk) = V;,k +Ath,krk +AtaX,k , h(x)= COSH,(V,_,( _Sineer,A
V,—AtVr, + Atay singV,, +cosg v,

6, + A, . 6,

The state vector x. =[X; ¥ Vix V,x 61" uncorrelated with the
bias b and x~N2005) The observation vector
2 =[zxs Zvs Zxx Zvs zox]" consists of absolute position,
velocity and orientation readings. The process noise vector
wi=[0 0 AMtax Nay M@l and wf ~N©0,005) . The observation
noise vi =[vxx W Uxx Urs sl and v, ~N(0,0.05) .

The time-varying parameters {ar; ar: r.;} at time k are
provided by the accelerometer and gyroscope. Ar denotes the
sample time of the discrete system. We assume the

instantaneous yaw rate » is measurable by a low-noise
gyroscope; hence, let 7 =r, .

To estimate the innovation covariance, a window size is
selected as M =20. To verify the performance of the TUKF,
we assume that the information of a random bias is incomplete.
The TKF and the TUKF use b,,, =0.02b, +w} and w} ~N(0,0.5") .

k+1

X estimate

ture state

=)

40 50 60 70 80
sec

[
S
[S]
S
()
S

Figure 1. The comparison of true and estimated states

d estimate

0 10 20 30 40 50 60 70 80
sec
front wheel slip angle 1

0 10 20 30 40 50 60 70 80
sec
Figure 2. The comparison of the kinematic perturbations estimation

Figure 1 shows the true state, a position posteriori estimate
of the TKF and a position posteriori estimate of the TUKF.
Figure 2 depicts the kinematic perturbations estimates. Figure
3 shows the posteriori estimation error of the TKF and that of
the TUKF. Totally, the TUKF well tracks the true state. The
estimation error of the TUKF is smaller than that of the TKF.
As aresult, the tracking and the estimation performance of the
TUKF are better than those of the TKF for the nonlinear
systems that the information of a random bias is incomplete.

The simulations on the high-update rate Wheel Mobile
Robot (WMR) estimation using Real-time Kinematic Global
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Positioning System (RTK-GPS) and inertial sensors in the
presence of wheel skidding and slipping in this section verify
the proposed TUKF and its performance from the view of
experimentation. It is shown that the proposed algorithm has
practicability to a certain extent.

Measurement Xk residual

33T
P S
Sag=-
e
=
=
~

R

the posteriori estimation error of 0

——TKF
or —— TUFK| ]
- |
g 4
5l |

0 0.5 1 1.5 2 2.5 3 35 4
sec

Figure 3. The comparison of the posteriori estimation error

VI. CONCLUSION

This paper proposes the two-stage Unscented Kalman filter
(TUKEF) for nonlinear system with unknown random bias with
incomplete bias information. Adaptive fading UKF is
presented using the ratio between the calculated innovation
covariance and the estimated innovation covariance. And it
proposes the TUKF that is designed by using the adaptive
fading UKF. The stability of the two-stage Unscented Kalman

filter (TUKF) is analyzed. According to some standard results,
it is pointed out that, the stability of the TUKF may be ensured
when the system given by (1) is stochastically controllable and
stochastically observable and do not depend on the magnitude
of B, and y, which are unknown instrumental diagonal matrix
introduced to evaluate the residuals introduced by the UT.
Moreover, the high-update rate Wheel Mobile Robot (WMR)
estimation using Real-time Kinematic Global Positioning
System (RTK-GPS) and inertial sensors in the presence of
wheel skidding and slipping are introduced to show the high
performances of the UTKF.
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